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Wklv duwlfoh ghyhorsv d vlpsoh dssurdfk wr vroylqj frqwlqxrxv0wlph sruwirolr fkrlfh

sureohpv1 Sruwirolr sureohpv iru zklfk qr forvhg0irup vroxwlrqv duh dydlodeoh pd| eh

kdqgohg e| wklv whfkqltxh/ zklfk vxevwlwxwhv wkh qxphulfdo vroxwlrq ri sduwldo gl�huhqwldo

htxdwlrqv zlwk d qrq0olqhdu qxphulfdo dojrulwkp dssur{lpdwlqj wkh vroxwlrq1 Wklv sdshu

frpsohphqwv wkh zlgh olwhudwxuh lq hfrqrplfv rq wkh vroxwlrq ri g|qdplf sureohpv lq

glvfuhwh wlph1 Wkh dojrulwkp lv sdulvprqlrxv/ dqg lv looxvwudwhg e| vroylqj wzr h{dpsohv/

rqh/ wkh vwdqgdug Phuwrq sureohp/ dqg wzr/ d mxps0gl�xvlrq sureohp1
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7KH SUREOHP RI RSWLPDO FRQVXPSWLRQ DQG SRUWIROLR FKRLFH LV RQH ZLWK D ORQJ KLVWRU\� 2ULJLQDOO\

IRUPXODWHG LQ FRQWLQXRXV WLPH E\ 0HUWRQ >��@ >��@� WKH SUREOHP KDV EHHQ H[WHQGHG VXEVWDQWLDOO\

DQG VHYHUDO VROXWLRQ DSSURDFKHV KDYH EHHQ GHYHORSHG� %DUULQJ WKH VLPSOHVW SUREOHPV� DQDO\WLFDO

VROXWLRQV DUH GLqFXOW WR FRPH E\� 7KLV SDSHU SURYLGHV D VLPSOH QXPHULFDO DSSURDFK WR VROYLQJ WKH

RSWLPDO FRQWURO SUREOHP XVLQJ YDOXH IXQFWLRQ DSSUR[LPDWLRQ�

)RU VLPSOHU SUREOHPV� DV LQ WKH RULJLQDO 0HUWRQ IRUPXODWLRQ� FORVHG�IRUP VROXWLRQV DUH DFKLHYHG�

7KH SDSHUV E\ /HKRF]N\� 6HWKL DQG 6KUHYH >��@� .DUDW]DV� /HKRF]N\� 6HWKL DQG 6KUHYH >��@�

-DFND >��@� DQG 2FRQH DQG .DUDW]DV >��@ GHDO ZLWK H[SOLFLW VROXWLRQV� XVLQJ WKH %HOOPDQ HTXDWLRQ

DSSURDFK� 7KH PDUWLQJDOH DSSURDFK RI &R[ DQG +XDQJ >�@ LV DOVR D ZHOO HVWDEOLVKHG RQH QRZ�

DQG KDV EHHQ H[WHQGHG WR LQFRPSOHWH PDUNHWV E\ +H DQG 3HDUVRQ >��@ >��@� .DUDW]DV� /HKRF]N\�

6KUHYH DQG ;X >��@ DQG &YLWDQLF DQG .DUDW]DV >�@� 7KHVH SUREOHPV DUH RIWHQ IXUWKHU FRPSOLFDWHG

E\ WKH FKRLFH RI QRQ�DGGLWLYH XWLOLW\ IXQFWLRQV �VHH 'XqH DQG (SVWHLQ >��@� DQG PRUH UHFHQWO\

'XPDV� 8SSDO DQG :DQJ >��@�� 2WKHU FRPSOLFDWLRQV DULVH ZKHQ WUDQVDFWLRQV FRVWV DUH LQFOXGHG

LQ WKH DQDO\VLV� DV LQ &RQVWDQWLQLGHV >�@� 'DYLV DQG 1RUPDQ >��@� DQG 'XPDV DQG /XFLDQR >��@�

,Q DOO WKHVH VHWWLQJV� VLPSOH YHUVLRQV DGPLW HLWKHU FORVHG�IRUP VROXWLRQV RU SUREOHPV WKDW

DUH VROYHG E\ DSSO\LQJ VLPSOH QXPHULFDO SURFHGXUHV� )RU H[DPSOH� LQ WKH FDVH RI WKH %HOOPDQ

DSSURDFK� LI WKH QXPEHU RI VWDWH YDULDEOHV LV ORZ� WKH SDUWLDO GLnHUHQWLDO HTXDWLRQ RI RSWLPDOLW\

PD\ EH VROYHG XVLQJ oQLWH�GLnHUHQFLQJ PHWKRGV� ,I WKH REMHFWLYH IXQFWLRQ LV VLPSOH� WKHQ HDVLO\

DSSOLHG UHFXUVLYH PHWKRGV PD\ EH XVHG� DV LQ %HUWVLPDV� .RJDQ DQG /R >�@ ZKHUH UHSOLFDWLRQ

LQ LQFRPSOHWH PDUNHWV LV XQGHUWDNHQ IRU D TXDGUDWLF ORVV IXQFWLRQ� DQG WKH UHVXOWLQJ V\VWHP LV

TXLWH WUDFWDEOH LQ ORZ GLPHQVLRQ� %RVVDHUWV >�@ H[DPLQHV D VLPLODU SUREOHP LQ DQ $PHULFDQ RSWLRQ

VHWWLQJ�

7KHUH DUH PDQ\ DSSUR[LPDWLRQ PHWKRGV IRU WKH VROXWLRQ RI WKHVH SUREOHPV �VHH WKH UHYLHZ DU�

WLFOH E\ 7D\ORU DQG 8KOLJ >��@�� $ ZLGH YDULHW\ RI QXPHULFDO DSSURDFKHV LV DSSOLHG VXFK DV LWHUDWLQJ

RQ WKH YDOXH IXQFWLRQ �&KULVWLDQR >�@�� TXDGUDWXUH PHWKRGV �7DXFKHQ >��@ >��@�� OLQHDU�TXDGUDWLF

DSSUR[LPDWLRQV IRU WKH FRQWUROV �.\GODQG DQG 3UHVFRWW >��@�� DQG SDUDPHWHUL]DWLRQV RI WKH YDOXH
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IXQFWLRQ �0DUFHW >��@� 'H+DDQ DQG 0DUFHW >��@�� ,Q WKLV SDSHU� ZH GHYHORS DQ DQDORJ RI WKH

SDUDPHWHUL]DWLRQ DSSURDFK LQ FRQWLQXRXV�WLPH� DQG GHPRQVWUDWH LWV DSSOLFDWLRQ WR D IDLUO\ JHQHUDO

SUREOHP LQ FRQWLQXRXV�WLPH� WKDW RI D V\VWHP GULYHQ E\ D PL[HG MXPS�GLnXVLRQ VWRFKDVWLF SURFHVV�

0RUH UHFHQW H[DPSOHV RI DSSUR[LPDWLRQ PHWKRGV LQ WKH )LQDQFH OLWHUDWXUH LQFOXGH &DPSEHOO DQG

9LFHLUD >�@� >�@� 9LFHLUD >��@� %UDQGW� *R\DO DQG 6DQWD�&ODUD >�@� DQG /RQJVWDn >��@�

,Q FRQWLQXRXV�WLPH� VROYLQJ WKH %HOOPDQ HTXDWLRQ LV PRUH DUW WKDQ VFLHQFH� 7KH XVXDO DSSURDFK

LQYROYHV PDNLQJ D FOHYHU JXHVV DV WR WKH IRUP RI WKH YDOXH IXQFWLRQ� REWDLQLQJ WKH RSWLPDO FRQWUROV�

DQG WKHQ YHULI\LQJ WKH VROXWLRQ DIWHU VROYLQJ WKH %HOOPDQ 3'( VXEMHFW WR WKH JXHVV� 6ROXWLRQV

KDYH EHHQ REWDLQHG IRU VRPH ZHOO�NQRZQ DQG IDPLOLDU XWLOLW\ IXQFWLRQV� EXW ZKHQHYHU WKH QXPEHU

RI VWDWH YDULDEOHV JURZV� RU WKH VWRFKDVWLF SURFHVVHV FKRVHQ DUH QRW RI WKH FRPPRQ JHRPHWULF

%URZQLDQ PRWLRQ IRUP� ZH DUH XVXDOO\ UHOLDQW RQ QXPHULFDO VFKHPHV� 7KLV SDSHU GHYHORSV YDOXH

IXQFWLRQ DSSUR[LPDWLRQ DV D PHWKRG RI H[WHQGLQJ WKH %HOOPDQ DSSURDFK LQ D WUDFWDEOH ZD\�

7KH EDVLF LGHD LV DV IROORZV� 7KH RSWLPDO FRQVXPSWLRQ�LQYHVWPHQW SUREOHP LV VHW XS DV D

%HOOPDQ FRQWURO SUREOHP LQ WKH XVXDO ZD\� 7KH oUVW�RUGHU FRQGLWLRQV SURYLGH WKH IXQFWLRQDO

HTXDWLRQV IRU WKH RSWLPDO FRQWUROV� VXEMHFW WR VROYLQJ IRU WKH YDOXH IXQFWLRQ� 5DWKHU WKDQ DWWHPSW

WR VROYH IRU WKH YDOXH IXQFWLRQ LQ FORVHG IRUP� ZH SRVLW D YHU\ JHQHUDO SRO\QRPLDO IRUP IRU WKH YDOXH

IXQFWLRQ� 7KXV WKH YDOXH IXQFWLRQ LV GHVFULEHG DV D JHQHUDO IXQFWLRQ RI D oQLWH SDUDPHWHU VHW�

GHQRWHG w� 6XEVWLWXWLQJ WKLV IXQFWLRQDO JXHVV LQWR WKH oUVW�RUGHU FRQGLWLRQV JLYHV XV WKH RSWLPDO

FRQWUROV DV D IXQFWLRQ RI w� 7KHVH RSWLPDO FRQWUROV DUH WKHQ SOXJJHG EDFN LQWR WKH %HOOPDQ

HTXDWLRQ ZKLFK VKRXOG KROG IRU DOO SRVVLEOH RXWFRPHV RI WKH VWDWH YDULDEOHV� 7KLV ZLOO RQO\ EH WUXH

ZKHQ WKH JXHVV IRU WKH YDOXH IXQFWLRQ FRLQFLGHV ZLWK WKH WUXH YDOXH IXQFWLRQ� DQG IRU FRPSOH[

SUREOHPV� WKLV LV XQOLNHO\� +RZHYHU� LI WKH DSSUR[LPDWLRQ WR WKH WUXH YDOXH IXQFWLRQ LV D JRRG RQH�

WKHQ WKH GLVWDQFH EHWZHHQ WKH DSSUR[LPDWH YDOXH IXQFWLRQ DQG WKH H[DFW RQH VKRXOG EH VPDOO RYHU

DOO SRLQWV LQ WKH VWDWH VSDFH� 7KXV� RXU VROXWLRQ FRPSULVHV RI PLQLPL]LQJ D ?GLVWDQFH IXQFWLRQ�

EHWZHHQ H[DFW DQG DSSUR[LPDWH YDOXH IXQFWLRQV� E\ PHDQV RI oQGLQJ WKH EHVW�oW SDUDPHWHU VHW

w� VXEMHFW WR H[DFWO\ VDWLVI\LQJ WKH oUVW�RUGHU FRQGLWLRQV�

7KH DOJRULWKP ZRUNV ZHOO� DQG ZH SURYLGH H[DPSOHV RI LWV LPSOHPHQWDWLRQ LQ WKH SDSHU� 7KLV
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DSSURDFK KDV VHYHUDO EHQHoWV� )LUVW� LW PD\ EH XVHG WR KDQGOH KLJKHU�GLPHQVLRQDO SUREOHPV� DV

ZHOO DV SUREOHPV ZLWK FRPSOH[ XWLOLW\ IXQFWLRQV DQG VWRFKDVWLF SURFHVVHV� $V DQ H[DPSOH� ZH VROYH

D MXPS�GLnXVLRQ PRGHO LQ WKH SDSHU� 6HFRQG� DQ\ VWDQGDUG PLQLPL]HU URXWLQH PD\ EH DSSOLHG IRU

FRPSXWDWLRQDO SXUSRVHV PDNLQJ WKH SUREOHP FRPSXWDWLRQDOO\ LQH[SHQVLYH� ,Q IDFW� WKH LOOXVWUDWLRQV

LQ WKH SDSHU XVH QRWKLQJ PRUH VRSKLVWLFDWHG WKDQ WKH RSWLPL]HU LQ WKH ([FHO VSUHDGVKHHW� 7KLUG�

YHU\ JHQHUDO SRO\QRPLDO IXQFWLRQV PD\ EH XVHG WR JXHVV WKH YDOXH IXQFWLRQ� 7KXV� RQH PD\ JHW

DUELWUDULO\ FORVH WR WKH WUXH YDOXH IXQFWLRQ IRU WKH SUREOHP� )LQDOO\� H[DPLQDWLRQ RI WKH QXPHULFDO

VROXWLRQ SURYLGHV KLQWV DV WR WKH IRUP RI WKH WUXH YDOXH IXQFWLRQ� ZKLFK PD\ OHDG WR DQ H[SOLFLW

DQDO\WLFDO VROXWLRQ�

,Q WKH IROORZLQJ VHFWLRQV� ZH SURYLGH WKH SUREOHP VHW XS� DQG WKH IRUPDO SUHVHQWDWLRQ RI WKH

VROXWLRQ PHWKRG� 1XPHULFDO H[DPSOHV DUH DOVR SURYLGHG ZLWK DSSURSULDWH GLVFXVVLRQ�

2 5|LU�@t|�U �hLUittit

,QYHVWRUV IDFH D VWDWH VSDFH WKDW LV FKDUDFWHUL]HG E\ DQ LQoQLWH WUDGLQJ LQWHUYDO A ' dfc4�� 7KH

XQFHUWDLQW\ LQ WKH SRUWIROLR FKRLFH VHW HPDQDWHV IURP D VHW RI GLnXVLRQ SURFHVVHV DQG 3RLVVRQ

MXPS SURFHVVHV� ZLWK SUREDELOLW\ VSDFHV El~ c 8~ c '~� DQG El� c 8� c '�� UHVSHFWLYHO\� ~| 5 +?

UHSUHVHQWV D YHFWRU RI :LHQHU SURFHVVHV GHoQHG RQ El~c 8~c '~� DQG �| 5 +4 UHSUHVHQWV D

YHFWRU RI RUWKRJRQDO MXPS SURFHVVHV GHoQHG RQ El� c 8� c '��� ZKHUH | 5 A DQG 6c? : f� (DFK

MXPS SURFHVV LV GHVFULEHG E\ D VHTXHQFH RI UDQGRP WLPHV A E�� 5 A VXFK WKDW �
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7KH 3RLVVRQ MXPS DUULYDO LQWHQVLWLHV DUH GHQRWHG b
�

c � ' ����6� :H DOORZ IRU WKH MXPS LQWHQVLWLHV

WR YDU\ VWRFKDVWLFDOO\ RQ A DV ZHOO DV IXQFWLRQV RI i~|c�|j�

:H DOVR DOORZ IRU g VWDWH YDULDEOHV  | 5 +k ZKLFK DOVR HYROYH RQ WKH VDPH MXPS�GLnXVLRQ

SUREDELOLW\ VSDFHV GHoQHG DERYH� 7KHVH SURFHVVHV DUH GHoQHG DV IROORZV�
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7KH HFRQRP\ RnHUV D VHW RI u n � WUDGHG DVVHWV� ZKRVH YDOXHV HYROYH VWRFKDVWLFDOO\ RQ A �

7KHVH DVVHWV FRPSULVH u ULVN\ DVVHWV E5� LQGH[HG , ' ����u� DQG D ULVNOHVV DVVHW E�� ZKLFK HDUQV

D FRQVWDQW UHWXUQ o� +HQFH WKH VWRFKDVWLF SURFHVV IRU WKLV DVVHW LV
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7KH UHPDLQLQJ DVVHWV HDUQ D UDQGRP UDWH RI UHWXUQ DQG REH\ WKH IROORZLQJ 6'(�
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7KH LQYHVWRU VHHNV WR LPSOHPHQW D FRQVXPSWLRQ ES
|

� DQG SRUWIROLR SODQ E�|� VR DV WR PD[LPL]H

KLV OLIHWLPH XWLOLW\� 7KH XWLOLW\ RI FRQVXPSWLRQ LV JLYHQ E\ WKH XVXDO FODVV RI 9RQ�1HXPDQQ

DQG 0RUJHQVWHUQ XWLOLW\ IXQFWLRQV� ZKLFK ZH GHQRWH LES
|

�� VDWLVI\LQJ WKH XVXDO UHTXLUHPHQWV RI

FRQFDYLW\� DQG RWKHU WHFKQLFDO UHJXODULW\ FRQGLWLRQV�

7KH SRUWIROLR SODQ RI WKH LQYHVWRU LV D FKRLFH RI DVVHW ZHLJKWV �
,

c , ' ����u VXFK WKDW WKH

DPRXQW LQYHVWHG LQ WKH ULVNOHVV DVVHW LV �
f
' � � ���� $W DQ\ WLPH |� WKH LQYHVWRU FKRRVHV

KRZ PXFK RI KLV FXUUHQW ZHDOWK `
|

WR FRQVXPH� DQG LQYHVWV WKH EDODQFH LQ WKH ULVNOHVV DQG ULVN\

DVVHWV� 7KXV� WKH VWRFKDVWLF SURFHVV IRU ZHDOWK WDNLQJ LQWR DFFRXQW LQYHVWPHQW DQG FRQVXPSWLRQ

LV DV IROORZV �VHH 0HUWRQ >��@ IRU GHWDLOV��

_` ' i` d��Ek� h�� n ho� Sj _| n`��j_~n`��a_� ���

$W WKH LQLWLDO WLPH | ' f� ZH DUH LQWHUHVWHG LQ VROYLQJ IRU WKH LQYHVWRU
V RSWLPDO FRQVXPSWLRQ

LQYHVWPHQW SURJUDP� VR DV WR XQGHUWDNH WKH IROORZLQJ PD[LPL]DWLRQ�
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ZKHUH 4 LV WKH LQYHVWRU
V WLPH SUHIHUHQFH SDUDPHWHU� D VFDODU FRQVWDQW� 7KH RSWLPL]HG IXQFWLRQ

DW DQ\ WLPH | LV GHQRWHG DV WKH YDOXH IXQFWLRQ� GHoQHG UHFXUVLYHO\ DV D IXQFWLRQ RI VWDWH YDULDEOHV

i`c j
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8VLQJ WKH PHWKRG RI VWRFKDVWLF G\QDPLF SURJUDPPLQJ �VHH 0HUWRQ >��@�� ZH DUULYH DW WKH %HOOPDQ

HTXDWLRQ RI RSWLPDOLW\
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5
-g� 7KH VROXWLRQ PHWKRG HQWDLOV WDNLQJ WKH oUVW�RUGHU GHULYDWLYHV IURP WKH HTXDWLRQ RI RSWLPDOLW\

WR DUULYH DW WKH RSWLPDO FRQWUROV iSc�j� DV IXQFWLRQV RI T E`c �� 7KHQ� WKH VXEVWLWXWLRQ RI WKHVH

YDOXHV LQWR WKH %HOOPDQ HTXDWLRQ SURYLGHV D VHFRQG RUGHU Eg n���GLPHQVLRQDO SDUWLDO GLnHUHQWLDO

HTXDWLRQ LQ E`c � ZKLFK PXVW EH VROYHG VXEMHFW WR VXLWDEO\ LPSRVHG ERXQGDU\ FRQGLWLRQV�

7KH oUVW�RUGHU FRQGLWLRQ IRU FRQVXPSWLRQ�
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LPSOLHV WKH RSWLPDO FRQVXPSWLRQ UXOH� SW ' U
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� 7DNLQJ WKH oUVW�RUGHU

FRQGLWLRQ IRU RSWLPDO SRUWIROLR ZHLJKWV �W� ZH JHW WKH Eu� �� HTXDWLRQ V\VWHP
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([DFW VROXWLRQ RI WKH SUREOHP LQ 6HFWLRQ � LV XVXDOO\ KDUG WR DFKLHYH� H[FHSW LQ WKH VLPSOHVW RI

FDVHV� 7KH SUREOHP OLHV LQ WKH IDFW WKDW WKH RSWLPDO FRQWUROV DUH FRPSOLFDWHG IXQFWLRQV RI WKH

VWDWH YDULDEOHV� DQG YDOXH IXQFWLRQ� ZKLFK LWVHOI LV WKH VROXWLRQ WR D KLJK�GLPHQVLRQDO GLnHUHQWLDO

HTXDWLRQ� 7KH XVXDO DSSURDFK LV WR JXHVV D IXQFWLRQDO IRUP IRU WKH YDOXH IXQFWLRQ DQG WKHQ YHULI\

ZKHWKHU LW VDWLVoHV WKH RSWLPDOLW\ FRQGLWLRQV RI WKH SUREOHP� $SDUW IURP D IHZ ZHOO�NQRZQ FDVHV�

WKLV DSSURDFK KDV SURYHQ UDWKHU IUXLWOHVV� $OWHUQDWLYHO\� RQH FRXOG DWWHPSW WR VROYH WKH GLnHUHQWLDO

HTXDWLRQ XVLQJ QXPHULFDO PHWKRGV VXFK DV oQLWH�GLnHUHQFLQJ� EXW DFKLHYLQJ D VWDEOH QXPHULFDO

VFKHPH ZLWK PDQ\ VWDWH YDULDEOHV KDV SURYHQ WR EH D GDXQWLQJ WDVN�

+HUH� ZH VXJJHVW DQ DOWHUQDWLYH DSSURDFK ZKLFK E\SDVVHV WKHVH SUREOHPV� 7KH LGHD LV WR

SRVLW D SRO\QRPLDO IXQFWLRQ RI WKH VWDWH YDULDEOHV DV DQ DSSUR[LPDWLRQ WR WKH YDOXH IXQFWLRQ� :H

FKRRVH D w�SDUDPHWHUL]HG IXQFWLRQ T Ew� � T E`c ( w�� ZKHUH w 5 -�n� LV D VHW RI SDUDPHWHUV

i�
f
c �

�
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j ZKLFK GHoQH WKH YDOXH IXQFWLRQ� ,I ZH DUH DEOH WR oQG WKH ?EHVW� SRVVLEOH YDOXH

IXQFWLRQ T WEw�� WKHQ ZH KDYH DXWRPDWLFDOO\ REWDLQHG WKH VROXWLRQ WR WKH SUREOHP� VLQFH WKH

FRQWUROV iSc�j GHULYH LPPHGLDWHO\� 7KH H[DFW VROXWLRQ ZLOO VDWLVI\

f ' ME`c (VW� ����

VXEMHFW WR VDWLVI\LQJ WKH FRQVWUDLQWV IURP WKH oUVW�RUGHU FRQGLWLRQV� LQ HTXDWLRQV ��� DQG ����� ,I

ZH DUH QRW DEOH WR oQG WKH RSWLPDO YDOXH IXQFWLRQ� ZH FDQ oQG WKH EHVW T LQ D VHW RI YDOXH IXQFWLRQV

iT Ew�j ZKLFK PD\ EH FKRVHQ DUELWUDULO\� 7R GR WKLV ZH FRPSXWH WKH IROORZLQJ RSWLPL]DWLRQ

SURJUDP�
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VXEMHFW WR

� ' �W dT E` E��c E��( w�o c ;�
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+HUH� L UHSUHVHQWV D GLVFUHWH VHW RI FKRLFHV RI VWDWH YDULDEOHV� L�H� D FKRVHQ VWDWH�VSDFH IRU

WKH SUREOHP� 7KHVH YDOXHV � ' i` E��c E��j PD\ EH FKRVHQ WR UHpHFW WKH GHFLVLRQ�PDNHUV

HQYLVDJHG RXWFRPHV RI WKH VWDWH YDULDEOHV� 7KH IXQFWLRQ sE�� LV WKH oWWLQJ IXQFWLRQ DQG PD\

EH FKRVHQ IURP D UDQJH RI SRSXODU RSWLRQV� )RU H[DPSOH� D OHDVW�VTXDUHV DSSURDFK ZRXOG VHW

sEM� ' M2� $OWHUQDWLYHO\� D SUREDELOLW\ ZHLJKWHG IXQFWLRQ VXFK DV sEM� ' M2 � RoJKE��

PD\ EH XVHG� $ VLPSOH DEVROXWH YDOXHG IXQFWLRQ sEM� ' mMm LV DOVR SRVVLEOH� 2SWLPL]DWLRQ LV

XQGHUWDNHQ E\ FKRRVLQJ D VSHFLoF T Ew� DQG WKHQ RSWLPL]LQJ� 6HDUFKLQJ RYHU WKH VHW iT Ew�jZLOO
SURGXFH WKH EHVW YDOXH IXQFWLRQ�

7KLV DSSURDFK KDV FHUWDLQ DGYDQWDJHV� )LUVW� LW GRHV QRW UHTXLUH WKH VROXWLRQ RI D KLJK�

GLPHQVLRQDO GLnHUHQWLDO HTXDWLRQ� 6HFRQG� WKH FRPSOH[LW\ RI IRUP RI WKH YDOXH IXQFWLRQDO T Ew�

GRHV QRW LPSDFW VXEVWDQWLDOO\ WKH FRPSXWDWLRQDO UHTXLUHPHQWV RI WKH DOJRULWKP� 7KH QXPEHU RI

SRLQWV LQ WKH VWDWH VSDFH L GRHV KRZHYHU LQFUHDVH WKH QXPEHU RI FRQVWUDLQWV WR EH VDWLVoHG LQ D

OLQHDU ZD\� %XW WKLV ZDV QRW IRXQG WR EH QXPHULFDOO\ GLqFXOW� DQG LQ IDFW� LPSOHPHQWDWLRQ ZLWK

D VSUHDGVKHHW RSWLPL]HU ZRUNV DOPRVW DOO WKH WLPH�

7KH IROORZLQJ VHFWLRQ SURYLGHV LOOXVWUDWLRQV RI WKH PRGHO LPSOHPHQWDWLRQ�
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&RQVLGHU WKH IROORZLQJ VLPSOH SUREOHP� :H EHJLQ ZLWK D VLQJOH DVVHW VHWWLQJ� ZKHUH WKH DVVHW

IROORZV D JHRPHWULF %URZQLDQ PRWLRQ�
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:H H[WHQG WKH SURFHVV GULYLQJ WKH ULVN\ DVVHW WR LQFOXGLQJ MXPSV ZLWK VWRFKDVWLF LQWHQVLW\� 7KXV�
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7KXV� WKH MXPS LQWHQVLW\ b IROORZV D PHDQ�UHYHUWLQJ VTXDUH�URRW GLnXVLRQ� DQG ZH DVVXPH WKDW

_~c _t DUH RUWKRJRQDO GLnXVLRQV� 7KH YDOXH IXQFWLRQ LV QRZ H[WHQGHG WR FRYHU WKH QHZ VWDWH
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7KLV SUREOHP LV VROYHG QXPHULFDOO\� DQG WKH UHVXOWV DUH SURYLGHG EHORZ� $GGLWLRQDOO\� VLQFH WKH

MXPS�GLnXVLRQ EDVHG SUREOHP QHVWV WKH SXUH�GLnXVLRQ PRGHO� ZH FDQ H[DPLQH WKH IHDWXUHV RI WKH

oUVW VROXWLRQ IURP 6HFWLRQ ��� DV ZHOO�
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7KH IROORZLQJ SDUDPHWHUV ZHUH FKRVHQ DV D EDVH FDVH IRU WKH MXPS�GLnXVLRQ PRGHO�

3DUDPHWHU 'HVFULSWLRQ 1RWDWLRQ 9DOXH

5HODWLYH ULVN DYHUVLRQ # ���

0HDQ UHWXUQ RQ ULVN\ DVVHW k ����

5LVNOHVV UDWH o ����

6XEMHFWLYH GLVFRXQW UDWH 4 ����

9RODWLOLW\ FRHqFLHQW IRU ULVN\ DVVHW j ���

0HDQ UHYHUVLRQ IRU MXPS LQWHQVLW\ �b� & ���

0HDQ OHYHO RI b w ���

9RODWLOLW\ FRHqFLHQW RI b B �

-XPS DPSOLWXGH � ���

,Q RUGHU WR VROYH WKH SUREOHP ZH QHHG WR HVWDEOLVK D VWDWH VSDFH E`
�

c b
�

�c ;�� :H XVHG D UDQJH

RI YDOXHV RI` 5 dfc �fo DQG IRU MXPS LQWHQVLW\ ZH DVVXPHG D WZR�VWDWH PRGHO ZKHUH b 5 iDc �fj�

��
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VLQFH XWLOLW\ GHFOLQHV ZKHQ MXPS ULVN LQFUHDVHV� )RU WKH SXUSRVHV RI FRPSDULVRQ� ZH VZLWFKHG

Rn WKH MXPS SURFHVV WR UHGXFH WKH SUREOHP WR WKH SXUH�GLnXVLRQ PRGHO� 7R GR VR� ZH VHW WKH

SDUDPHWHUV DV IROORZV� �&c wc Bc �c b� WR ]HUR� ,Q WKLV VHWWLQJ� WKH YDOXH IXQFWLRQ LV�
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7KLV VROXWLRQ FRUUHVSRQGV H[DFWO\ WR WKDW RI WKH NQRZQ VROXWLRQ LQ 0HUWRQ >��@� 1RWLFH WKDW
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' # DV UHTXLUHG LQ WKHRU\� ,Q WKH IROORZLQJ WDEOH ZH SUHVHQW VRPH RI WKH TXDOLWDWLYH

UHVXOWV IURP WKH WZR PRGHOV� DQG XQGHUWDNH D FRPSDULVRQ RI RXWFRPHV�
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Rswlpdo Frqvxpswlrq dqg Lqyhvwphqw Ydoxhv

Sxuh0gl�xvlrq prgho Mxps0gl�xvlrq prgho

� @ 3 � @ 8 � @ 43

Z fW zW Y +Z>�, fW zW Y +Z>�, fW zW Y +Z>�,

314 313345 31;;;; 81:5 313353 318:35 6157 313353 317533 6158

31< 313443 31;;;; 4:149 3134;4 3189<: 45149 3134;5 3174<5 4514:

518 313639 31;;;; 5;193 313838 3189<4 5413: 31383: 3174;7 54139

718 313883 31;;;; 6;16: 313<43 3189;: 5;19: 313<49 3174:: 5;197

4314 314568 31;;;; 8:17; 315385 3189:; 76185 3153:4 317497 76175

7KH WDEOH SUHVHQWV UHVXOWV IURP WKH SXUH�GLnXVLRQ PRGHO� DQG WKH MXPS�GLnXVLRQ PRGHO� )RU

YDU\LQJ OHYHOV RI WKH VWDWH YDULDEOHV ` DQG b� ZH H[DPLQH WKUHH YDOXHV RI LQWHUHVW� RSWLPDO

FRQVXPSWLRQ� LQYHVWPHQW LQ WKH ULVN\ DVVHW� DQG WKH YDOXH IXQFWLRQ�

)LUVW� ZH QRWH WKDW DV WKH OHYHO RI ZHDOWK LQFUHDVHV� VR GRHV WKH YDOXH IXQFWLRQ� 6HFRQG�

DV MXPS LQWHQVLW\ LQFUHDVHV� LQYHVWRU XWLOLW\ GHFUHDVHV VLQFH DGGLWLRQDO ULVN LV ERUQH� 7KH RQO\

H[FHSWLRQ RFFXUV ZKHQ ZHDOWK LV DW D YHU\ ORZ OHYHO DQG WKH MXPS LQWHQVLW\ LQFUHDVHV IURP � WR ���

7KLV PD\ EH RQ DFFRXQW RI WKH IDFW WKDW DW ORZ OHYHOV RI ZHDOWK� DGGLWLRQDO MXPSV FDQQRW KDUP

WKH LQYHVWRU JLYHQ D pRRU OHYHO RI ]HUR RQ ZHDOWK� 3OXV� DW KLJK OHYHOV RI MXPS LQWHQVLW\� PHDQ

UHYHUVLRQ ZLOO ORZHU MXPS ULVN� 7KLUG� DV ZHDOWK LQFUHDVHV� WKH LQYHVWRU FRQVXPHV PRUH� )RXUWK�

DV MXPS ULVN LQFUHDVHV WKH LQYHVWRU DOVR FRQVXPHV PRUH� VLQFH LQYHVWLQJ EHFRPHV OHVV DWWUDFWLYH�

DQG FRQVXPSWLRQ IURP WKH IXWXUH LV VKLIWHG WR WKH SUHVHQW� )LIWK� DV MXPS ULVN LQFUHDVHV� WKH

LQYHVWRU FRUUHVSRQGLQJO\ LQYHVWV OHVV LQ WKH ULVN\ DVVHW� 6L[WK� ZKHQ WKHUH LV QR MXPS ULVN� WKH

DPRXQW LQYHVWHG LQ WKH ULVN\ DVVHW LV LQGHSHQGHQW RI ZHDOWK� DV LV NQRZQ IURP WKH 0HUWRQ PRGHO�

+RZHYHU� ZKHQ MXPS ULVN H[LVWV� WKH KHGJLQJ WHUP LQ HTXDWLRQ ���� FRPHV LQWR SOD\� DQG WKH

FKRLFH RI ULVN\ DVVHWV LV QR ORQJHU LQGHSHQGHQW RI ZHDOWK OHYHO� )LQDOO\� MXPS ULVN KDV D JUHDWHU

HnHFW RQ WKH LQYHVWRU GHFLVLRQ ZKHQ MXPS ULVN LV VPDOO DQG LQFUHDVLQJ WKDQ ZKHQ LW LV ODUJH DQG

LQFUHDVLQJ�
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7KLV SDSHU GHYHORSV D VLPSOH QXPHULFDO DSSURDFK WR VROYLQJ RSWLPDO FRQVXPSWLRQ DQG LQYHVWPHQW

SUREOHPV ZKHQ DQDO\WLF VROXWLRQV DUH QRW DFKLHYDEOH� 7KH %HOOPDQ SUREOHP LV WUDQVODWHG LQWR DQ

HFRQRPHWULF RQH� ZKHUH ZH PLQLPL]H D SDUDPHWHUL]HG REMHFWLYH IXQFWLRQ RI WKH %HOOPDQ HTXDWLRQ

RYHU WKH VWDWH VSDFH� EDVHG RQ D SRO\QRPLDO JXHVV IRU WKH YDOXH IXQFWLRQ� 7KH PHWKRG LV WUDFWDEOH�

DQG FRQYHUJHV TXLFNO\� 7KH DSSURDFK RnHUV D PHDQV WR QXPHULFDOO\ JXHVVLQJ WKH IRUP RI WKH YDOXH

IXQFWLRQ ZKLFK� LI IRUWXLWRXV� PD\ OHDG WR DQ DQDO\WLF VROXWLRQ�

7KH DOJRULWKP PD\ EH H[WHQGHG WR VROYLQJ SUREOHPV LQ RWKHU GRPDLQV LQ oQDQFH� VXFK DV

DVVHW�OLDELOLW\ PDQDJHPHQW� RSWLPDO UHSOLFDWLRQ RI GHULYDWLYH VHFXULWLHV� HTXLOLEULXP SUREOHPV ZLWK

LQFRPSOHWH PDUNHWV DQG PDUNHW PLFRVWUXFWXUH JDPHV�

+iuihi?Uit

>�@ %(576,0$6� '�� /� .2*$1� DQG $� /2 ������ ?3ULFLQJ DQG +HGJLQJ 'HULYDWLYH 6HFXULWLHV

LQ ,QFRPSOHWH 0DUNHWV� $Q 5 � $UELWUDJH $SSURDFK�� ZRUNLQJ SDSHU 1R� ����� 1%(5�

>�@ %266$(576� 3� ������ ?6LPXODWLRQ (VWLPDWRUV RI 2SWLPDO (DUO\ ([HUFLVH�� ZRUNLQJ SDSHU�

&DUQHJLH 0HOORQ 8QLYHUVLW\�

>�@ %5$1'7� 0�� $� *2<$/� DQG 3� 6$17$�&/$5$ ������� ?'\QDPLF 3RUWIROLR &KRLFH ZLWK

6LPXODWLRQ 0HWKRGV�� ZRUNLQJ SDSHU� 8&/$�

>�@ &$03%(//� -�� DQG /� 9,&(,5$ ������ ?&RQVXPSWLRQ DQG 3RUWIROLR 'HFLVLRQV ZKHQ ([�

SHFWHG UHWXUQV DUH 7LPH 9DU\LQJ�� 1%(5 ZRUNLQJ SDSHU QR� �����

>�@ &$03%(//� -�� DQG /� 9,&(,5$ ������ ?:KR VKRXOG EX\ ORQJ�WHUP ERQGV"� XQSXEOLVKHG

SDSHU� +DUYDUG 8QLYHUVLW\�
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>�@ &+5,67,$12� /�-� ������ ?6ROYLQJ WKH 6WRFKDVWLF *URZWK 0RGHO E\ /LQHDU�4XDGUDWLF $S�

SUR[LPDWLRQ DQG E\ 9DOXH�)XQFWLRQ ,WHUDWLRQ�� -RXUQDO RI %XVLQHVV DQG (FRQRPLF 6WDWLVWLFV�

Y����� ������

>�@ &2167$17,1,'(6� *� ������ ?&DSLWDO 0DUNHW (TXLOLEULXP ZLWK 7UDQVDFWLRQV &RVWV�� -RXU�

QDO RI 3ROLWLFDO (FRQRP\� Y��� ��������

>�@ &2;� '�� DQG &�)� +8$1* ������ ?2SWLPDO &RQVXPSWLRQ DQG 3RUWIROLR 3ROLFLHV ZKHQ $VVHW

3ULFHV IROORZ D 'LnXVLRQ 3URFHVV�� -RXUQDO RI (FRQRPLF 7KHRU\� Y��� ������

>�@ &9,7$1,&� -�� DQG ,� .$5$7=$6 ������ ?&RQYH[ 'XDOLW\ LQ &RQVWUDLQHG 3RUWIROLR 2SWL�

PL]DWLRQ�� ZRUNLQJ SDSHU� &ROXPELD 8QLYHUVLW\�

>��@ '$9,6� 0�� DQG $� 1250$1 ������ ?3RUWIROLR 6HOHFWLRQ ZLWK 7UDQVDFWLRQ &RVWV�� 0DWKH�

PDWLFV RI 2SHUDWLRQV 5HVHDUFK� Y��� ��������

>��@ '(1 +$$1� :�-�� DQG $� 0$5&(7 ������ ?6ROYLQJ WKH 6WRFKDVWLF *URZWK 0RGHO E\

3DUDPHWHUL]LQJ ([SHFWDWLRQV�� -RXUQDO RI %XVLQHVV DQG (FRQRPLF 6WDWLVWLFV� Y����� ������

>��@ '8)),(� '�� DQG /� (367(,1 ������ ?6WRFKDVWLF 'LnHUHQWLDO 8WLOLW\�� (FRQRPHWULFD� Y���
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>��@ '80$6� %�� DQG (� /8&,$12 ������ ?$Q ([DFW 6ROXWLRQ WR D '\QDPLF 3RUWIROLR &KRLFH

3UREOHP ZLWK 7UDQVDWLRQV &RVWV�� ZRUNLQJ SDSHU� :KDUWRQ 6FKRRO� 8QLYHUVLW\ RI 3HQQV\OYD�

QLD�

>��@ '80$6� %�� 5� 833$/ DQG 7� :$1* ������ ?(qFLHQW ,QWHUWHPSRUDO $OORFDWLRQV ZLWK

5HFXUVLYH 8WLOLW\�� ZRUNLQJ SDSHU� +(& 6FKRRO RI 0DQDJHPHQW� DQG 8QLYHUVLW\ RI %ULWLVK

&ROXPELD�

>��@ )/(0,1*� :�� DQG 5� 5,6+(/ ������ 'HWHUPLQLVWLF DQG 6WRFKDVWLF 2SWLPDO &RQWURO� %HUOLQ�

6SULQJHU�9HUODJ�
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>��@ +(� +�� DQG 1� 3($5621� ������ ?&RQVXPSWLRQ DQG 3RUWIROLR 3ROLFLHV ZLWK ,QFRPSOHWH

0DUNHWV� 7KH ,QoQLWH�'LPHQVLRQDO &DVH�� -RXUQDO RI (FRQRPLF 7KHRU\� Y��� ��������

>��@ +(� +�� DQG 1� 3($5621� ������ ?&RQVXPSWLRQ DQG 3RUWIROLR 3ROLFLHV ZLWK ,QFRPSOHWH

0DUNHWV� 7KH )LQLWH�'LPHQVLRQDO &DVH�� 0DWKHPDWLFDO )LQDQFH� Y�� �����

>��@ -$&.$� 6� ������ ?2SWLPDO &RQVXPSWLRQ RI DQ ,QYHVWPHQW�� 6WRFKDVWLFV� Y��� ������

>��@ -XGG� .� ������ ?1XPHULFDO 0HWKRGV LQ (FRQRPLFV�� 0,7 3UHVV� &DPEULGJH� 0$�

>��@ .$5$7=$6� ,�� -� /(+2&=.<� 6� 6(7+, DQG 6� 6+5(9( ������ ?([SOLFLW 6ROXWLRQ RI

D *HQHUDO &RQVXPSWLRQ�,QYHVWPHQW 3UREOHP�� 0DWKHPDWLFV RI 2SHUDWLRQV 5HVHDUFK� Y���

��������

>��@ .$5$7=$6� ,�� -� /(+2&=.<� 6� 6+5(9( DQG *�/� ;8 ������ ?0DUWLQJDOH DQG 'XDOLW\

0HWKRGV IRU 8WLOLW\ 0D[LPL]DWLRQ LQ ,QFRPSOHWH 0DUNHWV�� 6,$0 -RXUQDO RI &RQWURO DQG

2SWLPL]DWLRQ� Y��� ��������

>��@ .<'/$1'� )�� DQG (� 35(6&277 ������ ?7LPH WR %XLOG DQG $JJUHJDWH )OXFXWDWLRQV��

(FRQRPHWULFD� Y��� ����������

>��@ /(+2&=.<� -�� 6� 6(7+,� DQG 6� 6+5(9( ������ ?2SWLPDO &RQVXPSWLRQ DQG ,QYHVWPHQW

3ROLFLHV DOORZLQJ &RQVXPSWLRQ &RQVWUDLQWV DQG %DQNUXSWF\�� 0DWKHPDWLFV RI 2SHUDWLRQV

5HVHDUFK� Y�� ��������

>��@ /21*67$))� ) ������ ?2SWLPDO 3RUWIROLR &KRLFH DQG WKH 9DOXDWLRQ RI ,OOLTXLG 6HFXULWLHV��

IRUWKFRPLQJ 5HYLHZ RI )LQDQFLDO 6WXGLHV�

>��@ 0$5&(7� $� ������ ?6ROYLQJ 1RQ�/LQHDU 0RGHOV E\ 3DUDPHWHUL]LQJ ([SHFWDWLRQV�� ZRUNLQJ

SDSHU� *UDGXDWH 6FKRRO RI ,QGXVWULDO $GPLQLVWUDWLRQ� &DUQHJLH�0HOORQ 8QLYHUVLW\�

>��@ 0(5721� 5�&� ������ ?&RQWLQXRXV�7LPH )LQDQFH�� %DVLO %ODFNZHOO� 1HZ <RUN�

>��@ 0(5721� 5�&� ������ ?/LIHWLPH 3RUWIROLR 6HOHFWLRQ XQGHU 8QFHUWDLQW\� 7KH &RQWLQXRXV�

7LPH &DVH�� 5HYLHZ RI (FRQRPLFV DQG 6WDWLVWLFV� Y��� ��������

��



>��@ 0(5721� 5�&� ������ ?2SWLPXP &RQVXPSWLRQ DQG 3RUWIROLR 5XOHV LQ D &RQWLQXRXV 7LPH

0RGHO�� -RXUQDO RI (FRQRPLF 7KHRU\� Y�� ��������

>��@ 2&21(� '�� DQG ,� .$5$7=$6 ������ ?$ *HQHUDOL]HG &ODUN 5HSUHVHQWDWLRQ )RUPXOD� ZLWK

$SSOLFDWLRQ WR 2SWLPDO 3RUWIROLRV�� 6WRFKDVWLFV DQG 6WRFKDVWLFV 5HSRUWV� Y��� ��������

>��@ 7$8&+(1� *� ������ ?4XDGUDWXUH�%DVHG 0HWKRGV IRU 2EWDLQLQJ $SSUR[LPDWH 6ROXWLRQV WR

1RQ�OLQHDU $VVHW 3ULFLQJ 0RGHOV�� ZRUNLQJ SDSHU� 'XNH 8QLYHUVLW\� 'HSW RI (FRQRPLFV�

>��@ 7$8&+(1� *� ������ ?6ROYLQJ WKH 6WRFKDVWLF *URZWK 0RGHO E\ XVLQJ 4XDGUDWXUH 0HWKRGV

DQG 9DOXH�)XQFWLRQ ,WHUDWLRQV�� -RXUQDO RI %XVLQHVV DQG (FRQRPLF 6WDWLVWLFV� Y����� ������

>��@ 7$</25� -�%�� DQG +� 8+/,* ������ ?6ROYLQJ 1RQ�/LQHDU 6WRFKDVWLF *URZWK 0RGHOV� $

&RPSDULVRQ RI $OWHUQDWLYH 6ROXWLRQ 0HWKRGV�� -RXUQDO RI %XVLQHVV DQG (FRQRPLF 6WDWLVWLFV�

Y����� �����

>��@ 9,&(,5$� /� ������ ?2SWLPDO 3RUWIROLR &KRLFH IRU /RQJ�KRUL]RQ ,QYHVWRUV ZLWK 1RQWUDGHDEOH

,QFRPH�� XQSXEOLVKHG SDSHU� +DUYDUG 8QLYHUVLW\�
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