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Abstract. We study the properties of Mallows’ C criterion for selecting a fractional
exponential (FEXP) model for a Gaussian long-memory time series. The aim is to
minimize the mean squared error of a corresponding regression estimator dggxp of the
memory parameter, d. Under conditions which do not require that the data were
actually generated bzy a FEXP model, it is known that the mean squared error
MSE = E[drexp — d]* can converge to zero as fast as (log n)/n, where n is the sample
size, assuming that the number of parameters grows slowly with » in a deterministic
fashion. Here, we suppose that the number of parameters in the FEXP model is chosen
so as to minimize a local version of Cp, restricted to frequencies in a neighborhood of
zero. We show that, under appropriate conditions, the expected value of the local Cy is
asymptotically equivalent to MSE. A combination of theoretical and simulation results
give guidance as to the choice of the degree of locality in Cy.

1. INTRODUCTION

Suppose we have an even number of observations yy, ..., y,—1 from {Y¥;}, a
Gaussian long-memory time series with spectral density

fl@) =1-efw) ocl[-ma]

where d € (—0.5, 0.5), and f * s positive, even, continuous, bounded above, and
bounded away from zero on [—m, 7]. The long and short memory aspects of
{Y,} are controlled by the memory parameter d and the function f *,
respectively. We are interested here in estimating d semiparametrically, i.e.,
without making fully parametric assumptions on the form of f™.

Existing semiparametric estimators of d include the GPH estimator (Geweke
and Porter-Hudak, 1983; Robinson, 1995a; Hurvich et al., 1998), the average
periodogram estimator (Robinson, 1994a) and the Gaussian semiparametric
estimator (Kunsch, 1987; Robinson, 1995b). These estimators use periodogram
values from a vanishingly small neighbourhood of the origin, and therefore
require no strong global assumptions on ™. However, they typically have mean
squared error of order no better than O(n=*/%), even if f* is extremely smooth.

A different approach, which we call broadband semiparametric estimation,
assumes that f* is differentiable on [—s, 7] (perhaps excluding zero fre-
quency), but still specifies no parametric form for f*. This global smoothness
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assumption motivates the fitting of a fully parametric (though presumably
incorrect) long-memory model to the data, using all 7= n/2 —1 available
periodogram ordinates. Bhansali and Kokoszka (1999) have studied one such
estimator, based on fitting a fractional autoregressive model in the frequency
domain. They established that the resulting estimator of d is consistent and
asymptotically normal if the autoregressive order approaches infinity at a
suitable rate as n increases.

Here, we focus on another broadband semiparametric estimator which we call
drexp (defined in Section 2), originally due to Janacek (1982) and subsequently
discussed by Robinson (1994b). It is based on fitting a fractional exponential,
or FEXP model to the log periodogram ordinates at all available Fourier
frequencies by linear regression. The FEXP model is a long-memory
generalization of the exponential model of Bloomfield (1973), and has been
discussed by Beran (1993, 1994). Unfortunately, Janacek (1982) did not provide
asymptotic theory for his proposed estimator. This deficiency has been
remedied by the two papers of Hurvich and Brodsky (1997) and Moulines
and Soulier (1999), which were written independently and at about the same
time. Both papers establish the consistency of dggxp without requiring
parametric assumptions on f, provided that the order of the exponential
model increases at a suitable rate with n. The rate of convergence of the mean
squared error of drexp 1mproves with the smoothness of log( /™), and can be as
fast as (log n)/n if log(f™) is infinitely differentiable, as would be the case for
example if /™ were the spectral density of a stationary invertible ARMA
model. Moulines and Soulier (1999) established asymptotic normality for their
version of the estimator, which uses regressor frequencies that are slightly
shifted away from the Fourier frequencies. Hurvich and Brodsky (1997) used
the Fourier frequencies in the regression, but did not establish asymptotic
normality.

A question left unresolved by Hurvich and Brodsky (1997) is the de-
velopment of a rigorously justifiable method of selecting the number of
parameters / to use in the fitted exponential model. Hurvich and Brodsky
(1997) proposed to select 4 so as to minimize

2 h?
Cr(h) =

using a residual sum of squares RSS; taken over all 7 frequencies used in the
regression, but we did not develop any theory to support this choice. If {Y;}
were Gaussian white noise, Cf(h) would be an exactly unbiased estimator of the
mean integrated squared error,

MISE,, = E lzm:(log fi— Ingj)Z]
=1

(with m = n), where { 7 j}le is the spectral estimator corresponding to the fit-
ted FEXP model and { fj};l:1 is the true spectral density at the jth Fourier
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frequency w; =2mj/n for j=1,..., n. Moulines and Soulier (2000) have
established the optimality with respect to MISE; of the fitted FEXP model
selected by minimizing C]. Brodsky (1997) presented similar though less
complete results in an unpublished dissertation. If the primary aim is to obtain a
good estimator of d, however, a quantity of more direct interest is the mean
squared error of dggxp, i.e.,

MSE = E[dggxp — dI?

In this paper, we will assume conditions implying that the (logn)/n rate of
convergence of MSE can be attained but not improved upon.

We will establish that except for a multiplicative constant, MISE,, and MSE
are asymptotically equivalent, under conditions implying that m = o(n), so that
the mean integrated squared error is restricted to a local neighborhood of zero
frequency. This equivalence does not hold, however, if m = n as was assumed
by Brodsky (1997), Hurvich and Brodsky (1997) and Moulines and Soulier
(2000). Under more restrictive conditions on m, we will show further that a
local version of Cp, based on using a residual sum of squares restricted to
frequencies oy, ..., ®,, is asymptotically unbiased for MISE,, up to an
additive constant. Thus, apart from multiplicative and additive constants which
are irrelevant to the choice of 4, the local Cp is asymptotically unbiased for
MSE. This provides some motivation for selecting the 4 minimizing the local
CL for use in dFEXP-

In Section 2, we define the local Cp criterion, and give some heuristic
motivation for its unbiasedness property. In Section 3, we present and prove our
main theoretical results, and set out several Lemmas which are proved in an
Appendix. In Section 4, we present the results of a Monte Carlo study
exploring the sensitivity of the proposed methodology to the choice of m.

2. THE LOCAL C; CRITERION

Define the periodogram by

2
j=1,...,7

n—1
Z yiexp(—iw;t)
=0

1

Let y =log I(w) + y, where w = (wy, ..., w;)" and y = 0.577216 ... is Euler’s
constant. Then we can write y = u + &, where

1 = log f(w) = —2dlog ‘2 sin (%) ’ +log f*(w)

£:log[%] +y

and
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In the case of Gaussian white noise, the entries €; (j =1, ..., 1) of ¢ are i.i.d.,
with mean zero and variance o2 = 7%/6.
We assume that

log f*(@) = _yicos(hw) o € [~ 7] (1)
=0
where the {y} are unknown constants. Thus,
log /(@) =Y viVi
=0
where Vi = cos(kw).

For any given positive integer 4, define

Xo=[Wo, Vi,.., V4] and X =[X}, V]

w
2sin( >
sm(2>‘

p=x)'Xy

where

V =log

Define

which may be viewed as the ordinary least squares estimator of the parameter
B = o, V1, -+ Yn, —2d)'. By definition, —2dpgxp is the final entry of f.
Define the hat matrix,

H=XX'X)'x'

and let y = Hy = X[}. Let m be a positive integer with 1/m + m/n — 0 as
n — oo. Let W be a diagonal matrix with the first m diagonal entries equal to
unity, and all other entries equal to zero. For any n-vector v, define

m
ol = v'wo =302
j=1

The local version of Cp is defined by
Cu(h) = |1y = 3y + 202 Tr(WH) 2)

Since ||y — I3 = () — w) — e} and since §—u=—(I — Hyu+ He, we
have

CL(h) = |7 — ullly + el +2u'(I — HYWe + 2[0>TH(WH) — ¢ HWe]  (3)

Note that E||$ — u||3, = MISE,,. If {Y,} were Gaussian white noise, we would
then have E[CL (/)] = MISE,, + mo?, so that C(h) would be exactly unbiased
for MISE,,, except for an additive constant which does not depend on #.
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3. THEORETICAL RESULTS
We assume that the y; in (1) decay at least exponentially fast, i.e.,

lyi| < Cd*/k? where C, p and a are real constants with C>0, p =0 and
0 <a<1. For these same values of a and p, we assume the following.

ASSUMPTION 1

h & Vi a
— —~—Gpas h—
2k:zh;r1k h

where sup;, |G| < oo and inf}, |G| > 0.

The above sum determines the properties of Bias(cipgxp). Since Gy, can take
on values of both signs, Bias(drgxp) may oscillate between negative and pos-
itive values as 7 — oo, but |Bias(drexp)| is bounded both above and below by
fixed nonzero multiples of a’/h”. Assumption 1 holds with p =1 for f*
corresponding to any AR(1) or MA(1) model, as well as an infinite number of
ARMA models of all orders. A detailed explanation of the situation is provided
in Appendix 1.

From Theorems 1 and 2 of Hurvich and Brodsky (1997), if

log1
h n
then
5 h & . h(log?
Biasdrese) =4 32 Yy oy 0| M2
2,50 k n
=h+1
h h( 3
= LGyl +o(1)] + O{M}
hp n
and
P ,
MSE ~ > G} +0%h/n

Here, we have assumed slightly stronger conditions on /4 than in the theorems of
Hurvich and Brodsky (1997) to guarantee that MSE can be represented as above.
By taking & proportional to logn, with a proportionality constant exceeding
—1/(2log a), we would attain MSE < C*(log n)/n where C* > 0. Furthermore,
if we take % proportional to (log n)! ™ for any fixed 0 >0 and use any positive
proportionality constant, then MSE < C*(log n)!*° /n. Unfortunately, it will be
difficult in general to obtain an expression for the /% which asymptotically
minimizes MSE, due to the presence of the potentially oscillatory term Gi in the
expression for MSE. Nevertheless, under Assumption 1, MSE cannot converge to
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zero at a rate faster than (log n)/n, since inf}, |G| > 0. In our theoretical results,
we take 4 to be a deterministic, increasing sequence such that

loglog n
_—

. 0 and /&= O[(logn)X]

where K is a fixed positive integer. In certain situations where Assumption 1
does not hold (including some ARMA models for f *) it may be possible to take
advantage of the extremely low bias of dpgxp to attain a faster rate of
convergence than (log n)/n, but model selection in such situations would require
a far more delicate analysis than we undertake in this paper.

Let 8, and 8, be (h+ 1)-dimensional column vectors obtained by deleting
the final element of S and f, respectively. We have

MISE,, = E||5 — ul[;,

=EHXB— (Xﬁ+ i Vka>

2

k=h+1 w
A ~ ~ 0 2
= EH — 2(drexe — )V + Xp(Br — Brn) — Z ViVi
k=h+1 w
~ ~ > 2
= AMSE[|7 [} + E|XaBr — Bl + || S vaVil| +R (4
k=ht1 w

where, by the Cauchy—Schwarz inequality, the remainder term R satisfies

[e%s) 2 1/2
R = OMSE||7 [}, - E[IXa(Bs — B3> + O[MSE| V|5 - || Y viVi
k=h+1 w
00 2 1/2
+ O |E||X4(Bh — Bu)lly - Z ViVi 1 (5)
k=h+1 w

To obtain our main theoretical results, we will need the following Lemmas,
which are proved in Appendix 2. The notation 4 = O(B), where 4 and B are
matrices, means that the ratio of the j, k entry of 4 to the j, k entry of B is
O(1) for each j, k.

LEMMA 1. Suppose that

1 h
-+ (—>1og2n —0
h n

Then
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B 312]

XIX -1 —
S {321 B

where By, is scalar with Byy ~ 4h/n. Uniform bounds for the other submatrices
are given by

hlogn
4 n nf Sh
311:;1h+1+0 i )
ogn
Sl SEé
n n
hlogn
2
B, =B51=0 A
—&
n

where I, is an (h+ 1) X (h+ 1) identity matrix, and &, = (1, %, .o 1/h).
LEMMA 2. The entries of H are uniformly O[(h/n)log? n].
LEMMA 3. If m = o(n), then |V|[3, ~ mlog*(n/m).

LEMMA 4. E|| X(Br — Bl = O[m MSE log? h].

00 2

> vVi|| =O0[mMSE]
k=h+1 w

LEMMA 6. If m ~ Const - n* with $<a <1, then
E[u'( — H)We]
R
MISE,,

LEMMA 5.

0

LEMMA 7. If m ~ Const - n with $<a <1, then
|E[02Tr(WH) — &' HWe]| = o(MISE,,)

THEOREM 1. If m ~ Const - n* with 0 <a <1, then

MISE,, = 4 MSE||V||%,[1 + o(1)]

PROOF OF THEOREM 1. We need to show that the final three terms on the
righthand side of Equation (4) are 0(MSE||V||2W). From Lemma 3 with
m ~ Const - n* with 0 <a <1, we obtain

| V][5, ~ C3 - mlog? n

with C3 >0. By Lemma 4,
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- 5 s ,
E||Xn(fn ~ﬂ2h)||W:O mMSElogzh _0 logzh 0
MSE|| V|13 m MSE log? n log? n

Next, from Lemma 5, we obtain

00 2

Z ViVk

k=h+1 w m MSE m
MSE| V|3 MSE|| VI3 mlog® n

It remains to show that R given in (5) satisfies R = o(MSE]| I7||2W). By arguments
similar to those given above, we have

IMSE|| 7|13 El| X4(Br — B3]

1/2

_ol™ MSE log? h
MSE| 7|3, MSE| V[,

_ O<log h) 0

log n
MSE||I7||2W Z Vka 1/2
k=h+1 0 m MSE

MSE| V|3, MSE| 7|},

< : >
log n
g ViV

k=h+1 W] (mMSE log? h - mMSE)!/?
MSE| 7[5, MSE - mlog? n

_of gy 4
log? n

THEOREM 2. If m ~ Const - n* with %< a<l, then

lE”Xh(ﬂh — B3

o

and the proof is complete.

E[CL(h)] = MISE,, + E| ]|, + o(MISE,,)

PROOF OF THEOREM 2. Taking expectations in Equation (3) yields

E[Cy(h)] = MISE,, + E|é|>, + 2E[u'(I — H)We] + 2E[0> TH(WH) — &' HW¢]
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The final two terms are both o(MISE,,), by Lemmas 6 and 7, respectively. The
proof is complete.

4. MONTE CARLO RESULTS

Using the method of Davies and Harte (1987), we simulated ARFIMA(1, d, 0)
models with d = 0.4. The models are of form

(1= pB)(1 = B)Y, = e

for t =0, ..., n— 1, where the {e;} are independent standard normal, and B is
the backshift operator, i.e., BY, = Y;_;. We generated 500 simulated realizations
for each combination (n, p) with n =512, 1024, 4096, and p = 0.2, 0.8. For
clarity, we now introduce the notation dFEXP, where the superscript denotes the
value of % used in computing deexp. For each realization, we computed dlzyp,
Cr(h) (Equation (2)), and the global version C[(h) for h=1, ..., 20. In the
calculation of C;, we tried two different values of m:m= n05 and m = n®3.

For n = 4096, p = 0.8, m = n°° (a representatlve case) Figure 1 plots sim-
ulated versions of MISE,,, E[C.] — mo2, 4MSE|| V|3, and E[C}] as functions

of h, based on averages over the 500 reahzatlons Since
E[lellyy = mo*[1 + o(1)]

Theorem 2 (if it applies; see comments below) suggests that MISE,, and

E[CL] — mo? should be similar, and indeed Figure 1 shows very good
agreement between these two quantities, with some deterioration as % 2gets very
small. Both curves are minimized at # = 9. The quantity 4 MSE|| 7|7, is also
minimized at h =9, and has the same overall shape as the plots of MISE,, and

E[CL] — mo?, but (somewhat paradoxically) does not provide a close numerical
approx1mat1on to these two quantities. A very close approximation of
4 MSE|| V||W to MISE,, should not be expected, however, since from the proof
of Theorem 1 we have

MISE,, log h
4MSE|| V|3 log n

so the remainder term declines only very slowly to zero as n increases.

The close agreement in the numerical values of MISE,, and E[C] — mo?
noted above deserves further comment. These two eurves were based on
m = n* with a = 5, whereas Theorem 2 requires a> . Indeed, the proofs of
Lemmas 6 and 7 imply that E[CL]/MISE,, — oo when o= 1 Our simulation
results suggest that the bounds in the proofs of these Lemmas could be
improved, and that the conclusion of Theorem 2 holds without the requirement
that o >1.

The curve in Figure 1 for E[C[] has, for large h, a noticeably sharper
upward slope than the other curves. Moreover, the E[C*] curve is minimized at
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h =7, a somewhat smaller value than for the other curves (2 =9). Thus, the
local criterion Cp provides, on the average, a better approximation than the
global C} criterion to the shape of the MSE curve.

Figure 2 (n = 4096, p = 0.8, m = n°®) once again shows that MISE,, and
E[CL] — mo? approximate each other well, up to a small additive shift.
However these curves have a shape closer to that of E[C]] than to that of the
desired target, MSE. This is not surprising, since in this case m/7n = 0.38, so
the neighbourhood used for computing MISE,, is not sufficiently local to zero.
Comparison of Figure 3 (n=1024, p=0.8, m=n") and Figure 4
(n=1024, p =0.8, m = n"®) reveals the same patterns observed above for
n = 4096.

Next, we present some numerical results, in tabular form, for all situations
studied. Let 4P, AFICC) and AP denote the minimizers of MSE, E[CF] and

E[Cy], respectively. (Note that /"1 depends on m.) Table 1 lists values of n,
p, KoM, KEICE] MSE(KEICE 1)/ MSE(A), AFIC] and MSE(AELCL) /MSE(A°PY),
where MSE(%) denotes the mean squared error as a function of 4. In each of
the final two columns, two entries are given, corresponding to m = n°° and
m = n®3, respectively. The fifth and seventh columns are crude measures of the
quality of the selections made by C] and Cp, respectively. For a given sample
size, the quantities %, AECI] and hE €l all tend to increase with p. When
p = 0.2, all of the averaged criteria considered here select the optimal value,
h = 1. The quantity AF[CL] with m = n° is typically very close to or identical
to h°P', for both values of p considered. For p = 0.8, AFIC] with m = n®8
tends to be smaller than A°P', and RELCL) tends to be even smaller. Cor-
respondingly, in terms of the quality measure considered here, Cp with
m = n%> performs virtually as well as the optimal choice %°!, and is much
better than the global criterion Cj. The local Cp criterion with m = n°3
performs somewhat better than the one with m = n®%  and both are sub-
stantially better than C;.

Table 2 presents the means, over the 500 realizations, of the selected values
of A. In all cases, the average for the global criterion E[hc ] is always lowest,
followed by E[hCL] with m = n%8, followed by E[A“*] with m = n®>. When
p=0.2, E[hCL] comes closest to #°P' = 1. On the other hand, when p = 0.8,

E[#“] with m = n%° comes closest to 4", These findings are consistent with
the results in Table 1. The largeness of E[A“t] when p = 0.2 may be attributed
to excess variability in the local criteria as compared to C;". The closeness of
h°Pt and E[A“] with m = n%° when p = 0.8 may be attributed to the near-
unbiasedness of Cp in this case.

Table 3 presents the bias and mean squared error of the selected estimators
of d, denoted by dFEXP and dFEXP with m = n% and m = no8 In most cases,
d{rlE;(P with m = n*> has the least bias, followed by dlts s with m = n®%,
followed by dFEXP This is consistent with the results of Table 2, since as 4
increases, tl}e bias of dFEXP decreases. In terms of mean squared error, for
p =0.2, dlxp is clearly best, by a factor of as much as 1.8 compared to its
closest competitor. Again, this is consistent with the results of Table 2, since in
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TABLE 1
PERFORMANCE OF AVERAGED SELECTION CRITERIA

; ) o HECE MSE(AFLCL]) JEICL] MSE(/#"1¢))
MSE(hoPt) MSE(/°pt)
512 0.2 1 1 1.0 1, 1 1.0, 1.0
512 0.8 7 3 1.78 5, 4 1.02, 1.27
1024 0.2 1 1 1.0 1, 1 1.0, 1.0
1024 0.8 7 4 1.73 7,5 1.0, 1.27
4096 0.2 1 1 1.0 I, 1 1.0, 1.0
4096 0.8 9 7 1.37 9, 8 1.0, 1.12
TABLE 2
MEANS OF SELECTED VALUES OF h
n p hovt E[h] E[h], m=n"5  B[A], m= n"*
512 0.2 1 1.80 3.65 2.48
512 0.8 7 3.64 5.79 4.28
1024 0.2 1 1.98 4.04 2.62
1024 0.8 7 4.71 7.21 5.49
4096 0.2 1 2.04 3.65 3.03
4096 0.8 9 6.78 8.54 8.32
TABLE 3
PERFORMANCE OF THE SELECTED ESTIMATORS OF d
n p Bias(d"") MSE(d" ") Blas(d"q ) MSE(d”C' ) Bzas(dhc' ) MSE(dhC' )
m=n 0.5 m=n 0.5 m=n 0.8 m=n 08
512 0.2 0.0224 0.0230 0.0104 0.0908 0.0153 0.0424
512 0.8 0.1982 0.1073 0.0987 0.1283 0.1688 0.1121
1024 0.2 0.0179 0.0093 0.0154 0.0301 0.0208 0.0153
1024 0.8 0.1391 0.0479 0.0658 0.0492 0.1137 0.0446
4096 0.2 0.0104 0.0019 0.0126 0.0049 0.0108 0.0030
4096 0.8 0.0657 0.0115 0.0392 0.0098 0.0428 0.0094

this case the best criterion is presumably the one which selects # = 1 the most
frequently. When p = 0.8, in terms of mean squared error, the criteria perform
more 51m11ar1y to each other, with dFEXP performmg best by 4% for n =512,
and diy, with m = n®% outperforming g% by 7% and 22% for n = 1024
and n = 4096, respectively. For both values of p and for all sample sizes, in
terms of mean squared error, dFEXP with m = n®3 performed better than dFEXP
with m = n%>, although the differences were much more pronounced for
p = 0.2 than for p = 0.8. Table 3 also reveals that for a given value of p, and
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for a given selection criterion, the mean squared error of the selected estimator
decreases monotonically as » increases.

5. DISCUSSION

We have demonstrated the asymptotic unbiasedness, up to irrelevant additive and
multiplicative constants, of a local Cp criterion for the mean squared error
(MSE) of a fractional exponential estimator of the memory parameter. This is
done by first establishing the asymptotic equivalence of a (local to zero)
frequency domain mean integrated squared error and MSE, and then showing
that the local Cp is asymptotically unbiased for the corresponding local mean
integrated squared error (MISE). The need to work in a local neighbourhood of
the origin so that MISE provides a good approximation to MSE arose in a
similar context in Hurvich and Beltrao (1994). Our results are analogous in spirit
to those of Findley (1985) and Bhansali (1986), who established the asymptotic
unbiasedness of the Akaike information criterion (AIC) for the Kullback—Leibler
information in autoregressive model selection, assuming that the true model is an
infinite order autoregression. As pointed out by Findley (1985), unbiasedness of
a model selection criterion is a basic property, worthy of study. We have not,
however, established the stronger result that the minimizers of the local Cp and
MSE are asymptotically equivalent. Such a result would be more closely
analogous to those of Shibata (1980) on the asymptotic efficiency of AIC for
autoregressive model selection, and those of Li (1987) on the asymptotic
efficiency of Cp for model selection in linear regression. The asymptotic
efficiency of a global version of Cp for the global MISE has been established by
Moulines and Soulier (2000), assuming a power law decay of the y;, but this
result does not have a direct bearing on the MSE of the resulting estimator of d.

It seems that there is a trade-off between the quality of model selection
methods and the quality of the FEXP estimator of d. If the y; decay
exponentially fast, as assumed here, then the optimal rate of convergence for
the mean squared error of the FEXP estimator is very good, (log n)/n, although
it seems difficult to derive strong results on the properties of the estimator
selected by Cr. On the other hand, if the y; decay as a power law, it may be
possible to obtain stronger results on the properties of the estimator of d
selected by the local Cyp, but then the best possible rate of convergence for the
estimator of d is slower than described above. A similar trade-off is known for
model selection in linear regression by AIC; see, for example, Hurvich and
Tsai (1995).

Another issue not fully resolved is the appropriate choice of the number of
frequencies, m, to be used in the local Cp. For MSE and the local MISE to
approximate each other well, a reasonably small value of m should be used.
Using too small a value for m, however, will result in an excessively variable
local Cp criterion. Partly for this reason, the quality of the approximation of
the local Cp to the local MISE will degrade if m tends to co at too slow a rate.
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0.5 0.8

Our simulations indicated that the use of m = n"~> was preferable to m = n
from the point of view of bias of the local Cp for the shape of the MSE curve,
but that the opposite preference holds from the point of view of the mean
squared error of the estimator of 4. It may seem undesirable to introduce the
somewhat arbitrary parameter m in order to obtain a method of selecting the
number of parameters to use in an estimator of d. It is noteworthy, however,
that similarly arbitrary parameters were needed in treating the analogous
problem of bandwidth selection in the Gaussian semiparametric estimator of d
(Henry and Robinson, 1996), and in the GPH estimator (Hurvich and Deo,
1999).

APPENDIX 1

Assumption 1 merits further discussion. It would clearly be satisfied if y; ~ Ca* /K,
though this specification implies that the y; are eventually all of the same sign. If
{Y¥} ={(1 - B)?Y,} is a stationary AR(1) process, ¥YF = a; Y’ | + e where {e} is
white noise with zero mean, |a;| <1, a; # 0, it can be shown that y; = Zaf/k for k> 0.
Setting o) = ael” where @ = |a| and 6 = 0 or 7 according to whether a; is positive or

negative, respectively, we obtain
00 o) 10)k

1 Z Vi Z (ae (aei(ﬂ)h+1 i( h+1 >2( ei())k (aei(i)h+l
£y -V = = a ~N—
250k A B D) g\ 14k (h+ 12(1 — aeit)

where we have used the Dominated Convergence Theorem, together with the absolute
summability of a geometric series. Thus,

h <&y d

;3 et

250k ok
where G, = ael"™19/(1 — ael?), so that Assumption 1 with p =1 is satisfied for the
AR(1) model. Note that in this case G, may be expressed as G, = a1 /(1 — a;) if a; >0,
or G, = (—l)hal/(l —ay) if a; <0. A similar argument shows that Assumption 1 holds
for the invertible MA(1) model, since the log spectral density of any MA series is the
negative of that of a corresponding AR series. Next, we consider the stationary AR(2)
model

Y;k :alYil —&—azYiz—&—e,

Denote the roots of the characteristic polynomial Z2—aiz— by ry, rp. If these roots
are real with |ry| > |ry|, then for k>0,

ZV{‘ 2r§ 2r{‘
’J/k = — _—~—
k k k

so that Assumption 1 is satisfied with p = 1 and with a = |ry|, by the argument given
above for the AR(1) case. If the roots are real with r; = r,, Assumption 1 holds. If the
roots are real with r; = —r, then y; = 0 for £ >0, and Assumption 1 does not hold. Then
the series is an FEXP model of order 0, and one could attain MSE ~ C/n by holding
h constant as n — oo. If the roots are complex with »; = ae?, r, = ae ¢ then
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_ 2(ae'?)* 4 2(ae™0)k _ 4 cos(k0)a*

. 3 i for k>0
Assuming that
ir}llf |cos(h + 1)0 — acos(hB)| >0
we obtain
1 Vi < (aei?) + (ae i)k (ae®)t! (ae 10y
2,42k k;, 2 N2 —ae®) | (h+ 201 — ac 9

~ 2a"" cos(h+1)0 — acos(h0)
T (h+ 12?2 1—2acosf+ a?

so that Assumption 1 holds with p =1 and

_ 2a[cos(h + 1)0 — acos(h6)]
N 1 —2acos 6 + a2

h

If 6 is a rational multiple of & then cos(%6) will only assume a finite number of
values so all but finitely many choices of @ will lead to a model which satisfies
Assumption 1. Unfortunately, if 6 is not a rational multiple of s, there will typically
exist no positive lower bound for |cos(% + 1)0 — acos(h0)| so that Assumption 1 will
fail.

For general stationary and invertible ARMA models, the y; are sums of terms of the
two forms seen above for real and complex roots, respectively. Assumption 1 holds with
p =1 if the root of largest magnitude of either the autoregressive or moving average
characteristic polynomial is real, and all other roots are of smaller magnitude.
Assumption 1 with p =1 also holds if the two roots of largest magnitude are complex,
say ae'?, ae719  all other roots are of smaller magnitude, and

iI}lf |cos(h + 1)0 — acos(hB)| >0

APPENDIX 2
PROOF OF LEMMA 1. Index the columns of X by £ =0, ..., 2+ 1. We can write
, XiXn ¢ ’ =1 [311 BIZ:|
X'X = |2k C X'x) =
{ V} (X'X) By Bxn
where ¢ = X,V = (co, .., cy)', and the entries of (X' X)~! are given by the formula for

the inverse of a partitioned matrix. By Lemma 1 of Hurvich and Brodsky (1997),
co = O(log n), and ¢, = —n/(4k) + O(log n) for k =1, ..., h. By (10) and Lemma 2 of
Hurvich and Brodsky (1997),
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XXy '=4a"+M

where 4 is a diagonal matrix with diagonal entries (n/2, n/4, ..., n/4) and all entries
of M are O(1/n?), except for the upper lefthand corner, which ' is O(1/n). These
properties of M follow from the proof of Lemma 3 of Hurvich and Brodsky (1997),
which assumes that h/ n— 0. By Lemma 4 of Hurvich and Brodsky (1997),
V'V = na? /24 + O(log? n).

We focus first on Ba,, a scalar given by By = [V'V — ¢'(A7' 4+ M)c]™!, so that

-1 nﬂ2 1 o4—1 ' 2
B, :H—CA ¢ — c¢'Mc + O(log” n)

n? (2, (A s 5, >
=55 \)a—1 chfZZCijkaJro(log n)

n? i 1 b
Y 20 Y attor = 373 M+ 0o

=1 J=1 k=1

b\:

T ko
—— ) — | +0(log? n)
Rl

1
4h+0(og n).

Thus, By ~ 4h/n. Next consider BH = (A7 + M)+ Byy(A~' + M)cc' (A~ + M),
where (311) k= X'X ) ik for J, k=0, ..., h. From Lemma 1 of Hurvich and Brodsky
(1997

P log? n nlog n&j,
nlogn&, n’&j &,

Similarly, we obtain
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[ log2n logn

~0 n? n Sl
log n
2l &0
[ log?n log*n _,
2 5 L
n n
Alee’M =0
log n log n
T T
Mec' A7V = (A7 ee' M)
[ log’n logng,
log? n log n
§2 P Y
1 lz 1 log? n log? n T
n n h
Mcc'M =0 . . n n
n n
[ log?n logznl,
_0o n? nr "
log? n log? n
S0 2L e,
Thus,
log>n logn
; &
A"+ Myee'(A'+M)=0 | " "
ogn
22 &0
and
1 hlogn
A - e
Bu :Zlh+1+0 hlogn h
5>—&n —Eh® &
n n
Finally, we have
hlogn
2
Bi= By =—Bn( ' +Mpe=0| [
—&
n
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PROOF OF LEMMA 2. Using the notation established in Lemma 1, we have
H=XxX'X)"'x'

B Bl2:|

By B

5 X},
= [Xn, V1]

I;vr
= XuBuXi + VBu X+ XpBi2V' + VBuV'

All entries of X, are O(1). All entries of V are O(log n). By Lemma 1, all entries in the
kth column of X;B, are

h 2
1 hlog®n )
o) ;|(311)]—k| :o<;+ — > if k=0

1 nl
o<—+h Ogh) if k>0
n nk

Thus, each entry of X;,B; X} is

1 <-/1 hlogh <hlog2h>
n+;<nJr nk >:|O n

Next, we note that VB, is an 7 X (h + 1) matrix, with

o

~ hlog?
(VBZI)jk:O{ > ”] if k=0

=o<h1°g”> if k>0
nk

Thus, each entry of VBy X}, is

hlog? n h hlogn <hlog2 n)
O( n? +Z nk =0 n

k=1

The same bound holds for the entries of X;B, V', Finally, since By, = O(%/n), we find
that each entry of VBpnV' is
0 ( hlog? n)
n

The proof is complete.

PROOF OF LEMMA 3. We have
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m
1715 = Z log? {2 sin(%)}

=

Il
NgE

log w;[1+0o(1)]
1

~.
||

m 2
Z[]og( )—Flog(;)} [1+o(1)]

J=1

Since
log? x = d [x(logx — 1)* + x]
dx
and
logx = i[xlog)c —x]
dx

we conclude that

ilogzwj: {mlog (2 )+m(logm71) +m+2log(2 )(mlogm m)}[lJro(l)]
=1

= {m(log2 n + log? m — 2log nlog m) + o[m log? (%)} }{l +o(D)}

= mlog? < )[1 +o(1)]

PROOF OF LEMMA 4. Define * = E[f] = (X'X)"'X'[u+E(¢)], and let 8} be the
(h + 1)-dimensional column vector obtained by deleting the final element of 8*. We

have
Xi(Bn — Br) = Xu(Br — B + Xu(Bs — Br)
It suffices to show that
E|[X,(Bs — BPI, = Olm MSE log” /]
and
1X4(B} = Bil3 = OLm MSE log® /]
We focus first on establishing (7). We have
B* =B =X'X)"X'[u— XB +E(e)]
B X}, + Bz V
= [u — XB + E(e)]
By X, + BV’
Thus,
By —Bn=(BuXh+ BuV")u— XB+ E(e)]

(6)

(N

Consider first (B X} + Bia V’)E(e), which is an (& + 1)-dimensional column vector.

© Blackwell Publishers Ltd 2001



MODEL SELECTION FOR SEMIPARAMETRIC LONG MEMORY 701

From Lemmas 2 and 5 of Hurvich et al. (1998), and from Lemmas 7 and 8 of Hurvich
and Brodsky (1997), it follows that

lim  sup [E(g))| <oo

" 1<j<log? n
and that

1
IE(e;)| :o[%f ] for j=log’n, ..., i
J

Thus, each entry of X},E(e) is

O[> (D[EGe))| | = O(log’ n)

Jj=1
and
V'E(e) = O |log’ n Y _ |E(e)| | = Olog* n)
Jj=1
Thus,

(B11 X}, + BiaV')E(e)

1 <Al 1
log2n<—+ i (;g n) +10g4n(h 02g n)
n n*k n

k=1

hlogn h o (h 1 h
2 § : 4
log n{ n? £ 1(nk nX{kl}>} log n<n>

hlogn </ h 1 h
log? i log* n( —
°g { # *E(njk*n’f{“})}* ()

log? n log® n

n n
=0 +0

hlog* n log? n hlog* n
£ En+ & £ &
L n n n

Since the (j, k) entry of X}, WX, is O(m), we conclude that

| X»(B11 X} + Bia V')E(3)||2W
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h

mlog*n mlog?n hlog* n L K log® n
=0 72 + n Z nj +mZZ n2jk

j=1 J=1 k=1

& 10 2
=0 {m (ﬁ) log™ n| = o[m MSE log” 4]
Next, we consider (B X}, + Bz 17’)(/4 — Xp). Define

g =Viu—-Xp)  and

V'(u—XP)
Then

(Bi1 X}, + Bia V') — XP)

hlogn
\gol+Z\gk|

hlogn 1
| g0l ng +Z|gk|< + k= 1})

hlogn o1
2ol " +Z|gk|( . j})

_ hlogn

n2

_h
|g|;

®)

We now show that, under the assumptlons given in Section 3, lgi| = O[MSE?] uniformly

for 0 < k < h, and that (h/n)|g| = O[MSE?]. For 0 < k < h we have

o0 [o¢]
Vi =XB) =Vi > yVi= Y viViV;

Jj=h+1 Jj=h+1

From Equation (10) of Hurvich and Brodsky (1997), it follows that

lgk| =

0
Z ‘V}‘(l + nY {jmod n=k} + ny {jmod n:n—k})
Jj=h+1

J=h+1

—o( 3 \VL|+nZIVLn|+nZ\m m)

L=h+1

= 0(d"/ ") + O(na™)

= O(MSE?)

S il nynekl + yansil + -+ n(ya il + ly2nel + )

Next, from Lemma 1 and Theorem 1 of Hurvich and Brodsky (1997), we have

© Blackwell Publishers Ltd 2001



MODEL SELECTION FOR SEMIPARAMETRIC LONG MEMORY 703

h h
—g=—V'(u—XP)
n n
B
=D Vil
o

h & —n/4
" / <jmod n<# O(1
n«f;h;lyj L’modnx“\f dn=iy T (Ogn)}

h —n/4
+ —j:nX/;H V) [m%{§+l§/mod wen-n1} +O(log n)}

~o(3)

Thus,
a2
AWES W2
- =0 =0
(n> MSE ah M
e
It follows from (8) that
hlogh
MSE} ~—8
(BuXj + BpV')u—XB)=0
1 hlogh
MSE} &
n
MSE?
+0 1
MSE2§,,

We conclude that

. 1 log* h
||Xh(BnX§1+312V')(#—Xﬁ)\|2w:O{mMSE< nzg +10g2h)}

= O(mMSE log? h)

thereby establishing (7).
It remains to prove (6). We have

E[X3(Br — BNy = EL(Ba — BE) XuWXi(Br — B

h
> [Cov(BN VWi

h
=0 k=0
where Cov(ﬁA) is the covariance matrix of ,3, given by
Cov(B) = E[(B — B")(B — )] = (X' X)™' )X’ Cou(e) X(X'X) !

and Cov(¢) is the covariance matrix of e. It follows from the proof of Theorem 2 of
Moulines and Soulier (1999) that we can write ¢ = 5 + r where E(;) = 0, Var(y;) = 02,
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|r;| = O[(log ])/ 71 ﬂa non-stochastic bound) uniformly for 1 <;<na, and Cow(y;,
n%) = O[(log? n)k—2141 j21d1-2] umformly for 1 < k<j < 7. The conditions required for
this theorem are clearly met, in view of the exponential decay of the {y;} sequence. Let
7 =r — E(r). We have

Cov(e) = Cov(n) + Cov(r) + 2E(rn")

The (j, k)th entry of Cov(r) is O((log j)(log k)/jk) uniformly for j, k =1, ..., n. Writing
Cov(n) = 021 +_, where [ is an (7 X 7i) identity matrix, we obtain

Cov(B) = o2 (X' X) ' + (X' X) ' X[+ Cov(r) + 2E(ip )X (X' X)™"
so that

E|Xa(Br - BDI%

h h h h
=D D Vol (XX S VIr{(XX) T X[+ Cov(nIX (X' X))
=0 k= Jj=0 k=0

~.
=]

ViWVl(X' X)X E(in ) X(X'X) i )

Mb

h
+2Z
J=

The first term on the right-hand side of (9) is of order

h h h hl h h h
olm>S S x| =0|m %+ ,;in—i_ZZﬂ

=0 k=0 =1 J=1 k=1

~
Il

0

:O{mh

log? h]

= O(mMSE log? I)

Since all entries of X are O(log n), it follows that all entries of X'[Z 4 Cov(r)]X are of
order

n ﬁl ilog k
g 137 3 gtk 2o 30y T

g == 7
=0 (log4 n Z kAl g2ld=1 log® n)
= O(log® n)

Thus, the second term on the right-hand side of (9) is

h h
> Z VIWV{(X' X)) X'[Z + Cov(n]X(X'X) '}

J=0 k

B h
=0| mlog®n Z Z |(X’X)_;Ll,| (X X)) (10)

We have
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h+1 h+1

ZZMmmwmm

=0 L=

h+1 h+1

—ZM@\ZMMM

1 hlogh 1 hlogh
=0 X{J 0y T X{<j<n} ;X{k:o}"’ nk X{1<k<h}

]

Using (10) gives

h h
SN ViV X)X + Cov(m]X (X' X) i
=0 k=

ol (Z)o]
ol

= O(m MSE log? h)

(=]

Let P be the (7 + 1) X 7 matrix obtained by deleting the final row of (X'X)~'X’. The
absolute value of the last term on the right-hand side of (9) is

h h
‘EZZ WV(PP)j(Pn)k| = |[EL(XAPF) W (XPr)]|

7=0 k=0

=< E(|X3PF{lw (| Xn Pl w)
< (B[ X4PF|}, R(E|| X1Pr| |5, (11)
Using similar arguments to those presented above, it can be shown that
EHX;,P?sz = O[m(ﬁ—j)loglo n] and EHXthHzW = O{m(h;)log6 n}
Thus, the right-hand side of (11) is of order
o] o]
n n
= O[mMSE log? h]
We conclude that E\|Xh(3h - ﬁ}’:)HzW = O(mMSE log? h), and the proof is complete.

PROOF OF LEMMA 5. We have
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00 2 0 00
Sove| = D0 D vy,

k=h+1 w k=h+1 L=h+1

e m(i m)z

k=h+1

mazh
:O<MP>

= O[mMSE]

PROOF OF LEMMA 6. We have

(I~ Hyu=(—H)

Xp+ i )’ka}

k=h+1

= >yl - BV,

k=h+1

By Lemma 2, each entry of (I — H)V is of order %log? n. Thus,

E[u'(I — H)We] = Z viVi(I — HYWE[e]
k=h+1
=0|hlog?n Y [Elej]l Y 74l
= k=h+1

= O(hlog* nMSE'/?)

where we have used the assumptions given at the beginning of Section 3 to%ether with the
fact that E[e;] = O(1) for 1 < j < log? n and E[e;] = O[(log n)/j] for log"n < j<n. It
follows from Theorem 1 (which will be proved without using Lemma 6) and Lemma 3

that
_0 hlog* n MSE?
~ 7\ mlog? n MSE

1 2
O<h og nl>
m MSE:

hlog? n}

Blu'(I — H)We]
MISE,,

©)

m(h/n):

1
-0 K”—) /2 log? n}
m

= O[n “h2log® n] — 0

since %— <0, and i log? n is bounded by a power of log n. The Lemma follows.

© Blackwell Publishers Ltd 2001



MODEL SELECTION FOR SEMIPARAMETRIC LONG MEMORY 707

PROOF OF LEMMA 7. We write &€ =# + r, where the properties of # and r are
described in the proof of Lemma 4. We have

E[e' HWe — 0> Tr(WH)] = E[y' HWy + r' HWr + ' HW 5 + ' HWr — 0> Tr( HW)]

—E Z(n, — oY) H; + ZZ’?/ X Gky + ' HWr 7 HWny + n' HWr
j=1 Jj=1 k=

Note that EY-" (177 — 0*)Hj; = 0. Next, we have
EY > i Himitgian
=1 k=

m k-1

:EZZWJ ]k’?k+EZ Z nj /k77k

=1 j=k+1

m  k—1
=0 |(h/n)(log" ”)Z fldI=2 j=21d] +( >(log ”)Z Z =2 =2ld

k=1 j=1 =1 j=k+1

of()e]

= o(MISE,,)

Next,

E(r HWr) = E Z Z riHjry

j=1 k=
log k
“o|(FJer sty
j=1 k=
()]
=0 - log® n| = o(MISE,,)

Next, we have

BN

m

=B|> Y rHum

=1 k=1

<E> |l

Jj=1

1
. 272
n l . m
< Const 32/ E<§ ijnk>
=i -
J=1 k=1

|[E(r' HW7)| < E|r' HW7|

kM k

Xm:ijﬂk
k=1

i oo i
< Const E EE
=

Now,
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2 2
m m m h
E <; H;kﬂk) =E ; Hjnk Z Hjpnp = 0{ K;) log® n] (m + log’ n)}

=1
so that

"logj (h

EG HIp)| = 0 |3 =2 <—) log® n
— J n
j=1

= O[m(h/n)log* n]

= o(MISE,,)

By a similar argument,

|E(y’ HWr)| = O {n% (%) log* n} = o(MISE,,)

since > 1. The proof is finished.
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