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Abstract. We consider semiparametric estimation of the long-memory parameter of a stationary
process in the presence of an additive nonparametric mean function. We use a semiparametric Whittle-
type estimator, applied to the tapered, differenced series. Since the mean function is not necessarily a
polynomial of finite order, no amount of differencing will completely remove the mean. We establish
a central limit theorem for the estimator of the memory parameter, assuming that a slowly increasing
number of low frequencies are trimmed from the estimator’s objective function. We find in simulations
that tapering and trimming are essential for the good performance of the estimator in practice.
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1 Introduction

The semiparametric estimation of long memory for weakly stationary univariate series has been exten-
sively studied. See, for example, Robinson (1994, 1995a,b), Hurvich, Deo and Brodsky (1998), Moulines
and Soulier (1999). Generalizations to the case where additive polynomial trends may be present were
considered by Velasco (1999a,b), Hurvich and Chen (2000), Hurvich, Moulines and Soulier (2002). All
four of these papers employ tapering schemes, and the latter two employ differencing prior to tapering.

The idea of differencing to detrend the data followed by tapering to handle difficulties induced by
possible non-invertibility was suggested by Hart (1989), in a nonparametric context. In the presence
of polynomial trends, adequate differencing will completely annihilate the trends, but if the trend is an
arbitrary smooth function, differencing serves as only an approximate detrending device. The focus of
Hart (1989) was on estimation of the autocovariances of the noise process (stochastic component), which
was assumed to have short memory, in the presence of a smooth additive nonparametric signal (trend).
Here, we will explore the use of differencing and tapering for estimation of the memory parameter of a
long-memory noise process in the presence of a smooth additive nonparametric signal.

There is an existing literature on long memory in the presence of non-polynomial trends. Kiinsch
(1986) discussed the difficulty of distinguishing certain monotonic trends from long memory. Hall and Hart
(1990), Csorgo and Mielnikzuk (1995a,b) and Deo (1997) discussed the properties of kernel estimators of
of the mean function in the presence of a long-memory noise. Robinson (1997) discussed this same topic,



and also provided a method for estimating the memory parameter in the presence of a nonparametric
signal. Our focus here is only on estimation of the memory parameter of the noise, not on estimation
of the signal. Nevertheless, though we do not pursue it here, our estimator of the memory parameter of
the noise, which does not require any preliminary estimator of the signal, might be useful for estimating
standard errors for the signal, or in constructing optimal estimators of the signal.

Robinson (1997) showed that the memory parameter of the noise may be estimated consistently from
the raw data, even in the presence of an unknown nonparametric signal. However, he only established that
the estimator of the memory parameter is logl/ %(n)-consistent, and furthermore required conditions on
the bandwidth that become extremely stringent as the short-memory case is approached. Our procedure,
which applies the Gaussian semiparametric estimator (see Robinson 1995b) to the tapered, differenced
data, yields n2/5~%—consistency and asymptotic normality for any sufficiently small positive value of 6,
assuming that the process is stationary with a spectral pole at zero frequency.

Section 2 presents the main theoretical results on consistency and asymptotic normality of the esti-
mator. It is assumed in these theorems that an increasing number of low frequencies is trimmed from
the objective function of the estimator. Stronger tapers lead to a decrease in the amount of trimming
required. Simulation results, presented in Section 3, indicate that tapering and trimming are essential
for the good performance of the estimator in practice. Furthermore, a finite-sample correction to the
asymptotic variance agrees well with the variances of the estimators as found in our simulations. The
remaining sections present the theory needed to establish the main theorems. The central limit theorem
presented in Section 4 is notably general in terms of the taper allowed, and the weights used in a linear
combination of the tapered periodogram of a Martingale difference sequence.

2 Assumptions and main results

We consider the following model:
Xe=r(t/n)+e , t=0,...n (2.1)
where r is a sufficiently smooth function and e is a linear process with long range dependence. Denote
Vi=Xy—Xeq, Ar(t/n)=r(t/n) —r((t—1)/n), and gy =€ —e—1.

This yields
Yi=Ar(t/n)+mn , t=1,...,n.

We assume that the process 7 is linear with respect to a zero mean unit variance white noise Z = (Z¢)iez:
= Zath_j, Za? < 00. (2.2)
JEZ jez
We further assume that the spectral density of n, denoted by f, can be expressed as
fl@) = |27 f*(z) (2.3)

where dj is referred to as the memory parameter of the differenced series and f*(x) satisfies some smooth-
ness condition in the neighborhood of zero frequency (see the assumptions in the statement of Theorem



1). It will be assumed in the sequel that the original series is stationary with long-memory: thus,
do €I C(-1,-1/2).

Let h be a complex-valued function defined on [0,1]. For any positive integer n, define H, =
>y |h(t/n)|?. The tapered Discrete Fourier Transform (DFT) and the tapered periodogram ordinates
of a process ¢ are defined as:

1 ;
dey = —— ) hit el and I, = |de i |?, 2.4
&k = ; (t/n)&e™™" and Igk = |dg | (2.4)
where z :=27k/n (k=1,...,[(n — 1)/2]) are the Fourier frequencies.

The following assumptions on the mean function r and on the taper h will be used. Throughout the
paper, p is a fixed integer, p > 1.

(A1) ris a p+1 times continuously differentiable function on [0, 1].

(A2) h(z) =" _, bue? ™" for a non negative integer v > p and real coefficients b,, 0 < u < v such that

v
Zbuukzo, fork=0,...,p— L.
u=0

A function h that satisfies (A2) has the following important properties.
(i) There exists a constant C' such that for all z € [—7, 7],

h(t/n)e| < C— . 2.5
2 M| < € i e 2

(ii) h has at least p — 1 vanishing derivatives at 0 and 1:
B9 (0)=hD(1)=0, j=0,...,p—1. (2.6)

An example of a function h that satisfies (A2) is h(z) = (1 — €?7®)P. This yields the family of tapers
introduced by Hurvich and Chen (2000). For this taper, which has v = p, (2.6) clearly holds and (2.5)
was proved by Hurvich and Chen (2000). (2.5) is proved under (A2) in Lemma A.1. Chen (2001) has
constructed certain tapers that satisfy (A2). These new tapers may have improved efficiency properties
compared to the Hurvich-Chen tapers.

The following bound for the tapered DFT of the differenced mean function da,j is crucial for the
derivation of the properties of our estimator. It should be noted that the Lemma does not require the
specific form for the taper as given in assumption (A2).

Lemma 2.1. Assume (A1) and let h be a complex-valued p times continuously differentiable function
that satisfies (2.6). Then, there exists a constant C' such that, for 1 <k <n/2,

ldari| < C(k™Pn~2 4 n=3/2). (2.7)



Proof. By a Taylor expansion, and since Y, |h(t/n)| < HY?n1/2 we have,
dary —n~ ' (27 H,)/? Zh t/n)r' (t/n) exp(izpt)| < Cl|r"||sen >/

Under assumption (A1), hr' is continuously differentiable. Hence its Fourier series, defined as ¢; :=
fo )e*'™7% ds, is absolutely summable and h(s)r'(s) = 3¢y,

the derlvatlves up to the order p — 1 of hr' vanish at 0 and 1. This implies that ., 5*%|c;|* < oo.
Hence, we have

—2imjs ;
cje” "% Moreover, by assumption,

nt Zh (t/n)r'(t/n) exp(2irkt/n) = ch Zexp 2in(k — j)t/n) = ch+)\n

JEZ AEZL

By applying Hélder’s inequality and noting that k < n/2, we bound this last series:

1/2 1/2
> lekian] < {Z(k + An)2p|0k+xn|2} {Z(k + An)_%} < Ck7P,

AEZ AEZ AEZ

for some constant C' depending only on h, r' and their derivatives up to the order p. O

The local Whittle contrast is defined as
Z {log(Cz;*") + C'ajIyi } (2.8)

where m < n/2 is a bandwidth parameter and ¢ < m is a lower trimming number. Concentrating C' out
of W, yields the profile likelihood:

. 1
Jo.m(d) = log (w Z k2 Ty, k) — 2dye,m (2.9)
k=¢

where v, = m+[+1 >, log(k). We define the local Whittle (or Gaussian semiparametric in the
terminology of Robinson 1995b) estimate of dy as:

d, = i Jom(d).
arg | min Jem(d)

We now introduce some additional assumptions.

(A3) (Z)) is a fourth-order homoscedastic martingale difference sequence i.e. almost surely,
E[Zi|Fe1] =0, E[Z;|Fr_1]=1and E[Z;|Fp_1] = pa,
where Fj, = 0(Z;,1 < k).

(A4) a(z) := 3 oy ;67" can be expressed as a(z) = z~%a*(z) (z > 0) where dy € (=1,-1/2) and a*
is twice continuously differentiable in a neighbourhood of zero and absolutely integrable on [—, 7].



Theorem 1. Assume that (A1), (A2), (A3) and (A4) hold. If £ and m are non increasing sequences
of integers such that
m/n+n/meTP = 0(n=°), (2.10)

for some ¢ > 0, then d,, — dy = Op(n) for somen > 0.

Remark 1. A suitable choice of the sequences £ and m is £ = [n°/?P] and m = [n'~?] for some arbitrarily
small § > 0.

Proof. Define

1 m
J[,m(d) = log (m Z k2d_2d0> — 2(d — dO)’Y[,m;
k=t

-1

Epn(d) = ij)d—mo Z f;2d—2do (J;idof*(o)_llY,k _ 1) )
j=t k=t
With these notations, we obtain
Jom(d) =log(1 + E,(d)) + Jom(d) +log(f*(0)) — 2dg log(27/n) — 2doe m. (2.11)

The strict concavity of the function log implies that J; ,, is minimized by dy. Moreover, there exists a
constant Cp > 0 such that for all d € (—1,—1/2) and all m > 1:

Jem(d) = Jom(do) > Co(d — do)?. (2.12)
By Proposition 1 in section 6, we know that there exists an > 0 such that

sup )|En(d)| =O0p(n™").

de(-1,—1/2
This implies that
sup  |log(1+ En(d))| =Op(n™"). (2.13)
de(—1,—1/2)

For any positive real A and positive integer n, define Dan = {d € (=1,-1/2); n"/?|d — do| > A}.
Applying (2.12), (2.11), and the fact that d,, minimizes Jy ,, we obtain:

P(dn € Dan)) = P(n"(dn — do)? > A%) < P(Je,m(dn) — Jom(do) > CoA®n ")
P(Je,m(dn) = Jem(do) +10g(1 + En(do)) —log(1 + En(dn)) > CoA’n~")
P(25upge(_1,-1/2) [10g(1 + En(d))| > CoA’n™").

IN

We conclude by applying (2.13) which implies that im0 SUpP,,_, o P((fn € Dapn) = 0, which exactly
means that d,, — dy = Op(n="/?). O

Theorem 2. Assume (A1)-(A4). Let ¢ and m be non decreasing sequences of integers such that (2.10)
holds and
lim (n log(m)/(m/204+2P) 4 m? /n4) =0 (2.14)
n—roo

Then m*'/? (cin —dp) converges weakly to the Gaussian distribution with zero mean and variance T, /4 with

7 D (T bubusl)’
v v 512 .
(Ch=ob?)




Remark 2. A suitable choice of the sequences ¢ and m is ¢ = [n5T%1 7 %] and m = [n%/5~%] for some
arbitrarily small § € (0,4/5). Hence the number of trimmed lower frequencies is not too high.

Remark 3. In the case of the Hurvich-Chen taper of order p, v = p and T}, = (4p)!(p!)*/{4(2p)!"}.

Proof. Since d, is consistent, for large enough n, it satisfies

Bem(dn) 250, k20 log(k) Iy,

0= = - -2 .
od E;n:l 1:2dn Iy7k Ye,m
This implies, by a Taylor expansion
0= k** (log(k) = ye.n) Iy
m R m -
= " k™ (log(k) = Yem) vk + 2(dn — do) D k> log(k) (log(k) — e,m) Iy
— k=¢

where d,, lies between d,, and dy. Define vy, = log(k) — Ye,m, 82, = Yohey 1/,% and

Z’” j I
Tm = Sr_n2 k2dn_2d0 log(k) %
k=( f ( )

With these notations, we obtain

sl = do) = =3 T, *Z "

We will prove that T, converges in probability to 1 (Proposition 2). Hence the asymptotic distribution
of s,,(dy, — dp) is the same as that of U,, := — 1 sk Ek [Vka(O) Write now U,, = V,, + R,,, with

Vn:—lsm Zyk%rlzk and Rn——— IZVk{ _2d°f 0) - 27rIZ7k}-

k={

Theorem 3 applied with 8, = vy /s, implies that V,, converges weakly to N(0,T),) and Proposition 3
implies R, converges in probability to 0. O

3 Simulations

We investigated the properties of the estimator d,, based on first-differences of {X;}, where {X,} is
generated by model (2.1). We took the noise process {e:} to be a Gaussian ARFIMA(1,dy + 1,0)
process with memory parameter dyp + 1 = 0.4, and AR(1) parameter (lag-one autocorrelation of short
memory component) equal to 0.2. We considered two values of the mean function: r(z) = 10z* and
r(z) = 0. The bandwidth for the estimators was m = n°%7. We applied p’th order Hurvich-Chen tapers
h(z) = (1 —e?™)P with p = 0, 1,2 to the first-differences, which have a memory parameter of dy = —0.6.



Since the differences are non-invertible, the standard theory of Robinson (1995b) for the non-tapered case
(p = 0) does not apply, but we present this non-tapered case for the sake of comparison. We considered
three sample sizes, n = 100, 1000, 5000. For each of these sample sizes, and each choice of p and the mean
function r, we simulated two hundred realizations of the process, using the method of Davies and Harte
(1987).

For computation of d,,, we used a slightly modified version the profile likelihood (2.9):

. 1 - A 2d -
I m(d) =log (m Z(k + p/Z)MIYJc) T ir1 Z log(k +p/2).
k=¢ k=¢

We use k + p/2 here in place of k in (2.9) because it is advisable to consider Iy, as an estimator of
f@2n(k + p/2)/n) rather than as an estimator of f(27k/n). More discussion on this slight frequency
shifting due to the taper is given in Hurvich and Chen (2000) and Hurvich, Moulines and Soulier (2002).

The profile likelihood JAZm was minimized for d on a grid of mesh size 0.01, in the range [—1.49, 0.49].
This range is wider than allowed by our theoretical results.

The degree of trimming was set according to the value of p. For p = 0, no trimming was used (¢ = 1).
For p = 1, we used ¢ = n%2%. For p = 2 we used ¢ = n%15. The values of £ used for p = 1 and p = 2
satisfy the condition given in Remark 2.

Figure 1 gives boxplots for the values of d,. The first and second panels correspond to the mean
functions 7(z) = 10z* and r(z) = 0, respectively. Tables 1 and 2 give the bias, m'/?- Bias, and variance
for d,, for the cases of the quartic mean function and the constant mean function, respectively.

For the quartic mean function, the failure to use a taper (p = 0) leads to substantially biased esti-
mators, while the bias is considerably reduced by using the first-order taper (p = 1) and is somewhat
further reduced by using the second-order taper (p = 2). The reduced bias for p = 2 compared to p = 1
is consistent with Lemma 2.1. The bias in the non-tapered case is so strong that m'/2- Bias remains
nearly constant with n, whereas it decreases with n in the cases p = 1 and p = 2. For the case of the
constant mean function, the bias in all of the estimators is attributable to the short-memory component
of the process, and m!/2- Bias decreases with n for all values of p.

We next consider the variance of the estimators. For comparison, Table 3 presents some theoretical
variances, for the same values of n and m used in the simulations. In Table 3, the asymptotic variance,
based on Theorem 2, is ®,/(4m), where ®, = (4p)!(p))*((2p)!) %, and the finite-sample corrected variance
is given by

@,
4570 llog(k +p/2) — (m — £+ 1)~ 377" log(j + p/2)]*

The corrected expression, which is asymptotically equivalent to the asymptotic expression, is justified
heuristically in Hurvich and Chen (2000).

For p = 0, the variances of d,, obtained in the simulations (Tables 1 and 2) differ quite substantially for
the two different mean functions, and almost none of the simulation variances agree well with either of the
theoretical variance expressions from Table 3. Perhaps these difficulties are due to the non-invertibility
of the differenced noise (dp < —0.5), combined with the failure to use a taper. There is no contradiction
with Theorem 2, since the theorem assumes that p > 1. For p = 1 and p = 2, the simulation variances



agree well with the corresponding finite-sample corrected variances, but differ substantially from the
asymptotic variances. It should also be noted that the inflation in the observed and corrected asymptotic
variance for p = 2 compared to the case p = 1 is minimal, and in some cases nonexistent, since fewer
frequencies are trimmed for p = 2 than for p = 1.

The above results show that if no tapering or trimming is used, the estimator is severely biased,
whereas if both tapering and trimming are used, the bias is substantially reduced. Further simulations,
not shown here, indicate that while tapering alone reduces bias, if the true value of dy is small then
trimming is required in addition to tapering in order to yield a nearly unbiased estimator. Thus, in
general, it seems that both tapering and trimming are essential, both in theory and in practice. The
practical justification for trimming may be based on examination of log-log periodogram plots (not shown
here), indicating that the behavior of Iy, for very small values of k is substantially affected by the presence
of a nonzero signal, as suggested by Lemma 2.1.

The reader may still ask whether it might be possible to avoid this trimming in the theory for the
estimator. The question seems relevant since we are not aware of any other situation where the Gaussian
semiparametric estimator requires trimming. Furthermore, for stationary Gaussian processes (which
therefore have a constant mean function) it is known that if the log-periodogram regression (GPH)
estimator of Geweke and Porter-Hudak (1983) is used, then no trimming is required in order to achieve
\/m-consistency and asymptotic normality of the estimator (see Hurvich, Deo and Brodsky 1998), even
though trimming was used in the earlier paper of Robinson (1995a) on this estimator. Finally, even a
small amount of trimming can noticeably inflate the variability of the estimator in finite samples. We
believe that unfortunately, the answer to the question, for the Gaussian semiparametric estimator used in
the presence of a nonparametric additive mean function, is no: If trimming is not used, then for certain
mean functions the Gaussian semiparametric estimator will be inconsistent for dy. An interesting open
question is whether the GPH estimator would also require trimming in order to ensure consistency. We
hope to explore this in future work.

4 A central limit theorem for general linear combinations of
tapered periodogram ordinates of a martingale difference se-
quence

Theorem 3. Assume (A3). Let (Bnk)1<k<i(n) be a triangular array of real numbers such that

K
> Buk =0, (4.1)
k=1

K
Zﬂi,k = 17 (42)
k=1
K-1 2
Jim <|6n,K| + kz B 41 —ﬂn,u) log(n) = 0. (4.3)
=1
Let v be a non negative integer and by, ...,b, be real numbers. Define hy ; = ZZ:O buelt®e and Jyzp =

(n>n_, bi)_1 > i hn Zeeiter |2. Then Zle Bnk (Jzi — 1) converges to the Gaussian distribution



with zero mean and variance T, = (Yo _,b%) ' Eyz_v(zz;loﬂ bubyy2)?

u=0 "u

Proof. Write first

n t—1

Zﬂnk Zo—1) = Zi 1B”’“Z|hm| ZE=1)+>> ctsZii, (4.4)

t=2 s=1

where ¢; s = % Ek:l B kR (hn,thn,s€t=*)7%). Under assumption (4.1), the first term on the rhs of
(4.4) vanishes. By the Martingale central limit theorem, cf. for instance Hall and Heyde (1980) or
Dacunha-Castelle and Duflo (1991), the last term in (4.4) is asymptotically A'(0,T,) if we prove that:

no /t—1 2
3 <th7sZs> 271, (4.5)
t=1

s=1

t—1 4
E (th,szs> — 0. (4.6)

3

t=1

2
We start by proving (4.5). Write >/, (Zi;ll Zscm) =: A, + B, + 2C,, with

n n
n ::Z ct E Z Z ct rCt, VAVAR
t=2 t=21<r<s

We will prove in Lemma B.1 below that lim,, . A, =T}, and that maxi<.<n Et:l ct7s =0((n™1).

t—1 t—1

Mz

2 —
¢ s» DBn:i=
1 s=1

t

||
[N

Consider now B,,. Assumption (A3) implies that E[Z? —1] = 0 and E[(Z2 —1)(Z? —1)] = J5,+. Hence
By, has zero mean and variance

E E c? < A, max E .=
tsus— 1<s<n ts

s=1 s<t,u<sn
To bound the last term C),, note first that assumption (A3) implies that if s < t and v < v, then
E[Z,Z:ZuZs] = 0if s # uw or t # v. Define fn = (|6nK| + K Bk — Bn,k|). Applying the
Cauchy-Schwarz inequality, (B.2) and (B.3), we obtain:
2

E[C%]: Z Z Ct,rCt,s S Z Z cir Z cis

1<r<s<n \s<t<n 1<r<s<n s<t<n s<t<n
<Cn'pr >0 D (t—r)* < CBylog(n) = o(1),
1<r<s<n s<t<n

under assumption (4.3). We now prove (4.6). Under (A3), by applying Rosenthal’s inequality for
martingales, and Lemma B.1, we obtain:

n t—1 4 n
> E (Z ctVSZs> <Cc>
t=1 s=1 t=1

t—1 n

2
cis-i—cz (Zcfs> =0(n1).
1 s=

§=



5 Bounds for the Bartlett Approximation

The primary goal of this section is to establish Corollary 1 stated at the end of the section. Corollary
1 gives a so-called Bartlett approximation, whereby the periodogram of a tapered series, normalized by
a proxy for the spectral density, is approximated by the periodogram of the noise appearing in a linear

representation of the series. Corollary 1 is needed for proving that R, 4 0 in Theorem 2. To establish
Corollary 1, we first give, in Lemma 5.1, general conditions guaranteeing the L' convergence to zero of a
weighted sum of the difference between the periodogram of a tapered series, normalized by an arbitrary
sequence, and the periodogram of the driving noise. The conditions for Lemma 5.1 are “unprimitive”:
they bear on some integrals involving the DFT of the taper, the transfer function and a normalising
factor. The reason we use these assumptions is to separate the purely analytical properties of the DFT
of the taper (which yield bounds for these integrals) and the probabilistic properties of the tapered DFT
and periodogram ordinates.

Lemma 5.1 as stated here can be used in deriving the properties of a tapered Gaussian semiparametric
estimator in the absence of a signal, and without trimming, since Lemma 5.1 does not require that £ tends
to 0o. Furthermore, Lemma 5.1 allows for a general choice of the coefficients ay. For proving our main
results, we use ay = J;,;doa*(O). However, other choices may be used depending on the problem at hand.
See, for instance, Hurvich, Moulines and Soulier (2002), Andrews and Sun (2001). An alternative choice
for the present context could be @ = (1 — e 2%)~24g*(0). In order for the conditions of the lemma to
apply, the coefficients ay should approximate the behavior of the underlying transfer function a(z) in a

neighborhood of zero frequency.

Once Lemma 5.1 is proved, it is necessary to check that its conditions hold under the assumptions
of Theorem 2. This checking is carried out, under weaker assumptions than needed for Theorem 2, in
Lemma A.2, stated and proved in the Appendix.

Lemma 5.1. Let n be a covariance stationary process which admits a linear representation with respect
to a white noise Z which satisfies assumption (A3) and with transfer function a(z) = ., a;e’*. Let

(ak)e<k<m be complex numbers. Let h be any function on [0,1], Dy(z) = (2nH,)" Y231 | h(t/n)elt®
and

Prj = ‘/_7; <%’j) - 1) D, (zy — 2)Dy(z; — z) dz|, (5.1)

G = ‘/_7; <|a(“")|2 - 1) Dy (2x — @) d

|ax |?

. (5.2)

Let m be a non decreasing sequence of integers and let (cn k)e<k<m be a triangular array of real numbers
such that

ey <, (5.3)
k={
Tim Y fenil(ar + 2pei) =0, (5-4)
k=¢
Tim Y Jengenjlprpik = 0. (5.5)
(<k<j<m

10



Define fy 1 = |ax|?/(27) and let I, 1, and Iz}, be the tapered DFT of the processes n and Z with tapering
coefficients h(t/n), as defined in (2.4). Then

chk (}Ic —2rly k> H =0. (5.6)
n,k

k=¢

lim E
n—00

Proof. Define, u; = d;lx/2ﬂdn7j and v; = v2ndy ;. Using these notations, we obtain the following
decomposition:
f77 klﬂ —2mlzy = |uk - Uk|2 + 2Re(z7k(uk — ’Uk))

By straightforward algebra, we obtain:

Ef|u; —v;[*] = /7; (|a(§:é|)2|2 - 1> |Dy(x — x;)2dx

|
— 2Re </7r <@ - 1) |Dy(z — a;j)|2dm> <qj+2pj;. (5.7)

—r \ 4

Applying assumption (5.4), we obtain

m m
E [Z |Cn el luk — Uk|2] > lenkl(gr + 2pri) = o(1). (5.8)
k=¢ k=¢

Define W,, := )", ¢y, 10k (G — 0r). By some well known formula, we have E[W?2] = S, + So, + S3.ns
with

m
Sl,n = Zci,kEHuk - U’C|2]7

k=¢

Som= Y, Cn,kcn,j{]E[ﬁk (ur — vr)] B[v; (u; — ;)] + Elox (ur — 0k)] E[oj (u; —vj)] +
t<k<j<m

Elog (uj — v;)] E[0 (ur — vk)] + Elvg (a; — v;)] E[o; (ug — 'Uk:)]},

Sgyn =2 E cn,kcn,jcum(vk,ﬂk — Vg, U5, U5 — ’Uj).
L<k<j<m

Applying (5.14), we obtain:

m

m
Sin < il +2pkk) <Y lenkl(gr + 2pkk) = o(1)
k=¢ k={

by assumption (5.4). To bound Ss ., note that

T (a(x _
[E[0; (ur, — vg)]| = ‘/ <% - 1) Dy(zy — ) Dp(z; — o) dz| = pij.
Hence, by assumptions (5.4) and (5.5), we obtain, for some numerical constant c:

Soml <S¢ D lenkCnsl Pk kpss + Pripik) = o(1).
(<k<j<m

11



In order to compute and bound the cumulants that appear in the term S3 ,, we need to introduce the

following kernel:
™ n

Dpn(@) = [ Dypn(2)Dypu(z—2)dz = H, ' > h(t/n)%e. (5.9)

- t=1

[ 1Dpat@de = 0, (5.10)

Some more algebra and (5.9) yields:

cum(ﬁk,uk—vk,ﬁj,uj—vj):g—;/i/i/i <@ _1> <%’> _1>

X Dp(xg — ) Dp(zj — nw(@p — T —y+2) Dp(z; — z)dedydz

ey (e

X Dp(xg — ) Dp(z; — y)lN)n(xk +z; —x —y)dedy.

Applying the Cauchy-Schwarz inequality, (5.10), and (5.7), we obtain

1/2
n(Tr — :r;)|2dx>
a(x)

) 1/2
i 1‘ |Dn (25 — $)|2dfﬂ> < C"ﬂw*l/z\/(% + 2pi.x) (g5 + 2pj )
J

"

™
|cum (g, uk, — vk, V5, uj — v;)| < en~1/? (/
—T

(/.

Hence, applying the Cauchy-Schwarz inequality, we obtain:

Sual <en 2 3 e, kcn,3|\/ (ar + 2pk,r) (g5 + 2pj;) < en” (Z |en,kl\/ (@k + 2Pk k )

(<k<j<m

m m
< ckn/? Z |en, k| Z |cn. k] (g + 2Pk k)
k=¢ k=¢

Assumption (5.3) implies that n=*/2 37", |cx| < \/m/n < 1, hence, by assumption (5.4), we obtain:

m

|Sna| < e(m/n)'/? Y |enxl(gx + 2pie) = o(1).
k=t

O

Assumptions (A2), (A3), (A4), Lemma A.1 and Lemma A.2 applied with ¢ = p imply that if we
choose
ax =z, ©a*(0) (5.11)

12



then the coefficients defined in (5.1) and (5.2) satisfy
Gk + 2Pk < C(k™" + (k/n)?) and pyjpjr < C(k™' 57"+ ((kV4)/n)b). (5.12)
Hence (5.4) and (5.5) hold for any sequence of weights (cy )¢<k<m such that (5.3) holds and

li =0 5.13

dim | max fen k| =0, (5.13)
which is the so-called Lindeberg condition, and for any sequence m such that lim, . (m®/n?) = 0. No
restriction is imposed on /.

If in (5.12) the terms (k/n)? and (kV j)/n)* are replaced by (k/n)? and (k V j)/n)??, respectively,
then (5.4) and (5.5) hold for any sequence of weights (cp k)¢<k<m such that (5.3), (5.13) hold and any
sequence m such that lim,, o, (m??+1/n?%) = 0.

We give a brief proof of this. Since we make no assumption on £, we assume without loss of generality
that £ = 1. Let m' be a sequence of integers such that 1 < m' < m and lim,_,o, m' = +00. Define
¢, = maxi<p<m |Cnk|. If (5.13) holds, m' can be chosen such that lim,_, ¢}, log(m) = 0. Then, splitting
the sum at m’ and applying the Cauchy Schwarz inequality to the sum above m' and (5.3), we have:

m m' 1/2
Z |enklk ™ < cp, Z kT + { Z kz} < ¢ log(m!) +m' ",
k=1 k=1

k=m'+1
m
D lenwl(k/n)? <m H2n=6,
k=1

Y lenkllengl(G/m)®? <m e,
1<k<j<m

For further reference, we gather these remarks in a corollary.

Corollary 1. Assume (A2), (A3) (A4). Let m be a non decreasing sequence of integers such that
limy, 00 (m®/n*) = 0, let f, 1, = |ax|?/(27) where ay, is given by (5.11), and let (¢n k) e<k<m be a triangular
array of real numbers such that (5.8) and (5.13) hold. Then

Zm:cmk (?_Jc — 271'[27]@) H =0. (5.14)

lim E
n—00
k=( n.k

6 Propositions

Proposition 1. Assume (A1l)- (A4). Let { and m be non decreasing sequences such that
lim (m/n+n/(***"m)) = 0.

n=sco
Then supge(_y1,_1/2) |En(d)| = op(1). If moreover m and £ are such that
m/n+n/(0*T?Pm) < n=¢,
for some ( > 0, then there exists a real 1 > 0 such that
Elsupge(—1,-1/2) [En(d)[] = O(n"").
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Proof. Denote, for k=1¢,...,m,

i (d) L Fr ) Paedy , — V2rdgg, ¢ I 2l
k = <m ad—an Wk = k= TQZ,ky Sk = "33, po v 2T1Z k-
ijzjz(dfdo) k= x;, 2do f*(o)
Then,
Iy, Ine g Aarkdy i
—— —1=— - +2Re | —F+—— +Ck+27TIZ,k_1:
2, " £+(0) o, 2 £*(0) (xk ”Of*(O)>
En(d) =Y w(d)C + > v (d)(27rLz, — 1)
k=¢ k=¢
+ Em:%(d) (;fi’“ +2Re (%)) —: Ry(d) + Ra(d) + Rs(d).
k=t xy, " f*(0) x, = f*(0)

The terms R; and Ry can be dealt with by using the techniques introduced by Robinson (1995b) in the
non tapered case and used by Hurvich and Chen (2000) in the case of the Hurvich and Chen taper. We
nevertheless give a streamlined proof since our assumptions are slightly different. The main tools are
summation by parts, Corollary 1 and the following bounds: for all d € (-1, -1/2),

k —2dp—1 ) k —2dp—1
0< () < Ck ! (—) and () = vesa (d)] < Ok (—) . (6.1)

m m

By summation by parts, we obtain:

m—1 k m—1
Ri(d) = > ((d) = w1 (d) D G+ vm(d) D G-
k=t j=1 i=

By Corollary 1, we obtain the bound E [‘25:1 CjH = O(k'/?). This and (6.1) yield:

m k —2do—1
E <C> KR <E> + COm /2

k=¢

sup  |Ri(d)|
de(—1,—1/2)

m
< Cm2d0+1 Zk75/272d0 + Cmfl/Z < C(m2d0+1 + mfl/Z)-
k={

To deal with the term R,, we gather here some useful facts on the tapered DFT and periodogram
ordinates of a white noise satisfying assumption (A3). The main effect of the data taper is that even
though Z is a zero mean unit variance white noise, its DFT ordinates are not uncorrelated. Nevertheless,
by assumption (A2), they satisfy E[dz JZ,Ichs] =0if s > v and |E[dz JZ7k+s]| < 1if s <wv. Hence for
any sequence of complex numbers (a;)¢<j<m, we have the bound:

2
v

m m
E| 1Y aidz;| | <D0 lajazrs <vd gl (6.2)
j=L s j=L

=0

If0<j<w,cov(Iz,Izk+;) is uniformly bounded with respect to n,k and j by some constant which
depends only on v and the distribution of Z. If j > v, then cov(Izy, Iz +;) = c(v,Z)n™t, for some
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constant ¢(v, Z) which depends only on v and the distribution of Z. For instance, for v = 0, it is well
known that cov(Izy, Iz r+;) = kan™', where k4 := E[Z}] — 3 is the fourth cumulant of Zy (cf. for
instance Fay and Soulier (2001)). Hence we obtain, for some constant C' which depends only on v and
the distribution of Z:

[(ch iz | <

We now obtain a uniform bound for R», applying summation by parts, (6.1) and (6.3).

m

Z i +Cnt (ch> < C(v, Z)f: (6.3)
k=t

k=¢

m—1 k m—1
— Ye+1(d)) Z(27TIZ,j — 1) + v (d) Z (2mlz; — 1),
k:z j=1 j=1
E\ ~2do—1
E| sup |R:(d)|| < C’Zkl/2k‘2 <—> +Om™Y? < C(mPH f m~1/?),
de(—1,-1/2) ) m

We now bound E[sup j¢(_1,_1/2) [R3(d)[]. Write R3(d) = R4(d) + R5(d) + Re(d) with
IAr k
27’“ T )
(d) = 2Z’Yk(d)Re ((idAinkwk> ,
k—=f x, "0 f*(0)

“ V2rdarkdz
d) =2 d)Re | ————=— ] .
( ) ;716( ) € ( :L’];do f*(O) >

By applying the first bound in (6.1) and Lemma 2.1, we obtain, for all d,dy € (—1,—-1/2),
m
|R4(d)] < CZk (k/m) 2~ (k/n)?Pn = (k72 + n=2) = C(m/n)*®+1 Z(kd*z” + k%07

k=¢
<Cnm Y2 0t <O Pmin+nh). (6.4)

Equations (5.7) and (5.12) imply that
Eflwy ] < C(k™" + (k/n)?). (6.5)
By Lemma 2.1, (6.5) and the Cauchy-Schwarz inequality, we obtain
E[ldarwi]] < On Y2 (k7P 4+ 0 ) (E"Y2 4 knt) < Cn Y2 (kP12 4 07h.

Applying this bound, equation (6.1) and summation by parts, we obtain:

m k
El sup  [Rs(d)]| <C Yk E(k/m) P07y (i/m)on VG 40 (6.6)
de(—1,-1/2) k=¢ j=¢
+Cm ™t Z:(k:/n)d%fl/z(k:*pfl/2 +nh). (6.7)
k=¢
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We first obtain the following bound:

k
Z(j/n)don_l/2(j_p_1/2 + n—l) S C(n_d0_1/2€d0_p+1/2 + n_d°_3/2k‘d°+1). (68)
j=t

Thus the right hand side of (6.6) is bounded by a constant times
m2do+1 ([—do—P—3/2n—d0_1/2 + g—l—don—do—3/2) S g—l—l’m_l/2n1/2 —+ n_1/2. (69)

The term (6.7) is bounded by a constant times
Ao—p+1/2 1y —do—1/2 4 podo+ly,—do—3/2 < p=p—1/2;—1,1/2 | —1/2 (6.10)

Applying (6.2) and Lemma 2.1, we obtain:

2
k

k
E Y oldarkdz;| | <vY ai® I, < O 72001 4 gy =2do=8p2dot), (6.11)
j=¢ j=t

Applying (6.1), (6.11), the Cauchy-Schwarz inequality and summation by parts, we obtain:

2

m k
< Cm?2dott Z k20— 3EL/2 Z 2o dp, rdz;
k=¢ j=t

E

sup  |Re(d)|
de(—1,—1/2)

2

m
+ Cm E/? Z 2o dn, kdz ;
j=¢

S Cm2d0+1 (€7d07p73/2n7d071/2 +€7d073/2n7d071/2)
+ Cm—l(gdo—p+l/2n—d0—1/2 + n—d0—3/2md0+1/2)

< CUPim Y22 4 Y2, (6.12)

Gathering (6.4), (6.9), (6.10) and (6.12) yields:

E sup  |Rs(d)|| <C (" 'min+ n*1)1/2 ;
de(—1,—1/2)
which concludes the proof of Proposition 1. O

Proposition 2. Assume (A1)-(A4). Let £ and m be non decreasing sequences of integers such that
(2.10) and (2.14) hold for some { > 0. Then T, converges in probability to 1.

Proof. Define &, = f*(O)_lmido Iy, — 1. Then T}, can then be expressed as

m

m

7 I

T =1+5,2Y log(k)ve&y + 5,2 Z(kZ(d"_do) -1) IOg(k)Vk% =:14+T1m + Tom-
k=t k=t " f*(0)
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We will prove that 11 ,,, = op(1) and TomYyi4, —ag|<n-n} = op(1). This is sufficient to prove Proposition

2 since it follows from Proposition 1 that d,, is n~"-consistent for some n > 0.
For brevity, denote Vi, = f*(0)~/?2°da, . Using the notations of Proposition 1, we then obtain:
€ =2z — 1+ (G + [Vi|* + 2Re (Viwg) + 2v27Re (Viedzz) -

Denote ¢y = s;,2log(k)vy. Then 7' ,cp = 1 and |cx| = O(log®(m)m~'). Applying Lemma 2.1, we
obtain:

Z . log?(m) 3~

| k| _2dA k C Og (m) n—l(k—2p + n—2)(k/n)2d0
fr(0) T mo=

< C'log? (m) (¢1=2pF2do 4 pit2doy, =2y, =1p=1=2do < C'(log?(m)¢~ = Pm™In +n~t). (6.13)

Applying Lemma 2.1, (6.5) and the bound (6.8) with k¥ = m we obtain:
]E [
k=¢

Applying (6.2) and (6.11), we now obtain:

dark

S L < Clog?(m)m ™" (n~dojdo—p+1/2 4 —=do=3/2,,do+1
ey || < Ot m )

Wk

< Clog®(m)(I7P~Y2m~tnt/? 4 n=1/2), (6.14)

m
S pZC]26|Vk|2 S C10g4(m)m—2(€2d0—2p+1n—2d0—1 + n—2d0—3m2d0+1)
k=¢

< Clog*(m)(I7=2Pm=2n + m~tn71). (6.15)

m 2
> e Vidzk
k=t

Since the coefficients ¢, satisfy the conditions of Corollary 1, we obtain that lim,,_, ., E[| Z;n: o ckCrl] = 0.

To bound the last remaining term in the decomposition of T} ,,, we use (6.3):

E{<ick(2ﬂlzyk—l> -| <C’ch— (log?(m)m™1).
[\i= J

We have proved that T4 ,, = op(1).

We now consider Ty ,,. Denote b, = cy(k2d»—2do — D14, —do|<n-ny- Then |b| < log® (m)m=tn="

and
" Ik dy i
Tom = bk,ti + ) bi[Vi[* + 2Re bk,nivk .
Z z Zdof (0) Z Z do f (0)

k=f Ty,
By Lemmas 5.1 and A.2, E[mzdo I, ;] is uniformly bounded. Hence

|

m

Ik
b ——k
2 x> ® f+(0)

k=¢

< Clog®(m)n=",
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By Lemma 2.1 and (6.11), we obtain:

m
Z |br| V2| < Clog?(m)m tn =177 Z k/n)%% (k=% + k*n %) <log®(m)n "({ 1 *Pm~tn 4+ n717T).
k=¢
The last term is dealt with by applying the Cauchy-Schwarz inequality. O

Proposition 3. Assume (A1)-(A4). Let ¢ and m be non decreasing sequences of integers such that
(2.14) holds. Then R, converges in probability to 0.

Proof. Write R,, = Z?:l R, with

m

- Inr Re(darxwp)
Rin=s'Y vhi—s>—, Ro, =5, —,
: g Frhge0) Z z; ©v/2ma* (0)
m
(darkd _
R3n :S Z 2}7162)’6) R47n :Smlzkaka
k=

where ¢ = 279 f*(0)~ 1,k — 2717 .

By the same computations as in (6.13), (6.14) and (6.15) with s,'v} instead of ¢, we obtain:

)(Z 1=2p,, — /2n+m1/2n71)7
E[|Ry,2]] < Clog(m)(¢~?P~ V2 =1/2p1/2 +m1/2n_1/2),
)

)

R,1 < Clog(m
(

< Clog*(m)(¢~r2Pm~n + n7t).

Finally, Corollary 1 implies that E[|Ry4,,|] = o(1). O

A Appendix

Lemma A.1. Let h be a taper satisfying assumption (A2). Then the corresponding kernel D, (z) =
(2mH,) "2 31 | h(t/n)elt® satisfies

1/2

D, <Coor———.
| ($)| = (1 +n|x|)p+1

Proof. The proof is exactly the same as in Hurvich and Chen (2000). First, we note that as H, =n ) b2,
|D,(x)| < Cn'/?. We prove now that, for = # 0, |D,(x)| < Cn=P~/2|z|~=P~1. We have

n

v v .
—1/ i _ ; 5 sin(nz/2)
D, (z) = (2w H,) 1/2 by el +en) = (2rH,,) 1/2 pei(ntle/z_ SIMNEL/S)
; uzz;) uz:% sin((z + ) /2)
We bound the upper sine and the exponential by 1. Defining g(x) = 1/sin(z), we get

S bugl(e +2,)/2)]

u=0

|Dn(2)| < (2nH,) /2
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Now we use a Taylor expansion for g((z + x,)/2):

pt . (p)
o+ 2D = a2 LD (g 87 )
k=0

where /2 < &, < (x 4+ 2,,)/2. Summing over w, all the terms vanish except the order p term. Now (see
Hurvich and Chen 2000) |g'?)(&,)| < |C,/ sin?™ (z/2)| < Cp2P|x| 7P~ so that

CpmPoPt!

el
p-

uwg((z +24)/2)| <

O

Lemma A.2. Let ¢ € N* and let v € (—1,2q+ 1). Let ¢ and 1 be integrable functions on [—m, 7], such
that ¢(—z) = ¢(x), ¢ is a symmetric real function, differentiable on [—3,9]\ {0} and for some § € (0, 2],
K >0 and all = € (0,9]\ {0},

|z (2)] < Kl()], (A.1)
Kilzl” < [p(@)] < Kl (A2)
16(2) — ¥(@)] < Kip(a)s?. (A3)
Let D,, be such that for x € [—m, |,
nl/2
| D ()] < Cw- (A4)

Then, there exists a constant C' such that, for all n > 1 and all k such that 0 < z3, < ¥/2,
" o) o k\"°
< k ) — A.
(5 <c (K awew (5)), (A5)

with 6(p,v) =1 if ¢ # 1 and 0 otherwise.
Ifve (-1/2,q+1/2), then for all k,j such that 0 < xj, # x; < I/2,

) |Dp(zr — 2)|* da

‘ / ’ ( ¢e) _ 1) D(ek — 2)Dole; — @) de| < Calk, j) + 86, 0)8(k, K/, (A6)
-7 7/’(%)
with
alk,j) =k~ G AR + (1 + (G/R))G AR — k|79,
Bk, 5) = (G AK) 2T+ 1+ G/R))— k7
Proof. Define 9y, (z) := (¢(x — 1) |Dyp(zy, — 2)|*. Then, if |z| € [¥,7] , |z — x| > ¥/2 and

applying (A.4), |D,, ( Ty — :1:)|2 < Cnfzq 1. We obtain:

c J7 e o(@)| d g
o @ < (” TN )SC’“ v
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because (A.2) implies that |¢(zg)| > C;piq+1_
Consider now the integral over [—¢,¥]. Write ¢y, x(x) =9 li(fﬂ) + wff)c(x) with

Y(@) — Plex)

1) — — )2
2) L o(z) — ¢Y(x) e — )|

If x € [2z,9], (A.1) and (A.2) imply
[¥(x) = d(@p)] < Ot + 277"z — axl.

Since & > 2z, implies that x — z > x/2, we obtain:

9 ) v—1 v—1
(1) (p dm</ Cla”t + i )nle — zp|dz
[ e s | S

9
< Crp¥n 207t / (@t a2 de < Ok

21}k
If x € [0, —x1/2], then |z — x| > |z|. Hence
/“/2 (1 // C(lz” +|ax]*)n dz

)| dz <
9 |¢n,k( )| =/ |xk|y(1+n|x_$k|2q+2)

71}1‘,/2
< Cn*2q71|mk|f”/ (lz|” + |a;k|”)|a:|*2‘1*2 dz < Ck 2771,
9

Applying (A.2), [** |[¢(z)|/|¥ ()| dz < x1. Applying (A.4) with |z — x| > x4/2, we obtain:

o
/W2 ) (@) de < —S0 {xk +/zk [V (@) dx} < Ok
—ayr ¥ = (14 nay/2)20+2 —ap, V()] - '

If z € [z1/2,22], (A.1) and (A.2) imply | (z) — ¢(zk)| < Clz — zg||zk]|” . Applying the bound (A.4),
we obtain:

2xy C v—1 2xy ) 2k t
/ ) ()] dz < Clael™ |a;—xk||Dn(m—mk)|2dxgc*k*l/o ( dt < Ck L.

Wz [V(@e)| Sy 2 14 ¢)2a+2

We now consider wﬁc If > 2z, then |z — x| > /2. Applying (A.3) and (A.4), we obtain:

[ —2¢—1 [
Cn—2 ‘ ‘
/2 42 (2)| dz < m 2 gVt Qg < k2L

Similarly, if # < —x/2, then |z — x| > |z|/2, hence, applying (A.3) and (A.4), we also obtain:
—zr/2 ,
/19 W;}c(:v)l dz < Ck~2071,

Applying (A.3) and (A.4) with |z — x| > x/2, we obtain:

Ik/Z C ﬁ o
(2) n), 1Y (z)| o
/ﬁk/2 @l de < (1 4+ nay/2)%a+2 /zk V()] de < Ck77".
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Applying (A.2) for—zy/2 < z < 2y, we get [¢(z)||z]? < Clzg|"T# and:
2z Tk
[ e <o [ 10, e < oy
T/ —zk/2
This concludes the proof of (A.5).
To prove (A.6), denote E,, j i (x) = Dyp(z—x)Dp(z — x;) and ¢y, j k()

If |z| € (9, 7], |zk| < ¥/2 and |z;| < ¥/2, then (A.4) implies that |E,, ;. ;(z)| <
(A.2) and (A.4), we obtain:

((zk)™ ¢($)—1)En,k,j(l’)-
Cn~2471. Hence, applying

C J o 1o(@)| da
n dr < — [1+ T — | < Cn~ 12— 1-12 < ¢gj-1p—a—1,
/19§|x|57r ks )] e+t ( (k)] N =

Denote '), (z) = ((zx) "'(@) = 1) Enjk(2), 7% 4(2) = $(ax) ") = (@)} Bnjx(x) and y =

min(xy,z;) and z = max(cg, ;). 7

[ otas < [ O el e e
mil S o e P e e P i
9

< C(n(2z — xj))*q|xk|*"/ (@ 4 2 Y () de < ORI,
2

z

If x € [-9,—y/2], then |z — zx| > |2|, |z — z;| > |2| and |2 — ;| > x;. Hence

—v/ —v/2 C(lz]” + |zx]”)n da
zpff) x dxﬁ/
/_,9 Wags@lde < |0 o

1+ n|z — zp|dt) (1 + nj|z — x;]9HL)

—y/2

< Cu gt [ el o]0 do
-9

< Cn 2ty g T <O

If z € [-y/2,y/2], then | — x| > xx/2 and |x — ;| > x;/2. Applying (A.2) and (A.4), we obtain:

qu—ql

v ()]
/y/ [ (o) do < On o+ J2, ity de)
gz = (L4 n(ze/2)H (1 +n(x;/2))0t —
If x € [y/2,2z], then applying (A.1), (A.2)
2z 2z Oz + 2" Mn|r — o | dz
[l s oo, Il
y/2

y/2 |k]” (L4 nlz — ) (1 + njz — a;[)e+t

< C(:z:,'fl + x;’l) /(y-i-Z)/2 dz N /22 dz
= oapn(z=y)? \Jy (I +nlz -y Jyrzye (L +nfz —z[)7!

Ca+@/R") _ COa+G/k)")
T ny(Ltnlz -yt (GAR) -k
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Consider now wn ik

9
Clz|**Pnda
/ W’(Jk |dm</ u 1 +1
: 22 |Y(@r)|(1 + nlz — k)1 (1 + nlz — 24])

1
< Cn_2q_1|xk|_"/ (:EV+’B + x:+5)x—2q—2 dz < Cn_2q_1$iq+1+6 < Ck_2q_1(k/n)’8.

If © € [-9,—y/2], then |z — zx| > |2|, |z — z;| > |2| and |2 — ;| > x;. Hence

/—y |¢(2) (x)|dx</_y/2 C(|x|”+’8+|$k|”+’8)7ld$
—0 kg “Joe lzel"(L+ njz — 2|1t (1 + nlz — z;|9t)

—-y/2
<Cn7tgy [l el 7 da < CLj AR (),
-9

If z € [-y/2,y/2], then |z — x| > x/2 and |z — ;| > x;/2 Applying (A.2) and (A.4), we obtain:

< Ck™ 1571 Y(k/n)P.

y/2 (2) < On{fi}y |7 x|~ d:n}
[ eean < e e

-y/

If € [y/2,2z], then applying (A.1), (A.2)

/2W @lac< [ Cn@;*’ + ;") da
2ok =

j2 [zl (L + nfe —zp )0 (L + nfz — z; )

y/ Yy
_ Ona 4 o) /@“)/2 dz . /22 dz
T afle -yl we (Lbnle =y fp s (T o — 2ot
<o (G 1+ Gk
=T\ j ke

Altogether, we obtain:
| W @lde <0G AR (04 (L G~ ).

[fwﬁQ@desc«jAm*“4+0wwNMﬂu—kr0«jvmvm@
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B Apendix

Lemma B.1. Under the assumptions and notations of Theorem 3, it holds that:

n t—1
lim Y > ¢, =T, (B.1)
nee t=2 s=1
lees| < CBalt — 5|71, (B.2)
n
2 _
12135)%;%3 = 0(1/n). (B.3)

Proof. We will make repeated use of the following identities.

n t—1

Z Z elfue 570 — () if 4 # v mod. n, (B.4)
t=2 s=1
n t—1

Z Z:eitzuefiszv =-—-n/2if u =v # 0 mod. n, (B.5)
t=2 s=1
n t—1

Z Eeitzueqszv =n(n—1)/2if u =v =0 mod. n. (B.6)

t=2 s=1
We start by proving (B.1). Write

n t—1

4 . -
A, = peyers Z Bmkﬁn,l Z Z R (hthsel(tfs)zk) R (hthsel(tfs)zz) .
"By k.l t=1 s=1
Recall that hy = Y 0 _ byel®e.
Thus,
4 n t—1 o o
2—B2 Z Bmkﬁml Z Z R (hthsel(t_s)xk) R (hthsel(t_s)xl) (B?)
"By k,l t=1 s=1
4 n t—1
= 2 P2 Z /Bn kﬁ’n 1 Z bubwbybz Z Z eit$k+“+l+ye715zk+w+l+z + e*itzk+u+l+y eiszk+w+l+z (B8)
n Bp k£l W, W, Y, 2 t=1 s=1
+eitzk+u—l—yefiszk+w—l—z + efitzk_'_u_l_yeiszk_'_w_l_z . (B.g)

Denote £, (b) = > bubwbyb, and Xu(b) = > bubwbyb.. Using (B.4) and

w,W,Y,2,uty=w+z U, W,Y,2,u—Yy=w—=2

(B.5), we get
n t—1
E bubuwbyb. E E eltThtutivy o= I8Thtwtits 4 o HThbutiy l8Thtwtid: — —nY(b).
u,W,Y,2 t=1 s=1
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Similarly, using (B.4) (B.5) and (B.6), we get:

n t—1
§ bubwbybz § § eltzki»u—lfye_lszki»w—lfz _'_e_ltzki»u—lfyelszk{»w—lfz
U,W,Y,2 t=1 s=1

2
= —n3y(b (Zb buti ,) .

Now, note that ¥;(b) and X2(b) do not depend on k,! and that the sum of the 3, ; equals zero.

n B2 Zﬂn kﬂnl (Zb bu+k l>

Vokl

By definition, the terms b bu+k ¢ vanish if |k — 1| > v. Assumptions (4.2) and (4.3) implies that for
all fixed u € N, lim,_s 0 Zk 1 Bk Brk+u = 1. Hence,

. 4 ’
lim A, = CIE > (Zb buﬂ) :

1<]z|<v

We now prove (B.3). The computation is very similar, but we sum over ¢, not over s :

Yod,< > d,= Zﬂn,kﬂn,l f}n (htﬁsei(t—s)wk) P (htﬁsei(t—s)z,)

s<t<n 1<t<n
= s E B kBt E bubuwbyb. E etk tutity o ~ISThpwtitz | o HEThbutity olSThtwtisz
n B
P k£l U, Y,z t=1

+ eitwarufzfye—iskarw,l,z + e_itwk+“*l*yeiszk+w—l7z
The first line gives no contribution. The second gives a contribution n when k& + v — [ — y = 0. Hence
2
2 -1
Z Ct,s = Z ﬂn kﬂnl (Zb bu+,,> = O(n )
s<t<n P| |<p k—l=z

We now prove (B.2). Denote é; s = Zszl Bmkei(t*s)zk. Since |ct,s] < Cn~t|é 5|, it suffices to bound ¢ .
By summation by parts, we get

Cts—Z(Zel(t sw)ﬂnk B k-1 +Zel(t 8)ek

k=1 j=1 j=1

We conclude by using the uniform bound Z;?:l elt=9)7i < On|t — 5|71, O
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Table 1: Simulation Results for Quartic Mean Function, r(x) = 10z*

| | | p=0 [ p=1] p=2 |
n = 100
Bias 0.336 0.186 0.151
m'/?. Bias 1.68 0.930 0.757
Variance 0.00759 0.0571 0.0448
n = 1000
Bias 0.130 0.0221 | 0.0167
m!'/2. Bias 1.46 0.247 0.187
Variance 0.00178 | 0.00599 | 0.00553
n = 5000
Bias 0.0773 0.0112 | 0.00910
ml/2. Bias 1.52 0.220 0.179
Variance | 0.000629 | 0.00157 | 0.00161

Table 2: Simulation Results for Constant Mean Function, r(z) =0

| p=0 [ p=11] p=2 |

n = 100
Bias 0.117 0.159 0.114
m'/?. Bias | 0.585 0.795 0.573
Variance 0.0178 0.0542 0.0460
n = 1000
Bias 0.0384 | 0.0222 | 0.0169
m'/2. Bias | 0.430 0.249 0.190
Variance | 0.00300 | 0.00602 | 0.00551
n = 5000
Bias 0.0223 | 0.0112 | 0.00895
m'/2. Bias | 0.438 0.221 0.176
Variance | 0.00104 | 0.00157 | 0.00162

Table 3: Asymptotic and Finite-Sample Corrected Variance Expressions for (fn

| | | p=0 [ p=1 [ p=2 |
n = 100
Asymptotic: ®,/(4m) | 0.0100 0.0150 0.0194
Corrected 0.0150 0.0525 0.0413
n = 1000
Asymptotic: ®,/(4m) | 0.00200 | 0.00300 | 0.00389
Corrected 0.00229 | 0.00562 | 0.00574
n = 5000
Asymptotic: ®,/(4m) | 0.000644 | 0.000966 | 0.00125
Corrected 0.000685 | 0.00145 | 0.00158
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