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Abstract

I develop a dynamic model of optimal funding to understand why liquid financial assets are
used as collateral instead of being sold to raise funds. Firms need funds to invest in risky projects
with non-verifiable returns. Since holding these assets allows firms to raise these funds, firms
with investment opportunities value the asset more than those without them. When investment
opportunities are persistent, borrowers value the asset as a future funding source and optimally
use liquid financial assets as collateral. Assets carry (funding) liquidity and collateral premia.
As market liquidity increases, the liquidity premium increases while the collateral premium

decreases.
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1 Introduction

Collateralized debt is a widely used form of financing. Trillions of dollars are traded daily in debt
collateralized by diverse financial assets, such as sale and repurchase agreements (repos) and collat-
eralized over-the-counter derivative trades (see |Gorton and Metrick| (2012al), |Gorton and Metrick
(2012Db), and (Copeland et al|(2012))). Many financial institutions use collateralized debt to raise
funds that allow them to provide intermediation services. Some of them are private depository in-
stitutions, credit unions, mortgage real estate investment trusts, and security brokers and dealers.
Most of these institutions use the collateralized borrowing as a source of financing.

Crucially, the assets that are offered as collateral in collateralized derivative trades, "sold" in
repos or pledged by specialty lenders to raise funds are liquid financial assets—assets that could
also be sold in financial markets. In contrast to physical assets which are used as collateral to
raise funds, such as family heirlooms that are pawned or real estate used to obtain credit lines, the
intrinsic value of these financial assets is independent of the identity of the assets’ holders. Then,
why do so many financial institutions choose to use these financial assets as collateral instead of
selling them to raise funds?

In this paper, I show that borrowing firms choose to collateralize liquid financial assets (rather
than selling them) when the return of their investment is not contractible and investment opportu-
nities are persistent. The non-contractibility of the investment returns implies that asset transfers,
either in the form of asset sales or collateralized debt, are necessary for the firm to raise funds.
Therefore, in equilibrium, the financial asset is more valuable to firms with investment opportu-
nities. The persistence of the investment opportunities implies that borrowing firms value the
asset more than the lenders because it allows them to raise funds and invest in the future. This
endogenous difference in valuations leads to collateralized debt being optimal and to borrowers
collateralizing liquid assets.

I develop these insights in a dynamic model of optimal funding. More specifically, in the baseline
version of my model there are two periods and two risk-neutral agents, a borrower (firm) and a
lender. There is also a storable consumption good and one long-term financial asset which pays
dividends each period. The main difference between the financial asset and the consumption good

is its pledgeability. While the asset is fully pledgeable, consumption good holdings are notE] Each

'More generically, one could relax this assumption as long as the pledgeability of the asset is higher than the

pledgeability of the consumption good.



period, the borrower can invest in a risky project. This project is profitable in expectation but it
incurs losses if it is not successful. The main friction in the model is that the return on the risky
project is private information of the agent who invested in it and it is not verifiable. Therefore,
this return is not contractible. The borrower has his investment opportunity before the financial
asset’s dividends are paid and, thus, cannot invest without external financing. This timing implies
that, if left in autarky, both the borrower and the lender would value the asset by the expected
discounted sum of dividends.

In order to raise funds and take advantage of his investment opportunity, the borrower enters
into a short-term state-contingent contract with the lender. Because the return of the risky project
is not contractible and the project may incur losses, the borrower cannot issue unsecured debt
and he needs the pledgeable asset to raise funds to invest. Therefore, the non-contractibility of
the project’s return, together with the persistence of investment opportunities, implies that the
borrower’s valuation for the asset is higher than the value assigned by the lender. To see this,
suppose that an agent in this economy will have an investment opportunity tomorrow. Holding the
asset tomorrow will allow the agent to invest in the project either by selling the asset or by pledging
it as collateral. Being able to raise funds against the asset in the funding market implies that an
agent with an investment opportunity tomorrow will value the asset more than an agent without
an investment opportunity. If investment opportunities and, thus, the role as borrower and lender
are persistent, as it is the case in many collateralized debt markets, it follows that the agent who
is a borrower today will value the asset higher tomorrow than the lender Willﬂ

This difference in valuations leads to the borrower optimally choosing to use liquid financial
assets as collateral in the first period. If the borrower sells the asset, he can invest the net present
value of the asset’s dividend —the lender’s valuation— in his risky project. If, instead, the borrower
pledges the asset as collateral, he has incentives to repay more than the lender’s valuation in order
to keep the asset. The borrower only has "extra" consumption goods if the project in which he
invested is successful. Therefore, using the asset as collateral makes part of the unobservable
return of the risky project pledgeable and the borrower is able to invest more in his risky project
by pledging the asset as collateral than by selling it.

Intuitively, when the borrower values the asset more than the lender does, selling the asset to

2This persistence is consistent with the observation that, in many collateralized debt markets, different types of
institutions specialize in borrowing or lending. For example, in the repo market, money market funds are usually

lenders whereas hedge funds and specialty lenders are usually borrowers.



the lender is costly for the borrower. For each unit of the asset the borrower transfers to the lender,
the borrower gets at most the lender’s valuation, which is less than his own. Alternatively, to raise
the same amount of funds, the borrower can promise to transfer consumption goods in an amount
equal to the lender’s valuation of the asset. Since the lender’s valuation of the asset (in terms of
consumption good) is lower that the borrower’s, the borrower finds it less expensive to increase
his funding by transferring consumption goods to the lender rather than assets. Using the asset
as collateral allows the borrower to transfer the asset only in the states in which he does not have
enough resources to repay the lender in consumption good.

The difference in valuations for the asset between the borrower and the lender, which is crucial
for the result, arises endogenously and, as I show in this paper, it depends on whether the borrower
and the lender can trade assets for consumption good after the investment opportunity’s return is
realized. In Section[3] I extend the baseline model to allow for the possibility that a competitive asset
market may be available at the end of the first period. Considering this market serves two purposes.
First, it provides a deeper understanding of the assumptions behind the endogenous difference in
valuations, which is at the center of the main result that borrowers choose to collateralize liquidity,
i.e., that borrowers strictly prefer to use the liquid asset as collateral rather than selling it to raise
funds. Second, it allows me to consider how the asset’s market liquidity affects the financing choice
of the borrower, as well as the liquidity and collateral premiaﬁ

The probability with which the market is available, which I refer to as the asset’s market
liquidity, is a key determinant of the marginal valuations of the asset for the borrower and the
lender. As one would expect, assets with higher market liquidity allow the borrower to invest more
in his project. Moreover, as long as the asset’s market liquidity is not perfect, that is, as long as
there is some probability that the market will not be open, the borrower values the asset more than
the lender and, thus, strictly prefers to use the asset as collateral over selling itﬂ

The extra value the borrower assigns to the asset on top of the expected discounted value
of dividends can be decomposed in two premia: a (funding) liquidity premium and a collateral

premium. The liquidity premium arises from the borrower being able to sell the asset and use

3Follwing [Brunnermeier and Pedersen| (2009) I define the asset’s market liquidity as the ease with which the asset
can be traded and the asset’s funding liquidity as the ease with which the borrower can raise funds by selling the
asset.

*Even the most liquid securities, such as US Treasuries, can become illiquid in the even of a market freeze like the

one experienced during the 2008 — 2009 financial crisis.



the funds to invest in his investment opportunity. The collateral premium is the additional value
the borrower can obtain by using the asset as collateral instead of selling it. Interestingly, the
asset’s market liquidity has opposite effects on the asset premia: it increases the (funding) liquidity
premium while it decreases the collateral premium.

An increase in the asset’s market liquidity increases the asset’s liquidity premium through two
channels. First, it increases the value the lender can get for the asset, which increases the amount of
funds the borrower can raise from the lender by selling his asset. Second, it increases the probability
with which a borrower can use the proceeds of his risky project to buy assets which increases the
borrower’s value of an additional unit of funding. Both of these channels lead to an increase in the
value the borrower attaches to selling the asset and, in turn, to a higher funding liquidity premium.

On the other hand, an increase in the asset’s market liquidity decreases the collateral premium.
The higher the probability of the market for assets being open, the smaller the difference in val-
uations between the borrower and the lender. The smaller this difference, the less costly it is for
the borrower to transfer the asset to the lender and the lower the additional value the borrower
attaches to being able to use the asset as collateral.

In the baseline two-period model, the borrower and the lender enter short-term contracts. In the
paper, I show that the short-term collateralized debt contract characterized in the baseline model
implements the optimal long-term contract. Intuitively, the main difference between short-term
and long-term contracts is that, in long-term contracts, future loan amounts can be contingent on
the current repayment by the borrower. However, since in short-term contracts the loan amount the
borrower can get each period depends on his asset holdings, collateralized debt indirectly contracts
on future loan amounts by making the asset transfers state contingent.

Finally, T extend the baseline model in several dimensions. First, I make the asset risky and
allow for the dividends to be correlated with the return of the borrower’s investment opportunity.
An increase in this correlation increases the asset’s debt capacity since it makes it costlier for
the borrower to default. It also makes the asset better collateral. Second, I make the access to
investment opportunities stochastic. As long as the access to investment opportunities is persistent,
the asset will optimally be used as collateral. Lastly, I extend the baseline model to an infinite
horizon model. This extension shows that future collateral premia amplify the current one and,
thus, further increase the amount that can be borrowed against the asset.

The main contribution of this paper is to provide a microfoundation for the use of financial

assets as collateral by focusing on the borrower’s optimal financing choice. The paper is related



to the large literature concerning the optimal financing of investment projects. For example, in a
setup with asymmetric information about the quality of a productive asset, |Gorton and Ordonez
(2014) show that short-term collateralized debt is optimal if lenders are willing to accept the asset
as collateral without acquiring information about it. They show that this is the case if the prior
about the quality of the asset used as collateral is high enough. My paper differs from |Gorton and
Ordonez| (2014) in three ways: (1) I consider financial assets (as opposed to physical productive
ones), (2) I allow for asset sales, which they do not consider, and (3) there is perfect information
about the quality of the asset in my model.

Within the literature on optimal financing, this paper is closely related to papers that consider
incomplete contracts, either due to private information or moral hazard, in which the optimal
contract features collateralized debt. In Bolton and Scharfstein (1990)), the optimal contract is a
long-term contract in which the lender commits to liquidate the borrower’s firm if default occurs.
In [Lacker| (2001), non-pecuniary costs of default are assumed while in Rampini| (2005)), default
penalties are modeled as transfers of goods only valued by the borrower. (Gale and Hellwig (1985),
Bernanke and Gertler| (1989)) and Bernanke et al.| (1998)) also find optimal contracts that resemble
collateralized debt. They follow [Townsend (1979) and allow for costly state verification to partially
resolve the agency problems. In all of these papers, including my paper, the optimal contract
involves some credible punishment for the borrower if the bad state is realized, which incentivizes
him to behave, and report the state truthfully. The main contribution of my paper is that the cost
of default for the borrower, which is the key determinant of the optimality of collateralized debt,
arises endogenously and is not assumed.

In my model, contracts are incomplete but perfectly enforceableE] However, as Barro (1976)
shows, enforcement frictions can also give rise to collateral contracts in equilibrium. Along these
lines, Stiglitz and Weiss| (1981), (Chan and Kanatas (1985)), and Kocherlakota (2001)) analyze col-
lateral as a mechanism to enforce contracts and deter default. |[Kiyotaki and Moore, (1997) explore
the effect of collateral constraints on the business cycle, while Rampini and Viswanathan (2010)
and Rampini and Viswanathan| (2013]) examine the capital structure of the firm. In most of these
papers, the assets that are used as collateral are either illiquid or they are inputs of production,
so selling them to raise funds is not an option. In contrast, in my paper the asset that is used as

collateral in equilibrium is a liquid financial asset.

YHart and Moore| (1985) study the optimal contract in the presence of incomplete contracts that can be renegoti-

ated.



One of the main advantages of deriving collateralized debt as part of the optimal contract is that
the amount that can be borrowed against the asset, its debt capacity, is an equilibrium outcome.
In this regard, my paper is also related to the endogenous leverage literature based on the general
equilibrium models developed |Araujo et al.| (1994), Geanakoplos (2003a,b), |(Geanakoplos and Zame
(1997), and [Fostel and Geanakoplos| (2008). In these models, the collateral requirements are also
equilibrium outcomes. However, in contrast to my paper, in these papers the contract space is
restricted to collateralized debt.

The mechanism I describe in this paper can be applied to multiple types of debt collateralized
by financial assets, including repurchase agreements. Other papers that look specifically at repo
markets are Duffie| (1996), Monnet and Narajabad (2012) and |Gottardi et al. (2016). [Duffie (1996
argues that differences in the transactions costs between selling an asset and entering a repurchase
agreement justify the use of the latter. [Monnet and Narajabad (2012) look at a search model in
which agents prefer to conduct repurchase agreements than asset sales when they face substantial
uncertainty about the exogenous private value of holding the asset in the future. In|Gottardi et al.
(2016)), repos allow the borrowers to insure the initial buyer of the asset against price fluctuations.

The rest of the paper is organized as follows. In Section [2, I present the baseline two-period
model and highlight the mechanism behind the main result. In Section |3} I expand the baseline
model by considering the possibility of a competitive asset market. Section [4]shows that the optimal
short-term contracts implement the optimal long-term contracts. In Section [5| I present several
model extensions that display the robustness of the main result. I conclude in Section [6 All

omitted proofs are in the Appendix.

2 Baseline model

In this section, I present a baseline two-period model that highlights the forces behind the main
result that borrowers strictly prefer to use financial assets as collateral rather than selling them
to raise funds. This baseline model emphasizes the sources of the asset’s funding liquidity and

collateral premia that are at the core of the mechanism that makes collateralized debt optimal.

2.1 Environment

There are two periods, ¢t = 1,2, and two risk-neutral agents, a borrower (B) and a lender (L), with

a common discount factor, 5 € (0,1). There is one non-pledgeable, storable consumption good and



one pledgeable, long-lived financial asset in the economyﬁ a units of the asset yield da units of
consumption good as a dividend at the end of each period ¢t. The lender is endowed with a large
amount of consumption good € in each period . The borrower is endowed with a{g units of the
financial asset in the first period and has no consumption good endowment. Instead, in each period,
the borrower has access to a risky constant return, short-term project. One unit of consumption
good invested in the project at the beginning of period ¢ yields a random payoff 0, € {01,0} at the
end of the period, where 65, < 8. The projects’ returns are i.i.d. over time, where the probability
distribution over the returns is given by m; = Pr(6; = 0;) for ¢ = L, H. Though the risky project
is profitable in expectation, 1 < E (0;) = 7101 + mgfm, it incurs losses if the low state is realized,
0 < 01 < 1. I denote by high (low) state the state in which 6; = 0y (0, = 0r).

The risky project’s realized payoff is only observed by the borrower. However, the lender knows
the project’s return structure. More specifically, the lender knows that the borrower will get a
return of at least 6 per unit invested. Therefore, the borrower can credibly pledge the low return
of the project to the lender but the extra return 6z — 05 the project yields if the high state is
realized is inalienable and not pledgeable.

The borrower can save either by storing consumption good or by holding the asset. However,
given the differences in pledgeability, the borrower always prefers to save by holding assets. Since
consumption good holdings are not pledgeable, the borrower cannot lever up against them. Then,
the expected return of each unit of consumption good with which the borrower enters the second
period is E (f). In contrast, asset holdings are pledgeable and, thus, the borrower can borrow
against them. For each unit of value held in the asset the borrower can raise at least ﬁ to invest
in his project. Since the low return of the risky project is pledgeable—#;, is common knowledge—
the expected return on the funds borrowed against the asset is E(0) — 6r. Then, for each unit
of value held in the asset that the borrower brings to the second period, he expects a return of
(at least) E(la_)i;f? Since E(le_)igfL > E (0), the borrower is always better off saving in terms of the
asset rather than saving consumption good. Importantly, this implies that any convenience yield
the financial asset may have is not driven by the asset’s durability—the consumption good and the
asset can both be stored—but by its pledgeabilitym

Assumption 1 (Impatience) The discount factor § satisfies SE (0) < 1.

The results in the paper extend to the case in which the consumption good is pledgeable as long as the pledgeability

of the consumption good is lower than the financial asset’s.
"See [Rampinil (2016) for a discussion of the differences between pledgeability and durability.



Period ¢

- B chooses funding contract - Return 6, is realized - B settles funding contract
- L transfers funds to B - Asset’s dividend d is paid

- B invests in risky projects

Figure 1: Timing

Assumption 1 implies that the borrower always chooses to consume the proceeds of the risky
project rather than saving them to invest in his project in the future. The borrower can transfer
wealth between periods either by storing consumption good or by holding the financial asset.
However, given Assumption 1, the borrower finds it suboptimal to store consumption good and will
always choose to begin period 2 with no consumption good. Therefore, I will ignore the borrower’s
consumption good saving decisions in the remainder of the paperﬁ

At the beginning of each period t, the borrower and the lender enter into a short-term funding
contract in which all bargaining power is given to the borrower. After the terms of the funding
contract have been determined, the borrower invests in his risky project. Once the return of the
project is realized, the terms of the contract are settled and the financial asset’s dividend is paid.
This timing is depicted in Figure

The (financial) asset’s dividends are paid after the investment is made. This timing has two
important implications. First, if left in autarky, the borrower and the lender value the asset equally
as the discounted sum of its dividends. There is no intrinsic difference in asset valuations between
the borrower and the lender. Second, the borrower needs to get funds from the lender in order to

take advantage of his investment opportunity.

Definition 1 (Short-term funding contract) A short-term funding contract consists of a fund-
ing amount in terms of consumption goods, q, contingent repayments in terms of consumption goods,
ri, and in terms of asset transfers, t;, 1 = L, H. Repayments in terms of assets include the transfer

of the contemporaneous asset’s dz’videndsﬂ

8Given the linearity of the model, Assumption 1 is made for convenience. Since consumption good saving decisions

do not interact with the borrower’s funding choice, the results in the paper remain valid if this assumption is relaxed.
9This assumption is without loss of generality since the dividends are observable and, thus, pledgeable.



In the context of the funding contract in Definition [T} I will interpret non-contingent asset
transfers as asset sales and contingent asset transfers as collateralized loans in which the asset
is transferred if default occurs. More specifically, when t; # tj, part of the asset transfers are
contingent and the funding contract can be implemented using collateralized loans, as follows. If
tr, < (>)tpy, the repayment of the collateralized part of the loan is |7y — r1| in terms of consumption
goods in the high (low) state, when there is no default, and |t — ¢7| in terms of asset transfers in
the low (high) state, when default occurs.

The set of transfers implied by any contract to which the borrower and lender agree to have to

be feasible given the resources held by both parties.

Definition 2 (Feasibility) A short-term contract (q,rr,7m,tr,tr) is feasible in period t if

0
0<r <d(ag—t;)+0;q i=LH
0

<ti<ay i1=LH

where a; is the amount of assets held by the borrower in period t.

The first constraint in Definition [2| states that the funding amount ¢ has to be non-negative and
that it cannot be larger than the lender’s endowment of the consumption good. The second set of
constraints implies that the state contingent repayments in terms of consumption goods cannot be
negative, nor can they be more than the amount of the good the borrower has at the end of the
period in each state after the asset transfer ¢;. Similarly, the third set of constraints implies that the
borrower cannot transfer more assets than the amount he holds and does not allow the borrower
to purchase assets from the lender at the time of settlement. In the model developed in Section
I consider the case in which the borrower can use the proceeds of this investment opportunity to
purchase assets.

The non-contractibility of the returns of the risky project is the key friction that gives rise to
collateralized debt in equilibrium. Since the return of the risky project is only observed by the
borrower who invested in it and it is not verifiable by the lender, it is not contractible. This means
that the loan contract between the lender and the borrower cannot be contingent on the realization
of the return, 0;. However, a contract can be made contingent on the reported return of the risky

project as long as it is incentive compatible.



Definition 3 (Incentive Compatibility) A contract (q,rr,7m,tr,tm) is incentive compatible in

period t if whenever r;, < 0pq+d(a—tr)

—rp—dtr, +BVE (a—tr) < —ryg —dty + BVE (a —ty) (ICyH)
and whenever rg < 0rqg+d(a—tg)

— g —dty + BV (a—ty) < —rp —diy + BV (a—t1) (ICL)
where Vﬁl (a) is the value for a borrower with a units of the financial asset in period t + 1.

If the borrower reports state ¢ as being realized, he transfers r; units of the consumption good
and t; units of the financial asset to the lender. Since the transfer of the asset also implies the
transfer of the asset’s dividends, transferring ¢; units of the asset decreases the borrower’s current
consumption in dt;, on top of reducing the stock of capital with which the borrower begins the
following period.

The first constraint ICyy states that, in the high state, it is always at least as good for the
borrower to tell the truth and report that the high state has occurred than to lie and report a low
realization of . The second constraint IC}, states the analogous for the low state. Note that the
constraints ICy and ICT, are only active when lying in the low state is feasible (i.e., when there
are enough resources in the low (high) state to match the contingent repayment in terms of goods
promised in the high (low) state, g (r1)).

Three features of the model are worth emphasizing;:

Financial assets. The long-lived asset a is a financial asset. It is not related to the project
available to the borrower: the asset is not an input needed to operate the project. This assumption
differentiates this paper from other papers of collateral in which the asset used as collateral is a
physical asset, which is physically needed to operate the borrower’s technology and, thus, cannot
be sold without forgoing access to the investment opportunity.

Pledgeability. The main difference between the consumption good, which can be interpreted
as cash, and the financial asset is its pledgeability (recall that both the asset and the consumption
good can be stored). While the borrower can commit to transferring the asset at the time of
settlement, the consumption good is non-pledgeable. If one thinks of examples of cash that are
pledgeable, such as cash in escrow, one can see that, in most cases, these are financial assets since

cash is securitized in order to be pledged. Moreover, this assumption implies that the borrower

10



prefers to transfer value across periods by saving in assets instead of in consumption goods, as
discussed above.

Asset sales and liquidity. Though there is no formal market for the asset at the beginning
of the period, the borrower can always sell his asset holdings at a price equal to the present value
of its dividends by setting t;, = tg = a and rp = rg = 0, which satisfies feasibility and incentive
compatibility. Therefore, the durable financial asset is liquid—it can be sold—at the time at which

the borrower makes his financing decision.

2.2 Equilibrium

In this section, I define and compute the equilibrium of the baseline model. I start by looking at the
last period and show than the asset carries a (funding) liquidity premium for the borrower since it
allows him to raise funds to invest in his risky project. Then, I look at the equilibrium in the first
period and get to the main result that borrowers strictly prefer to use financial assets as collateral

rather than selling them to raise funds.

2.2.1 Second period

In the second period, t = 2, the borrower chooses a feasible, incentive compatible, short-term
contract to maximize his expected consumption. He invests the loan amount ¢ in his risky project
which yields an expected return E (6) g. The borrower expects to repay wprr + mgry in terms of
consumption goods and to transfers ¢; units of the asset if state ¢ = L, H is realized. Finally, he
also gets the dividends paid by his asset holdings, da. Thus, a borrower with assets a solves the

following problem in period 2:

VP (@)= max E(0)q—np(rp+dip) —ng (rg + dtg) + da,

qTLTH L
subject to the short-term funding contract (q, 7, 7m, trr, t1) being feasible and incentive compatible,

and satisfying the lender’s participation constraint:
qSWL(TL—l-dtL)—i-WH(TH—i-dtH).

Proposition 1 The equilibrium short-term funding contract in period 2 is given by:

da

% (a) = 1-6,
ra(a) = Oz (a), i3 (a) =a, and
ram (@) +dtzy (@) = g3(a) for any t3p (a) € [0,a],

11



and it can be implemented by a combination of risk-free debt at zero interest rate and either asset

sales or collateralized debt.

The proof of Proposition [1] is straightforward. Since the asset has no value after the second
period, incentive compatibility in the second period implies that the funding contract is risk-free
for the lender, i.e., 71, + dt;, = rg + dty. Moreover, the borrower promises to repay the maximum
amount he can credibly commit to repaying in the low state, i.e., rp + dtr, = da + 0pq. This,

together with the participation constraint for the lender, implies:

_ da
_1—9[,'

¢ (a) = mp (rap, (a) + dtyy () + 7w (rop (a) + dizy (a)

As the Proposition [I] states, there are many transfer schemes through which the borrower can
implement the optimal funding contract. In what follows, I will concentrate on the implementation

with the maximum amount of risk-free debt.

Lemma 1 In any implementation of the equilibrium funding contract, the interest rate on risk-free

debt has to be zero.

In any implementation, lenders have to be indifferent between lending at the risk-free rate and
taking on some risk. Since the expected return of the optimal loan contract for lenders is 0 (the

participation constraint for the lender is binding), the risk-free rate has to be zero.

Corollary 1 In period 2, the borrower is indifferent between selling his assets and pledging them

as collateral.

The maximum amount that the borrower can repay the lender in consumption goods indepen-
dent of the realized state is r3; (a) (note that r3; (a) < 3, (a)). Since the risk-free rate is zero, the
maximum amount of riskless debt is 75, (a). The remaining part of the loan amount, ¢3 (a)—73; (a),
can be thought of either as the proceeds from asset sales, i.e., setting t5;, = t3;; = a, or as debt
collateralized by a units of the asset, i.e., setting t; = a and t3;; = 0. This shows that the borrower

is indifferent between selling his assets and pledging them as collateral in the second period.

Funding liquidity premium The value for a borrower of holding assets a in period 2 is:

da

1_0L>da.

Vi’ (a) = (B(0) - 0r)

12



In the second period, the borrower values the asset more than the dividends it pays since having
the asset allows him to raise funds and take advantage of his investment opportunity. Since the
returns of the risky project are non-contractible, without the asset, the borrower would only be
able to credibly commit to repaying the lender 7, < 1 per unit borrowed and, therefore, the lender
would never agree to providing an unsecured loan. Having the asset allows the borrower to pledge
the asset’s dividends, either by selling the asset or by using it as collateral, which in turn allows the
borrower to lever up. In this case, even if the borrower always reports the low state being realized,
the lender can collect 0r,q + da. For every unit of dividend the borrower has, he can raise ﬁ

units of funds from the lender. Thus,

. da
q2(a): 1_9L

Finally, since the return in the low state 6, is always pledged by the borrower, the borrower gets
an expected return [ (0) — 0, per unit invested in his risky project. Thus, the borrower’s marginal

E(6)

valuation of the asset at t = 2 is %d > d. This extra value the borrower attaches to the asset

1—

is what I refer to as a (funding) liquidity premium. It is the additional value the borrower gets
from being able to raise funds by selling the asset at the beginning of the period and investing the
proceeds from the sale in his risky project. The funding liquidity premium is defined as follows:

E(6) — 1

v d= g

d,

where ’UQB is the borrower’s marginal value of the asset at the beginning of ¢ = 2. The liquidity
premium is equal to the levered expected excess return of the risky project times the fundamental
value of the asset.

Remark If the borrower was not able to sell the asset at the beginning of t = 2, he would

value it d and the liquidity premium would be zero.

2.2.2 First period

Analogous to the problem in the second period, in the first period the borrower solves

VP (a) = max  E(0)q—np (rp +dtr)—mw (rg + dtg)+datm BV (a — tp)+raBVy (a —tg),

¢TLrH L
subject to the short-term funding contract (g, rr, 7, tm,tr) being feasible and incentive compatible

and satisfying the lender’s participation constraint:
q < mp(rp+dip + BVY (tL)) + 7 (ra +din + BV (t)) |
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where Vi (a) = da is the value of a lender who owns a units of the asset at the beginning of ¢ = 2.

Proposition 2 The equilibrium short-term funding contract in period 1 is given by
(1+ B)da+ Bry (V4 (a) — Vi (a))

1-46p
rig (@) = 04 (a), ir(a) =a

rig (a) =75, (a) + da+ BV (a), and  t5, (a) =0,

qi (a) =

and it can be implemented by a combination of risk-free debt at zero interest and collateralized debt.

As the proposition above states, the total size of the loan the borrower can procure from the
lender in the first period depends on the resources he can credibly pledge. Since the low return
01 is pledgeable, the borrower can always commit to repay at least 0rq; in terms of consumption
goods.

By choosing to sell his assets and setting ¢17, (a) = t1g (a) = a, the the borrower can indirectly
pledge the assets’ dividends in periods 1 and 2. Selling the asset allows the borrower to increase
the loan size in d + 61}2L per unit of asset sold, where UQL is the lender’s marginal valuation for the
asset in period 2.

However, transferring the asset to the lender is costly for the borrower. For each unit of the
asset the borrower transfers to the lender, he gets the lender’s marginal valuation, d + Bvf, which
is less than his own marginal valuation, d + Sv. Alternatively, the borrower can increase the size
of the loan in the same amount by transferring the lender d + Bvf units of consumption goods.
Thus, the borrower would rather repay the lender in consumption goods than in assets whenever
possible. This implies t1;, = a, t1ig = 0 and rig > riz = 0pqi. The difference in marginal
valuations referred to above allows the borrower to credibly commit to a state-contingent contract
by effectively pledging part of the non-pledgeable return of his project if the high state is realized.

The additional amount the borrower is willing to pay in terms of consumption goods in order
not to loose the asset in the high state is 8 (Vi? (a) — Vi¥ (a)). Then, the extra amount the borrower

can get from the lender by pledging the asset as collateral instead of selling it is:
Aq* = By (V2B (a) — VQL (a)) > 0.

Corollary 2 In period 1, the borrower strictly prefers to pledge his assets as collateral rather than

selling them.

14



Equivalent to the implementation of the optimal contract at ¢ = 2, the amount the borrower
repays in consumption goods in the low state, r}; (a), can be thought of as the repayment of riskless
debt at zero interest rate. The remaining part of the loan amount, ¢f (a) = ¢} (a) —r]}, (a), is repaid
in consumption goods only if the return of the project is high, whereas if the return is low, the
lender receives a units of the asset from the borrower. Therefore, ¢f (a) can be interpreted as a

loan collateralized by a units of the asset at an interest rate of:

o Tl =1, (@) s, (VE (@) — Vi ()

45 (a) (da+ BV (a)) + Brn (V3 (a) — Vi (a)

The higher the difference in asset valuations between the borrower and the lender, the higher the
amount of consumption goods the borrower can credibly commit to repay in the high state by
pledging his assets as collateral.

This implementation is the one with the maximum amount of collateralized debt. Then, the
maximum amount that the borrower can obtain against one unit of the asset, its debt capacity, is
given by:

D=(01+p)d+ pru (2}23 fng),
—_——
Insurance Incentives

where v& and vl are the marginal valuations for the asset of the borrower and lender, respectively

The asset’s debt capacity depends on its value as collateral for lenders when there is default (in-
surance) and on the extra value borrowers attach to the asset when there is no default (incentives).
Ceteris paribus, a higher asset value for lenders increases the loan amount since it allows lenders
to recover more in the event of default, while a higher (extra) asset value for borrowers decreases
the borrower’s incentives to report untruthfully and, therefore, allows them to borrow more against
the asset.

Whenever the borrower values the asset higher than the lender, the borrower finds it less
expensive to repay the lender in goods than in assets. In other words, whenever the marginal rate
of substitution between assets and consumption goods is higher for the borrower than for the lender,
transferring the asset is costly for the borrower and the borrower strictly prefers pledging the asset
as collateral rather than selling it. The model in Section [3| emphasizes this result by considering

the case in which an asset market may be available at the end of the first period.

10Gince preferences are quasilinear in consumptino, the marginal valuations for the asset are also the marginal rate

of substitution between the asset and consumption good.
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Collateral premium The borrower’s value of holding a units of the asset at t = 1, V{® (a), is
greater that the value he would get it he sold the asset to invest in his project, i.e.,

(E(0) —0r)

B
Vi (@) > S

(da + BV5" (a)) .

The borrower gets an expected return on equity of per unit invested in his project.

(BE(6)—61)
1-0;

By setting t1;, = t17 = a, the borrower can sell the asset to the lender at ¢t = 1 in exchange for the
lender’s valuation, da + 3V (a). Therefore, asset sales allow the borrower to invest %‘g{@) in
his project. By pledging the asset as collateral, the borrower is able to invest an additional amount,
Agq*. Thus, when the borrower is able to use the asset as collateral, he attaches an additional value
to it on top the asset’s sale value % (da + 5V2L (a)) . The collateral premium is the expected

return on equity of the additional amount the borrower can get from the lender by pledging the

asset as collateral instead of selling it. The collateral premium is defined as follows:

W (da + BV4" (a)) = WAQ*,

VlB (a) —
The collateral premium further increases the difference in valuations between the borrower and the
lender and, as can be seen in the dynamic model in the extensions, it is a key determinant of the

asset’s debt capacity.

3 Market for the asset

In the baseline model, it is crucial for the borrower and the lender to value the asset differently in
order for the borrower to strictly prefer to use the asset as collateral. This difference in marginal
rates of substitutions between assets and consumption goods, which is at the center of the main
result, depends on how easy it is for the borrower and the lender to transform consumption goods
into assets and vice-versa at the end of the first period. The model presented in this section extends
the baseline model to consider the case in which, with certain probability, the borrower and the
lender are able to access a competitive asset market. The asset’s market liquidity, that is, the
probability with which this market is available, is a crucial determinant of the marginal valuations
for the asset and of the funding liquidity and collateral premia.

The model is the same as the baseline two-period model described in Section [2] except that,
with probability «, at the end of ¢ = 1 a continuum of ex-ante identical borrowers and lenders can

trade in a competitive asset market. As in the baseline model, at ¢ = 2 borrowers are indifferent
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between selling their assets or pledging them as collateral. Thus, a borrower’s valuation for a units
of the asset at the beginning of t = 2 is:

E@©) -0
V2B (a) = 1(_)9Ldaa

while a lender values a units of the asset Vi© (a) = da.
3.1 Asset market

If the asset market is open at the end of ¢ = 1, which occurs with probability «, a borrower with

assets a and wealth w will buy = units of the asset to solve the following problem:

V™ (a,w) = max BV57 (a + ) +w — pr, (1)
subject to
pr < w
r > —a,

where p is the price in of the asset in terms of consumption good. The first constraint above is
the borrower’s budget constraint: he cannot pay more for his purchases than the resources he has.
The second constraint above implies that the borrower cannot sell more units of the asset than the
ones he owns. The wealth level w is the residual project return after paying the lender.

A borrower with assets a and wealth w has a demand for the asset given by:

—a if p > Bod
28 (a,w) =4 ¢ [—a, %} if p= goud
% if p < Boud

Given the linear structure of the problem in , a borrower will (7) sell all of his assets if the asset
price p is above his marginal valuation for the asset, (i) he will buy as many assets as he can if his
marginal valuation for the asset is greater than the price, and (iii) he will be indifferent between
buying or selling otherwise.

If the aggregate assets held by borrowers are ap and their aggregate wealth is wg, the borrowers’

aggregate demand in the asset market is:

—ap ifp>Bv2B
XB (a‘B7U_JB): S [_dBaujTB} lfp:BUQB
_ ) B
> if p < By



Similarly, a lender with assets a and wealth w has a demand for the asset given by:

—a if p > Bk

L _ .
TW =4 € [—a, %] if p= Bovd
% if p < Bovd

and the lenders’ aggregate demand in the asset market is:

—ay, if p> BU%’
X' (ag,wp) =4 € [—@L,%} if p=poy
% if p < Bk

where ay, are the lenders’ aggregate asset holdings and wy, is their aggregate wealth.
Since v¥ > vl borrowers are buyers in the asset market and lenders are sellers. And since there
is a fixed supply of assets and a fixed supply of goods, the price in the competitive asset market is

determined by cash-in-the-market pricing. Thus, the equilibrium asset price p* is given by:

w
p* = max {ﬁv%,min {B,vi}} .
ar,

The price p* depends on the liquidity available in the asset market, i.e., on the ratio between the
available consumption goods held by the borrowers (buyers) and the available assets held by the
lenders (sellers). The higher this ratio, the higher the price p*.

Finally, if the asset market is open, the value of holding a units of the asset and wealth w for a
borrower is:

VTR (g, w) = BV <a + ;i)
while the value of a lender is p*a + w.

Remark. The asset market structure described above can also be interpreted as the result
of a market in which there are search or matching frictions, as follows. Let o be the probability
with which a borrower and a lender meet. Upon meeting, the terms of trade between them are
determined through Nash bargaining, where the bargaining power of the borrower is v € [0, 1].
This market structure and the competitive one described above are isomorphic if the bargaining
power of the lender and the borrower is chosen appropriately. More specifically, if the bargaining

power of the borrower is set to:
_ puf —p
B (vF —vy)
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3.2 Funding market

At t = 1, the borrower chooses his funding contract, taking into account that with probability «
he will be able to use the proceeds from his project to purchase assets in the asset marketE Let
w; = 0;q —r; + d(a —t;) be the borrower’s wealth at the end of ¢t = 1 in state i. A borrower with

assets a solves the following problem:

max (11— a) (mg (wg + BVy (a—tu)) + 7 (wr + BV (a —t1)))

qrL,TH-tL,tH

+ o (WHmGt (a —tg,wy) + 7 VRt (a— tL,wL)) ,

subject to the feasibility constraints in equation , the incentive compatibility constraint in the

high state:

(1-a) (wH + BV (a — tH)) + aV™ (a4 — ty,wy)

> (1—a)(wp+ Ou—00) g+ BV (a—tr)) + V™ (a — tr,wr + (0 — 01) q)
the incentive compatibility constraint in the low state if lying is feasible, i.e., if rg < 0pg+d (a — t1),

(1—a) (wr +BVS (a—tr)) + V™ (a — tr,wy)

> (1—a) (wg +(0r —0m) g+ BV (a—tm)) + V™ (a — tg,wy + (01, — 0n) q),
and the lender’s participation constraint:
q<my(rg+dty)+mp (r, +dtr) + B (wHVQL (tzr)te + 7LV (tr) tL) ,

where

B

is the expected value of holding a units of the asset at the end of ¢ = 1 for the lender in terms of

Vi (a) = ((1 —a)d+ ap*) a,

t = 2 consumption.

The solution to the borrower’s problem stated above leads to the following proposition:

Proposition 3 Borrowers strictly prefer to pledge the asset as collateral rather than selling it if

and only if a« € [0,1). If a = 1, borrowers are indifferent between the two options.

When the asset market is not available at the end of ¢ = 1, i.e., @ = 0, the borrower prefers

to pay the lender in terms of consumption good rather than in assets. In this case, as in the

"For simplicity, the funding contract cannot be contingent on whether the asset market is open.
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baseline model, the marginal rate of substitution between assets and consumption goods differs for
borrowers and lenders. For each unit of the asset the borrower transfers to the lender, the lender
is willing to increase the loan size by vl. This transfer costs the borrower v3. Alternatively, the
borrower could get the lender to increase the size of the loan in v by transferring vy units of
consumption good, which would cost him only v Since vl < v®, it is less costly for the borrower
to pay the lender in consumption goods than to pay him in terms of assets.

If the asset market is always available at the end of ¢ = 1, i.e., @ = 1, the borrower is indifferent
between repaying the lender in terms of assets or consumption goods. For each unit of the asset
he gives the lender, the lender is willing to increase the size of the loan in p*. Alternatively, the
borrower could attain the same increase in loan size by transferring p* units of consumption good
to the lender. However, the borrower’s opportunity cost of this transfer is not being able to buy
one unit of the asset in the market.

When the asset market is randomly available, i.e., a € (0, 1), in expectation it is less costly for
the borrower to repay the lender in consumption goods than in assets. In other words, transferring
the asset to the lender is costly for the borrower in expectation. Analogously to the baseline model,
whenever transferring the asset to the lender is costly for the borrower, the borrower strictly prefers
to pledge the asset as collateral and only transfer it to the lender if he cannot remit compensation

in consumption goods.

3.3 Premia and liquidity

The ease with which an asset can be traded, that is, its market liquidity, is a key determinant of
the equilibrium valuations for borrowers and lenders. In the model described in this section, the
asset is perfectly liquid at the beginning of each period t since the borrower can always sell the
asset to the lender by setting t;, = tz. The asset’s market liquidity at the end of the first period
depends on the likelihood of the asset market being open, i.e., on the parameter o. The higher
the probability that the asset market will open at the end of ¢ = 1, the higher the asset’s market

liquidity in the future.

Definition 4 An asset’s market liquidity is determined by the likelihood with which it can be traded

att =1, i.e., by the parameter a.

The parameter «, which from now on I will refer to as the asset’s market liquidity, affects

the borrowers’ and lenders’ valuation for the asset and, through them, the (funding) liquidity and
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collateral premia.

The value a borrower assigns to selling the asset to raise funds, the asset’s sale value, is given

by:
E(6) -6 B .
izeLL <1+a<5pv*2—1>> (d+ B15) a,

where (1 + ( p ;,:f — 1)) is the borrower’s expected marginal value of a unit of consumption good
at the end of the first period before he knows whether the asset market is open.

The value a borrower assigns to using the asset as collateral, the asset’s collateral value, is:

Sale value + Wﬁﬂ'[{ <UQB - <1 +a <pr§} — >) @2L> .

In this model, I define the liquidity and collateral premia as in the baseline model. The liquidity
premium is the difference between the sale value of the asset and its fundamental value, i.e., the
sum of its discounted dividends. The collateral premium is the difference between the collateral
value of the asset and its sale value.

As the following proposition shows, the asset’s liquidity affects the liquidity and collateral premia

in opposite ways.

Proposition 4 An increase in the asset’s liquidity at the end of the first period, i.e., an increase

in a: a) Increases the funding liquidity premium, and b) decreases the collateral premium.

An increase in the asset’s liquidity increases the borrower’s sale value of the asset through two
channels. First, a higher « increases the probability a lender gets a price p* > % for the asset
at the end of the first period. This (weakly) increases the lender’s valuation of the asset and, in
turn, the amount the borrower can obtain from the sale of the asset. Second, by increasing the
probability with which a borrower can use the proceeds of his investment to buy assets, it increases
the borrower’s value of holding funds at the beginning of the first period. These two channels imply
a higher liquidity premium since they lead to a higher difference between the sale value of the asset
and its fundamental value.

On the other hand, an increase in the asset’s liquidity decreases its collateral premium since

it decreases the difference in the marginal rates of substitutions between assets and consumption

B
goods for both borrowers and lenders, i.e., it decreases vf — <1 +a (’8 :3 - 1)) o, The lower this
difference, the less costly it is for the borrower to transfer the asset to the lender and the lower
the additional value the borrower attaches to being able to use the asset as collateral. Figure

illustrates these results.
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Figure 2: Asset liquidity and premia

Remark. The liquidity of the asset at the end of the first period depends on . However, as
mentioned above, the asset is perfectly liquid at the beginning of the period since the borrower can
always choose to sell his assets to the lender by setting t;, = ty = a. As illustrated in this section,
the borrower will choose to pledge his liquid financial asset to raise funds as long as the asset is not
perfectly liquid at the end of the period.

Assuming o < 1 implies that there is a state of the world in which the asset is illiquid and there
is no market in which it can be traded. This is a reasonable assumption given the evidence of market
freezes. Market freezes were recurrent during the last financial crisis. However, they can also occur
in less extreme situations even in markets for the most liquid assets. For example, in July 2015,
U.S. Treasury debt, which is widely used as collateral in repo markets, became increasingly harder
to trade in response to binding capital constraints faced by banks. According to the Financial
Times, "banks pulled back from quoting prices, while other traders reduced their presence during
the most extreme moments of turmoil, impairing the ability of investors to transact cash bonds."

Similarly, the liquidity in the U.S. Treasury debt market decreased notably in 2013 in anticipation
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of the tapering of the Federal Reserve’s quantitative easing po]icyE
More generally, any transaction cost or friction that imposes a wedge in the marginal rates of
substitution between assets and consumption goods for the borrower and the lender will lead to

the borrower strictly preferring to use the asset as collateral rather than selling it.

4 Long-term contract

So far, I have restricted the set of contracts to short-term contracts. In this section, I show that
focusing on short-term contracts is without loss of generality because the sequence of optimal
short-term contracts in the baseline model implements the long-term contract that satisfies the

participation constraints for the lender in periods 1 and 2.

Definition 5 (Long-term Contract) A long-term contract 1 consists of:
1. A loan amount in period 1, q.
2. Loan amounts in period 2 contingent on the report in period 1, qr, and qg.
3. Repayments in terms of the consumption good
i period 1, contingent on the report in period 1, ri, and rg
i period 2, contingent on the reports in periods 1 and 2, rrr, "Ly, THL, and THH.
4. Repayments in terms of assets
i period 1, contingent on the report in period 1, tr and ty

i period 2, contingent on the report in periods 1 and 2, trr, trg, tar, and tyg.

As in the case of the short-term contract, in equilibrium a long-term contract has to be feasible
and incentive compatible. These conditions are expressed in the following borrower’s problem as
constraints 1 — 3. Finally, I assume that the lender can walk away from the contract at any time
and, therefore, his participation constraints have to be satisfied in periods 1 and 2. These are
constraints 4 and 5 below. The borrower chooses a long-term contract to maximize his expected

utility:
mIZLXE 0)qg— 7 (rp +dty) —mg (rg +dtg) + (1 + 6) da

+8 > mi(B(0)q —mp (rip + dtir) — 7 (rig + dtin) — dt;),
i=L.H

128ee "U.S. Treasuries market faces liquidity concerns", Financial Times, July 29, 2015 and "Liquidity deteriorates
for U.S. Treasuries", Financial Times, November 23, 2015. Retrieved from http://www.ft.com/. Last accessed April

1st, 2016.
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subject to:

—_

. Feasibility constraints at ¢t =1 and ¢t = 2.

2. Incentive compatibility constraints at ¢t =1 :

—rp —dtp + B(E(0)qr —dtp —mp (rop +ditpn) — g (rom + dim))

= —rg—dtg+7p (E ((9) qg — dtg — 7, (THL + dtHL) —TH (THH + dtHH)) .

3. Incentive compatibility constraints at t = 4}

rir, + dtir, = rig + dtig, i = L, H.

4. Participation constraint for the lender at ¢ = 1:

q+B(meqr +muqe) < 7wp(rp+dtp) +7g (rg +dty)

+3 Z i (dty + mp (rip, + dtin) + 7o (rim + dtim)) -
=L H

5. Participation constraint for the lender at ¢t = 2:

qi <7 (rip +dtip) +mg (rig + dtig), i =L, H.

In contrast to the case in which only short-term contracts are allowed, using long-term contracts
allows the borrower to directly contract on the loan amounts at ¢ = 2. However, since these
amounts depend on the resources that can be pledged at ¢ = 2 through the feasibility and incentive
compatibility constraints, asset transfers are a way of indirectly contracting on loan amounts. In

fact, the optimal long-term contract can be implemented by a series of short-term contracts.
Proposition 5 The optimal short-term contracts implement the optimal long-term contract.

The proof follows directly from the characterization of the optimal long-term contract in the
Appendix.

The second-best long-term contract, the contract that ignores the participation constraints for
the lender in period 2, implies gy > 7mpry + 7rrpp and Ty > ri;. Since the borrower cannot

commit to repay more than 61¢q; +da in the second period, he would like to pre-pay the lender for a

13Risk neutrality implies that the incentive compatibility constraints at t = 1 and ¢ = 2 can be expressed as one

constraint, as stated in points 2 and 3.
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higher loan at t = 2. This higher loan at ¢ = 2 also imposes a higher penalty for lying and therefore
increases the initial loan amount q. However, lenders would never be able to credibly agree to this
contract if they could walk away from it.

Remark. The optimal contract described here resembles the optimal contract in |Bolton and
Scharfstein (1990). However, there are key differences between the assumptions and results in their
paper and the ones presented here. In this paper the presence of a long-lived financial asset allows
for lending to occur with short-term contracts. In fact, the existence of a long-lived financial assets
implies that a sequence of short-term contracts can achieve the same allocation as the optimal
long-term contract which, as in|Bolton and Scharfstein (1990), involves the firm not being operated
if the low state is realized. Moreover, in Bolton and Scharfstein (1990), the firm itself is pledged as
collateral by allowing it to be liquidated in the event of a bad report. Therefore, the asset used as
collateral is needed in order for the firm to operate and, thus, cannot be sold if it wants to continue
operating. In my model, the project available to the borrower are inalienable and the financial asset
that is used as collateral in equilibrium is unrelated to the operations of the firm. This implies that
the borrower can choose to sell his assets and still be able to invest in his project, which is crucial

to answer why assets are used as collateral instead of being sold to raise funds.

5 Extensions

In this section, I present several extensions to show the robustness of the main result and the
economic intuition behind it. All the extensions are departures from the baseline model presented
in Section [2| in which the funding contract is restricted to a short-term contract. First, I consider
risky long-term assets and allow the asset’s dividends and the project’s returns to be correlated.
Second, I allow for stochastic investment opportunities. This extension highlights the role that the
persistence in the roles as borrower and lender play in the main result. Finally, I introduce a fully

dynamic infinite horizon model.

5.1 Correlated dividends and returns

In the baseline model I assumed the financial asset was riskless. However, many risky assets are
used as collateral in financial transactions. For example, mortgage back securities (MBS) were
massively used as collateral to finance new mortgages or real estate related securities at the onset

of the 2008 — 2009 financial crisis. This extension allows for risky financial assets whose dividends
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may be correlated with the returns of the project operated by the borrower. I show that, consistent
with the widely spread use of MBS as collateral, assets with payoffs highly correlated with the
investment opportunity are better collateral.

Consider the baseline model presented in Section [2] with the only difference being that the
asset’s dividend is stochastic and it is potentially correlated with the return of the borrower’s risky
project. Although the dividends are paid at the end of each period, after the borrower invests
in his risky project, they are known at the beginning of each period. This implies that there is
only uncertainty about the dividend paid by the asset in the second period. The asset’s dividend
distribution is such that:

E (d2|01 = 0;) = d;, for i = L, H,

and

E(dg):WHdH+7TLdL:d.

Given a dividend ds at t = 2, the borrower’s problem in the second period remains the same.
The value of a borrower who holds a units of the asset at the beginning of the second period is:

E(0) -6

dQ(l.

Analogously, the value for the lender of holding a units of the asset at the beginning of the second
period is:

Vi (a,dy) = daa.

Given that the value functions for the borrower and the lender are linear in the dividend level,
it is easy to see that all the results in the baseline model generalize to this extension. In particular,

the asset’s debt capacity becomes:

B L
D=+ gy () V()

a

The following proposition shows that assets with dividends that are more highly positively

correlated with the borrower’s project are better collateral.

Proposition 6 Assets that have dividends that are more highly positively correlated with the risky
project have a higher debt capacity, i.e.,

oD

— > 0.
0dulg
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In the model, the financial asset partly resolves the non-contractibility of the return on the risky
project by allowing the borrower to raise funds. Since in equilibrium the borrower values the asset
more than the lender does, Vi® (a,dy) — Vi (a,dy) is the endogenous cost of defaulting on the
promised amount, ry — rr, which allows the borrower to credibly commit to truthfully reporting
the project’s return. An asset that has dividends that are more highly positively correlated with
the return of the risky project has a higher dz, which implies a higher cost of default for borrowers.
This higher cost of default allows the borrower to commit a larger amount of consumption goods in

the high state and, thus, increases the debt capacity of the asset, which makes it better collateral.

5.2 Stochastic investment opportunities

In the baseline model, I assume that a borrower always has access to an investment opportunity
while a lender can never invest in it directly. This assumption can be relaxed to allow for proba-
bilistic access to the risky project. Doing so emphasizes the importance of the persistence of the
investment opportunities discussed for the baseline model in Section

The next model is the same as the baseline model with the exception that now the borrower
remains a borrower (and the lender remains a lender) with probability p. An agent who has a
borrowing opportunity in the first periods keeps his investment opportunity in the second period
with probability p while an agent without a lending opportunity in the first period acquires one
in the second period with probability (1 —p). Whether an agent has access to an investment
opportunity or not in a certain period is known at the beginning of that period. Agents who are
endowed with an investment opportunity do not get any endowment of the consumption good.

The only difference between the borrower’s and lender’s problems in this setup and those in the
baseline model is in the continuation values they face in the first period. In the baseline model, each
agent knows in which side of the market he will participate next; in the current model, their role in
the economy is random. Therefore, everything derived in the baseline model holds by substituting
Vi (a) by:

pVs? (@) + (1= p) V& (a)

and Vi (a) by:
PV (@) + (1= p) Vi (a).

Analogous to the baseline case, a borrower will only choose to transfer the asset in the high

state if the lender values the asset at least as much as he does. The next proposition formalizes
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this finding.

Proposition 7 The borrower will strictly prefer to use the asset as collateral if and only if invest-

ment opportunities are persistent, i.e., if p > 0.5.

Since having the asset is more valuable while having access to an investment opportunity, the
borrower will value the asset more than lender only if his likelihood of being a borrower the next
period is higher than the lender’s. Therefore, as long as the investment opportunities are persistent,
the borrower will always choose to use the asset as collateral rather than selling it.

Suppose that p > 0.5. Then, the debt capacity of the asset is given by:
D=d+8(pvg +(1—p)vy) +Bru (2p—1) (v7 —v5).

As in the baseline case, the debt capacity has two components: one that provides insurance to
the lender and one that provides incentives to the borrower. The lender is always willing to lend
his own valuation for the asset, d + 3 (pvy + (1 — p) vf), if the loan is collateralized. The lender
knows that defaulting is costly for the borrower. He also knows that the borrower has incentives
to pay more in the high state to avoid losing the asset. Thus, the extra amount that the borrower

is willing to pay in the high state is 3 (2p — 1) (v¥ — v¥).

5.3 Dynamic model

I extend the baseline model to an infinite horizon model. By taking into account the feedback
of future collateral premia on the current collateral value of an asset, it allows me to show that
longer-lived assets are better collateral.

In the infinite horizon model, time is discrete and goes on forever. There are two risk-neutral
agents, a borrower and a lender, with the same endowments as the ones described for the baseline
model in Section [2| In fact, each period ¢ is exactly the same as the one described in Figure

Assumption 2 (Impatience dynamic) The discount factor 3 satisfies 61@7&% < 1

Analogous to Assumption 1 in the baseline model, Assumption 2 implies that the borrower will
always choose to consume consumption goods rather than saving them. Therefore, I can ignore the
borrower’s saving decision. Moreover, if Assumption 2 does not hold, the borrower always chooses

to postpone consumption to the following period, which, in the context of an infinite horizon model,

implies he never consumes while getting an infinite value from doing so.
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Since the amount of asset in the hands of the borrower and the lender may change over time,
the aggregate state variable of the economy is given by the distribution of the asset in the hands
of borrowers and lenders. Let V5 (ap,ar) and Vi (ap,ar) be the value functions for the borrower
and lender, respectively, when the borrower has ap units of the asset and the lender has ay, units

of the asset. The borrower’s problem becomes:

VB(ag,ar)= sup  E(0)q—rmy (ry +dtg) — g (rp + dty) + dap (2)

q7TL7TH1tH7tL

+ BruVB (ap —ty,ar +ty) + BrLVE (ap — tryar +1t1),
subject to the funding contract (q,rr,7mH,tr,tH) being feasible and incentive compatible, and sat-
isfying the lender’s participation constraint:
q+BV'(ag,ap) < wurg+BraV* (aL +tu, ag —tu)
—|—7TLT‘L—|—57TLVL (CLL—I—tL,aB—tL). (PC)

Since the borrower has all bargaining power in the funding market,

vL (CLL,aB): 1d/6aL. (3)

Since VL (ar,ap) is linear in ay, and does not depend on ap, the value function for the borrower
at the beginning of each period only depends on his own asset holdings. Thus, in a slight abuse
of notation, I denote the value functions for the borrower and lender as V% (ap) and VI (az),
respectively. Looking at the borrower’s problem in equation , it is easy to see that the funding

contract will not depend on the lender’s asset holdings either.

Definition 6 A recursive equilibrium in this economy is a value function for the borrower, V2 (ap),

and a value function for the lender, V¥ (ar), and a funding contract

{q(a),rr(aB),ru (aB),tr(aB),tu (ap)}

such that 2] and [3] are satisfied.

I next focus on recursive affine equilibria, i.e., equilibria in which the value functions are affine
in asset holdings. Within this class of equilibria, the equilibrium is unique. All omitted proofs are
in the Appendix.

In an affine equilibrium,
VE(a) =wvpa, and VP (a) = vga.

The following Lemma characterizes the borrower’s optimal contingent asset transfers.
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Lemma 2 In an affine equilibrium, a borrower will choose

tr, = ap, and
ap if vp < wg,
lg = x for some x € [0,ap] if vp =vL
0 if v, < vB

If the borrower assigns the same value to the asset as the lender, he will set t;, =ty = ap and
"sell" the asset to the lender. In exchange, the lender will lend the borrower vy, = vg, which is fair
compensation from the borrower’s perspective.

However, if the borrower assigns a higher value to the asset than the lender, he would be getting
less than his valuation if he chose to sell the asset to the lender: the lender would still pay a price
vy, per unit where now vy, < vg. In this case, the borrower will only transfer the asset if he cannot
avoid it, i.e., if the low return is realized and he does not have enough resources to compensate
the lender in consumption goods. Transferring the asset is costly for the borrower since he gets
vy, units for it while he values it vg > vy. This difference in valuation can be interpreted as the
"punishment" for not being truthful, which induces truth telling and makes the state contingent
contract incentive compatible.

The following proposition establishes the main result that liquid financial assets are used as

collateral for the dynamic model.

Proposition 8 In the unique affine equilibrium the borrower strictly prefers to use the asset as

collateral rather than selling it.

In equilibrium, the borrower assigns a higher value to the asset than the lender. Holding assets
allows the borrower to take advantage of his profitable investment opportunity either by selling
the assets, by pledging its dividends or by pledging the assets themselves. The lender, in contrast,
can only consume the dividends or sell the asset in the asset market. E(€) > 1 implies that the
borrower assigns a higher value to the asset than the lender. Since investment opportunities are
persistent, the borrower will value the asset more than the lender in the future as well.

Analogous to the baseline model, whether the borrower strictly prefers to use the asset as
collateral depends on the asset’s market liquidity. The results obtained in Section [3| extend to the

dynamic version of the model presented here.
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5.3.1 Premia

As in the baseline model, one can decompose the additional value the borrower attaches to the asset
over its fundamental value in two premia: a funding liquidity premium and a collateral premium.
The fundamental value of the infinitely-lived asset is %. If the borrower sells the asset to the
lender at the beginning of the period, he gets d + B¢, consumption goods. The borrower can lever
up against this amount and then invests in his risky project. Therefore, the borrower expects a

E(0)

TELQL on the the proceeds from the asset sale. This implies that the liquidity premium is:
E(6) -6 d _E@®) -1 d
1—46; 1-8) 1—-6; 1-5

Analogously to the baseline two-period model, the funding liquidity premium is equal to the levered

return

> 0.

(d+ Ber) — (

excess return times the fundamental value of the asset.
The marginal value the borrower attaches to using a unit of the asset as collateral is vg. Then,

the collateral premium is:

o — DI 44+ pey) =

E(60) — 0y,

A*
1—0L Q7

where

Aq* = Brp (v —vL)
is the extra amount of funds the borrower can raise by pledging the asset as collateral rather
than selling it. As in the two-period model, this additional amount depends on the difference in
valuations for the asset between the borrower and the lender. However, in the infinite horizon
model, this difference in valuation incorporates not only the liquidity premium in the next period

but also all future collateral premia. The following proposition formalizes this argument.

Proposition 9 The collateral premium of an infinitely-lived asset is larger than that of a two-period

asset. More generally, the collateral premium is increasing in the duration of the asset.

If the borrower expects to use the asset as collateral in the future, he attaches a higher value to
using it as collateral today. Giving up an infinitely-lived asset is costlier to the borrower than giving
up an asset that only lives for one additional period. The cost of transferring the longer-lived asset
includes, not only losing the asset’s liquidity premium but also all future collateral premia, which
are not part of the cost of transferring the shorter-term asset. This implies that the borrower can
credibly commit to transfer more consumption goods to avoid losing the longer-lived asset than he
is to avoid losing a shorter-term one. The longer the duration of the asset the higher the value of

the asset as collateral and the higher its debt capacity.
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6 Conclusion

Why are liquid financial assets used as collateral instead of being sold to raise funds? I show that
when the roles as borrowers and lenders are persistent, and the return on the risky project is non-
contractible, a borrower chooses to collateralize liquidity to raise funds. For each unit of the asset
the borrower gives the lender, the borrower receives the lender’s valuation in consumption good.
Since the borrower values the asset more than the lender, transferring the asset to the lender is
costly for the borrower. Offering the asset as collateral allows the borrower to transfer the asset
only if he does not have enough resources to repay the lender in consumption good and, therefore,
the borrower prefers to collateralize his liquid assets rather than selling them.

This difference in asset valuations between the borrower and the lender is an equilibrium out-
come. In autarky, both the borrower and the lender value the asset as the expected discounted
sum of the asset’s dividend stream. When the agents are able to trade, the borrower values the
asset more than the lender and they both value the asset (weakly) more than its fundamental
value. The borrower’s excess valuation can be divided in two premia: a funding liquidity premium
and a collateral premium. A crucial determinant of this valuation difference across agents is the
asset’s market liquidity. As long as the asset is not perfectly liquid in the future, the borrower and
the lender value the asset differently and, thus, the borrower strictly prefers to use the asset as
collateral rather than selling it. The liquidity and collateral premia are affected in different ways
by the asset’s liquidity. An increase in the likelihood of trading the asset, i.e., and increase in its
liquidity, increases the liquidity premium while it decreases the collateral premium.

Changes in margins and haircuts played an important role in the recent crises (See|Jermann and
Quadrini (2012), [Perri and Quadrini (2014)). Having a model that characterizes these objects as
equilibrium outcomes is important both from a positive and a normative point of view. In positive
terms, it is interesting to see where the financial shocks come from and how they interact with the
economy’s fundamentals. From the normative side, policies that aim at stabilizing the cycle and
preventing financial crises should take into account what drives changes in the financing conditions
faced by financial intermediaries, firms, and households. This paper delivers some of the insights

needed to further understand collateralized debt markets.

32



7 Appendix

This section contains all proofs omitted in the main text.

7.1 Proof of Proposition

This proposition is a special case of Proposition [[1] in Subsection [7.3] when a = 0. All proofs
omitted in Section [2] are special cases of the proofs in Subsection [7.3] when a = 0.

7.2 Proof of Proposition

The proof of this proposition follows directly from the characterization of the long-term contract
in Proposition [I0}

Proposition 10 In the optimal long-term contract ¢* :

1. The loan amounts are:

- = <1+5+57TH 10, )1_9L;

da
g = 0, and q;F =0.

2. Repayments in terms of consumption good are:

E(0) -1) da
1-0, 1-0,

= 0 v =i+ dat

kk kk )k
Tor, = O, and TQHZQLqH-

3. Asset transfers are:

i7" =a, ty =0, t57=0, and tyy =a.

Proof. Note that the participation constraints for the lender will hold with equality. Using the
incentive compatibility constraints and the participation constraint in the first period, the objective

function for the borrower becomes:

d(tL — tH)

(E(6) — 1) <rL +dtr + B (dtr + rar + dtar) + Sy (0) ( 19,

))+a+pa

This implies:

kk kk kk
tL = a, tH = 0, t2L =0
r5;, = 0, and ri"=0rq™.

Using these expressions in the participation and incentive compatibility constraints gives the con-
tract in the proposition. m
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7.3 Proof of Proposition

The proof of this proposition follows directly from Lemmas [f| and [] in this section interpreting
contingent asset transfers as collateralized debt and non-contingent ones as asset sales.

The borrower’s problem in can be considerably simplified by inspecting the constraints.
First, in any equilibrium, the participation constraint for the lender will hold with equality. If it
did not, the borrower could increase the loan amount and increase his expected utility without
violating any of the additional constraints. Similarly, as is usual in this kind of problems, the
incentive compatibility constraint will bind in the high state. Finally, in order to maximize the size
of the loan, the repayment in terms of goods and assets in the low state, r; and ¢, will be the
maximum possible, i.e., r, = 05q and t;, = a. The Lemmas 3] [4] and [5] formalize these results.

Lemma 3 Without loss of generality, the lender’s participation constraint can be replaced by:
q=my (ry +dty) +mp (rp +dtp) + 8 (wHVQL (tr) + m Vi (tL))

in the borrower’s problem.

Proof. Since the objective function of the borrower is increasing in ¢, if the participation constraint

does not hold with equality, the borrower can always improve on the contract by increasing the
loan quantity ¢ and still satisfy all other constraints. m

Lemma 4 Without loss of generality, the incentive compatibility constraint in the high state can
be replaced by:

(1—a)(rg +dty — (rp +dtg)) =0 (V2B (a —ty + a—qu_rH;;d(a_tH)> -vf (a —tr + a—qu_rL;d(a_tL)))

in the borrower’s problem.

Proof. Suppose that the incentive compatibility constraint does not hold with equality, i.e.,

(1—a)(rg +dtg — (rp +dtr)) < B (VQB (a —tg+ a—qu_THptd(a_tH)> — V2B (a —tr+ a9Hq—7“L;;d(a—tL)>> )

Then, the borrower could increase g, rg, and r; and increase the objective function while still
satisfying all other constraints. In particular, there exists g, 7 > 0 such that:

(1—a)(rg +dtg — (rp, +dtr) + (0g — 01) €o)

< (W (ot 0 ) (g 0t ),

(1—a)(rp+dtp, — (rg +dtg) — (0a —01) 0)
< 8 (VQB <a 4 a—m+;l£a—tL)> VP (a 4 a—m+z£a—m))>
and
q+eo+er=my(ry +0peo+diy) + 7L (rL + Oreo + dtr) + B (WHVQL (tr) + Vi (tL)) :

Then, the contract {q + €0 + 1,71 + 0o, 7a + Omco, trj, tr;} satisfies the feasibility, participation
and incentive compatibility constraints while attaining a higher asset value for the borrower. m

In the next few pages, I will ignore the incentive compatibility constraint in the low state and
then verify it is satisfied.
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Lemma 5 In the optimal contract, r; = 0rq and t7 = a.

Proof. Using Lemmas[3] Lemmal[4 and the linearity of V5, the borrower’s problem can be rewritten
as:

max (1—a) ((B(0) = 1)q+ 8 (muVd (tn) + 7 VF (t1)) + da)
OTHTLEEL
+BVE (a —ty + a@;;q —ritd(a=tn)

p*

) +7L(1—-a),

subject to the feasibility constraints, the incentive compatibility constraint

(1= a) (rig + dtrr — (ri + b)) = B (VS (@ =ty + a="5e=md ) v (o — 1 4 a=rdlecta) ) )
and the participation constraint for the lender

q = (TL+dtL)+/6(WH%L(tH)+WL%L(tL)>

+15ih; (V2B <a—tH +a6’Hq*7"Hp—td(fHH)) P (a—tL +a"Hq*"Lp—td(‘HL)>) .

¢ in the participation constraint of the lender and, thus, the objective function are increasing in rp,
and tr. Moreover, increasing either r; or t; relaxes the incentive compatibility constraint in the
high state. Therefore, any contract such that r; < 6pq or t; < a can be improved upon. m

Lemma 6 In the optimal contract, ty =0 as long as a € [0,1) and If a =1, ty € [0, qa].

Proof. From Lemma[f] we have wy, = 0 and ¢7, = a. Then, the borrower’s problem can be written
as

max (1 — a) Tgwy + BWHVZB (a —tyg + awH> ,
p

tyg *
where:

wH:¢9Hq—1“H—I—d(a—tH),

and g and q are respectively implicitly defined as a function of ¢z from the incentive compatibility

constraint

(1 . O[) (TH(l—gL)-‘rdtH(l—eL);_9;[7]1’9}1ﬁﬁ2LtH—9L7TLB’lAJ§a—dQ) — /BV2B <CL _ tH + O[%*d(a_t}[)) (4)

and the lender’s participation constraint

g (ry + (A BOF) ty) +7p (d+ BoF) a 5
B 1—mr6r )

The first order condition with respect to tg is:

BuB\ dwy
pf —— — prgvy,

TH <(1—a)—|—a i
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where:

dwy . Owy Org owpy

dty - Org Oty Oty
~ (=) (@O -0)(1-m10 40 E (=00 mnbn ) 505 +(E(0)-1)508 (1-m101 om0, S

), (6)

(1—7rL9L)(1—9L)((1—a)+aB:,?B>

where I used the implicit function theorem, Eq. and Eq.. Then, the first order condition in
Eq.@ becomes:

Bm(%ez;ff) <(1 —a) (cZ - UQB) +aVP (ﬂp”% - 1)) .

For all o € [0,1), the first order condition is negative since:

ok —oP = (1—a)(d—v23)+a<pﬁ—vgB><0,and
pog | _ (-o)Bd+op —p* _(1-0)(Bd—p") _,
p* p* p* —

Therefore, the borrowers chooses tf = 0.
If o = 1, the first order condition becomes

(E(0) —0L) (B0 _
prn (1—0) < - 1>

<L
since 2 ;3 — 1 =0 and the borrower is indifferent between any value of tf; € [0, a]. Note that since
rr, = 0pq and ry > 11, not reporting the truth in the low state is not feasible and the incentive

compatibility constraint in the low state can be ignored. =

Proposition 11 Choosing a funding contract at t = 1 where

~ B
d+ 7y (vF —oF) + ary, (6”3 - 1) ol

a P
G = 75 |d+8 5
o (e (5 1))
* - " pula
L = Orqr, rig =0rqr +da+ ((1 —a)i—ﬁvBoc)
2
i, = ap, and tiy =0.

is optimal for the borrower. This is the unique optimal contract if o € [0,1).

Proof. The proof follows directly from Lemmas [5] and [6]in this subsection. m

7.4 Proof of Proposition

The liquidity and collateral premia the borrower attaches to the asset at t = 1 are, respectively,
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_ _ _ 'UB
(Elw_)g; 1+ )+ P00 o — gy + 220 (5p3 . 1> (d+ ,B@QL)) (Lp)

S0~ (o (0 (2 1)) ot). cp)

From the expressions in [LP| and [CP} it is easy to see that:
dLiquidity Premium

do

E(0) -6 ﬁv2B p* E(0) -6 ﬂsz L
=5, B<1+a<p* —1)) (5—d>+ 6, (p* —1>(d+6v2)>0

dCollateral Premium
an =

do
E(6) — 0, BuvB I Boy p*
gt (G -1 (1 (5 1)) (5 -)) <0

* B
(p—d> > 0 and (%—1) >0 for all a € [0,1).

and

since

7.5 Proof of Proposition [6]

The asset’s debt capacity is given by:

vy (a,d) VP (a,dw) Vi (a,dp)
D_d1+6a+B7TH( " — , >
Sincewzd,
oD E(6) - 0, . E(O) -1
ade_5”H< 1-6; _1>_6”H =g, ="

7.6 Proof of Proposition [7]

As long as the borrower values the asset more than lender at the end of period 1, the borrower will
find it costlier to transfer the asset to lender and, thus, strictly prefer to use the asset as collateral.
This happens when:

PV (a) + (1= p) V5" (a) > pV5" (a) + (1 — p) Vi (a)

which is the same as 0.5 < p, since Vi (a) < Vi (a).
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7.7 Proof of Proposition

This proof of follows directly from the Proposition [L3|at the end of this section which requires the
characterization of the equilibrium in the dynamic model. The following Lemmas and Proposition
characterize the optimal contract in the dynamic version of the model and yield the proof of
Proposition [§]

By inspecting the constraints in the borrower’s problem, it can be considerably simplified. First,
in any equilibrium, the participation constraint for the lender’s participation constraint will hold
with equality. If it did not, the borrower could increase the loan amount and increase his expected
utility without violating any of the additional constraints. As is typical in this kind of problems,
the incentive compatibility constraint will bind in the high state and ICy will hold with equality.
Finally, in order to maximize the size of the loan, the repayment in terms of consumption good in
the low state, ,, will be the maximum possible, i.e., r;, = 05q + dap. Lemmas[7] [§ and [9] formalize
these arguments.

Lemma 7 Without loss of generality, PC' can be replaced by:

q+ BV (ar) = 7w (rg+dtg) + BragVE(ap +tm)
+7y (TL—l-dtL)—i-B?TLVL (aL—i-tL), (7)

i the borrower’s problem.

Proof. Let V* be the solution to the borrower’s problem. Let {Vj}j>0 be such that lim; .., V; =
V*, where: -

V;=E (9) qj —TH (TH]' + dtHj) —TL (TLj + dtLj) +dap

+ B?THVB (aB — tHj) + ,B?TLVB (CLB — tLj)

for some feasible and incentive compatible {g;, 71, 7H;j,trj,tH;} that satisfies the participation
constraint PC. Suppose that for some j >0, (¢;,7rj, "Hj,tr;, trj) is such that PC is slack. Then,
one could increase ¢; and increase V; to VjO while still satisfying all the other constraints. Let

{Vj’}j>0 be a sequence identical to {V}}jzo if at (gj,71;,7Hj,tLj,tH;) PC holds with equality and
Vjo otherwise. Then, by construction, Vj/ > V; and therefore,
lim V}' > lim V; = V™.
Jj—o0 Jj—o0
Therefore, I can replace PC' by Eq. in the borrower’s problem. m
Lemma 8 Without loss of generality, the incentive compatibility constraints can be replaced by:

—(rp +dty) + BVE (ap —t1) = — (rg + dty) + BV P (ap — ty)

in the borrower’s problem.
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Proof. Let V* be the solution to the borrower’s problem. Let {V;},., be such that lim; . V; =
V*, where: -

Vj =FE (0) qgj —TH (TH]' + dtHj) — Ty (TLj + dtLj) + dap
+ BV (ap —tuj) + BrVE (ap — try)

for some feasible and incentive compatible contract {q;,rr;,7H;,tr;,tn;} that satisfies the partic-
ipation constraint in Eq.. Suppose that for some s > 0, no incentive compatibility constraint
binds. Then, there exists €, > 0, such that:

BVB (ap —ths) — VB (ap —trs) < ras—ros+ (0g —0r)es
ras —ros+ (0m —0p)es < B(VP (ap —tus) — VP (ap —trs)).-

Replace {qs,Trs, "Hs: tLs, tis} Dy {qs + s +€0,70s + 0res, THs + Omes, trj, taj}, where g > 0
is such that the participation constraint binds. This contract still satisfies all the constraints, but
it attains a value V? > V.

If rgs > rrs, ICy is the only relevant incentive compatibility constraint. For all s such that
ris > ris and ICy is not binding, the previous argument applies and a value VS0 > V can be
attained.

Now consider those s > 0 such that rgs < rps < 6rqgs + dap. If ICy, binds, I could keep
rHs — TLs, constant by increasing both rrs and rgs and by increasing ¢ to keep the participation
constraint binding, which would result in an increase in the objective function. Let this new value
be VSO. If for s > 0, rgs < r1s = 0195 + dap, ICy, does not bind unless IC'y binds. Suppose IC,
binds and ICp does not. Then, I could increase rps while still satisfying incentive compatibility
and relaxing the participation constraint. Therefore, I could increase ¢s, which would increase the
objective function and give a value V2 > 0. Therefore, I could construct a new sequence {Vj' } o’
Vj’ > Vj, such that Vj’ = Vj is the incentive compatibility constraint in the high state binds ]a;ld

Vj’ = Vjo if it does not. By construction,

lim V; > lim V; = V*.

J—00 J—00

Therefore, without loss of generality I can concentrate on those sequences that are feasible in which
1CH holds with equality, i.e.,

TH; —TL; = B (VB (CLB - tHj) - VB (CLB - tLj)) for all j (8)
|

Lemma 9 Without loss of generality, the feasibility constraints on the contingent transfers in con-
sumption good can be replaced by:

rp =0rq+d(a—tr) andrg >0

in the borrower’s problem.
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Proof. By assumption, ¢ < e will not bind in a solution to the borrower’s problem. Using Lemma
[7, the participation constraint can be assumed to hold with equality, and using this in the objective
function it is easy to see that the objective function is always increasing in the amount of the loan
q. Using Lemma [8] the incentive compatibility constraint holds with equality, which implies that
the upper bound for ¢ is given by the maximum amount that can be repaid in the low state, i.e.,
by 71, =9Lq+d(a—tL).

Let V* be a solution to the borrower’s problem. Let {V;} be a sequence such that lim;_,oV; =
V* and where:

Vi =(B(0) —1)qj + BraVE (ar + tm;) + BrLVE (ap +tr;) + dag
+B7THVB (CLB —tHj)—i-ﬁﬂLVB (aB —tLj) —,BVL (CLL) (9)

for some feasible and incentive compatible that satisfies Eq. , and PC with equality, that is that,

rr; = qj— B (raVE(ap +tuj) + 7LV (ar +try)) — dtr;

—Brw (VP (ap —taj) = VP (ap —try))) + 8 (V" (ar)) (10)
r; = qj— B (g (VE(ar +tmj)) + 7.V (ap +tr;)) — dtn;

—Brr (VP (ap —try) — VP (ap — tuj)) + BV (ar) . (11)

Then, for all j, the contract can be summarized by {q;,tr;,tr;} . The feasibility constraints for 7,
and ry imply the following constraints on g;:

dag + (WHVL (aL + tHj) + 7TLVL (CLL + tLj) ‘GL)

g < e ,

+/37TH (VB (ap — tuy) —1‘iB9(LaB —tr;)) — BVE (aL)’ (12)
¢ > BraVE(ap+tuj)+BrVE(ar +tr;)

+7uB (VP (ap — tu;) — VP (ap —t1;)) — BV (ar), (13)
¢ > daB+67rHVL (CLL—f—tHj)—i-ﬁﬂLVL (aL—I—tLj)
7= 1-0y

Jr7TL5 (VB (ap —trj) —1‘/_30(23 —tyj)) — BVE (aL)’ (14)
q = BrugVE (aL+tHj)+,67TLVL (ar +trj)

—7TL,B (VB (CLB—tHj)—VB (aB—tLj)) —,BVL (CLL). (15)

Construct the following sequence {VJ' } :if {gj,trj,tH;} is such that Eq. holds with equality,
set Vi = V;. If {gj, 15, tm;} is such that Eq.([12) is slack, let V/ be the value attained by the contract
that satisfies Eq. with equality. Since the transfers in terms of consumption good are defined
by Eq. and Eq., this contract is still incentive compatible and feasible. Moreover, q} > qj
and V' > Vj. Therefore,

lim V; > lim V; =V*

j—00 j—00
and without loss of generality I can concentrate on the sequences {V;} as defined above in Eq.@,
such that the loan quantities {qg;} satisfy Eq. with equality. Having this constraint hold with
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equality implies that rp; = 0rq; + dap. Since q; > 0 always, all contracts along this sequence
satisfy r > 0, which is the same as satisfying Eq. with strict inequality.

Suppose that for some j Eq. holds with equality. This implies rg; = 0pxq; and since
rr; = 01q;, this implies that the participation constraint is slack, and that the producer is giving
the non-producer all the gains from the project. From Lemma [7] there exists a feasible and
incentive compatible contract that attains a higher value that contract j and therefore, without
loss of generality I can ignore sequences in which for some elements j, Eq. holds with equality.
|

Using the Lemmal9] the borrower’s problem in the funding market reduces to choosing only the
two asset transfers.

Corollary 3 In an affine equilibrium, the borrower’s problem can be rewritten as:

E(0) —
Vg (ap,ar) = sup Mdag
(tmtneloap? 1701
E(6) -6
+(§10LL)ﬁ (WHVL (ar +tm) + aVE (ar, +t1) — vk (aL))

Wﬂﬂ[{ (VB ((IB — tH) — VB (CLB — tL))

+5 (WLVB (ap —tr) + nygVB (ap — tH)) ,

subject to:
. dap + (ﬂ'HVL (ap +tg) + T VL (ap + L‘L))
€ = 1- 0
+B7TH (VB (ag —tg) — VP (ap — tL)) — BVE(ag)
1-6;

q* > max{O,BﬂHVL (CLL + tH) + /Bﬂ'LvL (CLL + tL)
—71B (VB (ap —ty) — VB (ap — tr)) — BVE (ar)}.

Proof. It follows directly from Lemmal[) m

Lemma 10 In an affine equilibrium,

vg = (E6) —61) <d+,6’ (ﬂ'HULatH +7TLULBtL)>

1—6; dap dap
BO-Y_ . (om on
1-— GL WHBCB 8aB aCLB
Oty otr,
+BTHUB (1 — 503) + Brrvr <1 — 5613) : (16)

Proof. Using Corollary [3] in an affine equilibrium, the value of a borrower who enters the loan
market with ap units of the asset and is matched with a lender with ay, units of the asset is: m
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VB (ap) = max (E(0) —1)¢" +dap + B (mgvrty + THoLtL)

tH,tLG[O,aB]2
+08mgvp (ap —ty) + Brrvp (ap — tr)
+,3 (UB — (d + ,BUL)) s

subject to:
_— dap + Bur, (7THtH—|—7TLtL)—7THBC’UB (tH—tL)
¢ = (17)
1-06g
q* > maX{BvL (TI'HtH—f-TrLtL)—I-TI'L,B’UB (tH—tL),O} (18)
rg = q* —,BWHULtH —,37TL’ULtL+7TL5’UB (tH—tL) —dtH

L ¢ — Brgvrty — Brpvptn + wpPup (tg — tr) — dir.

Given the affine specification of the utility functions, the solution to the borrower’s problem
will be in corner solution. If the constraint in Eq. is ignored, there are four possible solutions:
tL :OZtH, tL =0 and tH = apg, tL = dap and tH :0, and tL = dap :tH. IftL Z tH then the
constraints on ¢ are satisfied. If ¢t < ty, Eq. might bind. Suppose Eq. binds, then,

dap + 010 (WHULtH + wruptr)

e =ty —1tr. (19)

Ifrg =0,
¢ = Ber, (ruty —mrtr) (1 —0L) + wrdap

and using the definition of ¢* together with Eq. , this implies:

. 7rdap+ B(mpvrty +mroptn) (1 —7p0r)
B 1-0p

Putting these last two equations together gives:
B(muvpty +mpvpty) (2 —mg —01) 0 = =07 dag,

which implies Tgvptg+mvpt; < 0, a contradiction. Therefore, Eq. cannot bind in equilibrium
and using the guessed functional form for V' (ap) and matching coefficients gives the result.
The following four lemmas characterize the optimal funding contract.

Lemma 11 In equilibrium, tr, # 0.

Proof. Suppose t;, = 0 in equilibrium. If the objective function is decreasing in tj, then it is
also decreasing in tp. Therefore, t; = 0 implies t;7 = 0. The coefficients of the value functions in
Eq. in Lemma, |10| would become:

(E(0)—0L) d
1-60, 1-8

vB =

where the marginal valuation of the asset depends on the state only through the dividend level d

(and are linear in it).

42



The derivative of the objective function with respect to ¢y, is:

WBWLUL + @Elw_)e_Ll)WHﬁUB — BrLuB.
If t;, = 0 and tg = 0 this becomes:
(BE(0)—01) prr. ((B(O)—0L) d
1-60;, 1-0 1-60;, 1-3
(E(0)—0r) (EO) —1) d
e, 1o, P <>

1-8
which is > 0 and therefore contradicts t;, = 0. m

Proof of Lemma [2] The proof of this Lemma follows from the first-order conditions of the
borrower’s problem in the funding market using Lemma [10] and Lemma

Lemma 12 t;, = ag =ty is not an equilibrium.

Proof. Suppose t;, = ag = ty in equilibrium. Then, we would have vg = % (d+ Bvr),

which yields vg = % (lil - Moreover, this implies
_(_E(O)-1) d
vr, UB—< 1-6, 1-8 < 0,

which implies that the derivative of the objective function is decreasing in ¢ty and, thus, tg = 0,
which is a contradiction. =

Proposition 12 In the only affine equilibrium, t; = ap and t7; = 0.

Proof. From the previous lemmas in this section, the only candidate left for equilibrium is t; = ap

and t3; = 0. Assume t; = ap and tj; = 0. Then, Eq. becomes:
(ESG_)ESL) (d+ ﬁﬂ-LvL)

v = —
1—B7TH%

(20)

To have t7 = ap and t;; = 0 be chosen by the producer, the objective function must be
increasing in t;, and decreasing in tg, i.e., the FOC with respect to t, is

E@#)—06 E6) -1
MﬁﬁLvL — Brvp + LﬁﬁHUB >0
1-6; 1-0g
and the FOC with respect to ty is
E(0)—0L
ﬁﬁ (’UL — UB) .

The sign of the derivative of the objective function with respect to ¢ty depends on the sign of
the difference in marginal valuations between the borrower and the lender. This difference can be

E(6)—6
oo
= g
1-p 1 _57TH(E(169;L9L) 1-p

Therefore, if the contract implied by t7 = ap and t}; = 0 is a solution to the borrower’s problem

rewritten as:

< 0.

UL — VB =

in the funding market. m
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Proposition 13 In an affine equilibrium, the optimal loan contract (¢*, 7,75, t7,t5) is given by:

. (d+prpvp + Brgvp)
ap

1-46;
r; = 0"
g = 11+ Bvpap
t;, = ap, ty =0.

Proof. The proof follows directly from the lemmas and propositions in this section. m

7.8 Proof of Proposition [9

Suppose there are T" periods in the economy. If there is only one period left in the economy, as is
the case in the baseline model, the collateral premium is:

E(6) — 0y,
1-0r,

E(0) - 0, E(6) — 1
1-0, 1-0;

B (UB,T - UL,T) = prHn d,
where v; ¢ is the is the marginal value of the asset for agent ¢ = B, L at the beginning of period ¢.

Note that:
E(0) -6

1-46y
since at T' — 1, holding the asset allows the borrower to pledge the asset’s dividends, to credibly

VB T-1 = (d(1+ )+ Bry (v —vLT)),

commit to repay the lender (vp 1 — v, 7) if the high state is realized and to lever up this amount.
Then, if there are s + 1 periods left, the collateral premium is:

E(6)— 0L
1-0;

E(0) -0
1-0g

1= Brn)*  \E@©) -1
(1 - 6WH7E(19259L) 1-0L

By d.

B (VBT—s — VL T—s) =

The derivative with respect to s is:

E(0) -6
1-0g

— (Brg)’In(Brg) | E(0) -1
(1 - 5WH7E(1925L9L) 1-0L

By d >0,

since By < 1.
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