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:H VWXG\ WKH UHODWLRQVKLS EHWZHHQ UDWLRQDOLW\ DQG HFRQRPLF VXUYLYDO LQ D VLPSOH G\QDPLF PRGHO�

ZKHUH DJHQWV IURP GLnHUHQW SRSXODWLRQV LQWHUDFW UHSHDWHGO\ WKURXJK UDQGRP PDWFKLQJ� $Q H[�

SOLFLW FULWHULRQ �?EDQNUXSWF\�� GHWHUPLQHV ZKHWKHU DJHQWV VXUYLYH HDFK LQWHUDFWLRQ� DOO DJHQWV DUH

SUHVXPHG WR EH DZDUH RI WKLV FULWHULRQ� 6XUYLYDO LQ HDFK LQWHUDFWLRQ GHSHQGV RQ WZR IDFWRUV�

WKH VWUDWHJLHV DJHQWV DGRSW ZKHQ WKH\ LQWHUDFW� DQG WKH ZHDOWK OHYHOV WKH\ EULQJ WR WKH JDPH�

7KH PRGHO LV FRPSOHWHO\ V\PPHWULF ZLWK WKH RQO\ GLnHUHQFH EHWZHHQ WKH DJHQWV RI GLnHUHQW

SRSXODWLRQV EHLQJ WKHLU REMHFWLYHV�

:H FRQVLGHU WKH FDVH ZKHUH WKHUH DUH WZR SRSXODWLRQV RI DJHQWV LQ ZKLFK DOO DJHQWV IURP RQH

JURXS KDYH DV WKHLU REMHFWLYH� PD[LPL]LQJ WKH H[SHFWHG SURoWV IURP HDFK LQWHUDFWLRQ� ZKLOH DOO

DJHQWV IURP WKH RWKHU DWWHPSW VLPSO\ WR PD[LPL]H WKH SUREDELOLW\ RI VXUYLYLQJ �L�H�� QRW JRLQJ

EDQNUXSW LQ� WKH LQWHUDFWLRQ� :H VKRZ WKDW XQGHU WKH HTXLOLEULXP G\QDPLFV� WKH SURSRUWLRQV

RI HDFK JURXS LQ WKH WRWDO SRSXODWLRQ PXVW EH ERXQGHG DZD\ IURP ]HUR� EXW WKH EDODQFH LV LQ

IDYRU RI WKH VXUYLYDO�SUREDELOLW\ PD[LPL]HUV LQ WKDW WKHLU QXPEHUV DV D IUDFWLRQ RI WRWDO SRSXODWLRQ

PXVW DOZD\V H[FHHG ���� DQG FDQ EH DUELWUDULO\ FORVH WR XQLW\� 2Q WKH RWKHU KDQG� WKH IUDFWLRQ

RI WRWDO ZHDOWK FRQWUROOHG E\ WKH H[SHFWHG SURoW PD[LPL]HUV PXVW DOVR EH DW OHDVW ���� DQG FDQ

DV\PSWRWLFDOO\ WHQG WR XQLW\�
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7KLV SDSHU H[DPLQHV WKH OLQN EHWZHHQ UDWLRQDOLW\ DQG HFRQRPLF VXUYLYDO LQ WKH FRQWH[W RI D PRGHO

ZKHUH DJHQWV KDYH GLnHULQJ REMHFWLYHV� 2XU LQTXLU\ LV PRWLYDWHG E\ WKH TXHVWLRQ RI ZKHWKHU�

DQG LQ ZKDW VHQVH� HQYLURQPHQWV VHOHFW DJHQWV ZKR ?DGDSW�� DQG WKH H[WHQW WR ZKLFK VXFFHVV

LQ VXUYLYDO FDQ EH DWWULEXWHG WR ?UDWLRQDO� GHFLVLRQ UXOHV VXFK DV SURoW� RU XWLOLW\�PD[LPL]DWLRQ�

7KLV OLQH RI LQTXLU\ KDV� RI FRXUVH� D ORQJ KLVWRU\ LQ HFRQRPLFV� 2XU SDSHU LV UHODWHG WR DW OHDVW

WZR VWUDQGV RI WKH H[LVWLQJ OLWHUDWXUH�

2QH� EHJLQQLQJ ZLWK $OFKLDQ ������ DQG )ULHGPDQ ������� DGRSWV WKH FRPPRQ YLHZSRLQW

WKDW LQ D PDUNHW VHOHFWLRQ PHFKDQLVP� UHDOL]HG SURoWDELOLW\ LV D QHFHVVDU\ FRQGLWLRQ IRU VXUYLYDO��

2Q WKH LPSOLFDWLRQ RI WKLV DVVXPSWLRQ IRU LGHQWLI\LQJ WKH PRVW ?oW� GHFLVLRQ UXOHV� WKHUH KDV

EHHQ OHVV XQDQLPLW\� 6RPH DXWKRUV� VXFK DV )ULHGPDQ ������ DQG (QNH ������� KDYH DUJXHG WKDW

FRPSHWLWLYH IRUFHV ZRXOG OHDG� LQ VXFK D ZRUOG� WR WKH VHOHFWLRQ RI oUPV WKDW PD[LPL]HG SURoWV�2

:KHQ WKHUH LV SHUIHFW NQRZOHGJH UHJDUGLQJ WKH FRQVHTXHQFHV RI GLnHUHQW FKRLFHV E\ WKH oUPV�

WKLV DSSHDUV DQ XQFRQWURYHUVLDO DVVHUWLRQ� ,Q D ZRUOG RI XQFHUWDLQW\� KRZHYHU� ZKHUH oUPV DUH�

LQ HnHFW� FKRRVLQJ SUREDELOLW\ GLVWULEXWLRQV RYHU SURoW OHYHOV� WKH QRWLRQ RI ?SURoW PD[LPL]DWLRQ�

ODFNV DQ D SULRUL PHDQLQJ� VLQFH WKH PDUNHW VHOHFWV oUPV ZKRVH UHDOL]HG �DQG QRW DQWLFLSDWHG�

SURoWV DUH KLJKHVW� 7KLV SUREOHP ZDV SRLQWHG RXW E\ $OFKLDQ ������� EXW KH GLG QRW SURSRVH DQ\

RQH FULWHULRQ DV PRVW ?UDWLRQDO� RU ?oW� LQ VXFK VLWXDWLRQV� $OFKLDQ QRWZLWKVWDQGLQJ� LW ZRXOG

EH IDLU WR VD\ WKDW HFRQRPLF WKHRU\ KDV VXEVHTXHQWO\� DQG UDWKHU XQFULWLFDOO\� UHLQWHUSUHWHG WKH

)ULHGPDQ DUJXPHQW DV LGHQWLI\LQJ WKH PD[LPL]DWLRQ RI H[SHFWHG SURoWV ZLWK oWQHVV� DQG DV WKH

FULWHULRQ WR EH DGRSWHG LQ WKH PDUNHWSODFH��

2QH SUREOHP ZLWK WKLV EUDQFK RI WKH OLWHUDWXUH KDV EHHQ WKH DEVHQFH RI D IRUPDO PRGHO ZLWKLQ

ZKLFK LWV FRQFOXVLRQV PD\ EH H[DPLQHG�e &HUWDLQO\� WKH D SULRUL FRQQHFWLRQ EHWZHHQ ?UDWLRQDOLW\�

DQG ?H[SHFWHG SURoW PD[LPL]DWLRQ� LV QRW REYLRXV� ,Q DQ\ UHDVRQDEOH HFRQRPLF PRGHO� oUPV PXVW

EH DVVXPHG WR KDYH NQRZOHGJH RI WKH VHOHFWLRQ PHFKDQLVP� $ ?UDWLRQDO� oUP ZRXOG SUHVXPDEO\

LQFRUSRUDWH NQRZOHGJH RI WKLV PHFKDQLVP LQWR LWV GHFLVLRQ FDOFXOXV� DQG WKHUH LV QR UHDVRQ DW

DOO WR H[SHFW� XQGHU WKHVH FRQGLWLRQV� WKDW WKH oUP ZLOO FKRRVH H[SHFWHG�SURoW PD[LPL]DWLRQ DV

WKH ?EHVW� FULWHULRQ� ,W LV LPSRUWDQW WR SRLQW RXW WKDW JLYLQJ oUPV NQRZOHGJH RI WKLV VHOHFWLRQ

PHFKDQLVP� DQG DOORZLQJ WKHP WR LQFRUSRUDWH LW LQWR WKHLU GHFLVLRQ SURFHVV� FUHDWHV QR SUREOHPV

XQGHU FHUWDLQW\� IRU� KHUH� PD[LPL]LQJ SURoWV DQG PD[LPL]LQJ WKH SUREDELOLW\ RI VXUYLYDO DUH �E\

�Iru h{dpsoh/ _ = = = wkrvh zkr uhdol}h srvlwlyh sur�wv duh wkh vxuylyruv> wkrvh zkr vx�hu orvvhv glvdsshdu1%

+Dofkldq/ 4<83/ s1546,
2Wr txrwh Iulhgpdq +4<86, _Xqohvv wkh ehkdylru ri exvlqhvvphq lq vrph zd| dssur{lpdwhg ehkdylru frqvlvwhqw

zlwk wkh pd{lpl}dwlrq ri uhwxuqv/ lw vhhpv xqolnho| wkh| zrxog eh lq exvlqhvv iru orqj1%
�Xqgrxewhgo|/ rqh uhdvrq ehklqg wkh wkh srsxodulw| ri wkh h{shfwhg0xwlolw| +ru h{shfwhg0sur�w, pd{lpl}dwlrq

k|srwkhvlv olhv lq wkh dqdo|wlfdo wudfwdelolw| ri prghov lq zklfk doo djhqwv sxuvxh vxfk jrdov1
eKrzhyhu/ vhh Eoxph dqg Hdvoh| +4<;;, dqg Gxwwd ) Udgqhu +4<<<,1
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GHoQLWLRQ�� WKH VDPH�

$ VHFRQG VWUDQG RI WKH OLWHUDWXUH� WKDW RQ ?HYROXWLRQDU\ JDPHV�� RULJLQDWLQJ ZLWK 0D\QDUG

6PLWK ������� PRGHOV PRUH H[SOLFLWO\ WKH LQWHUDFWLRQ DPRQJ DOWHUQDWLYH VWUDWHJLHV ZLWKLQ WKH

FRQWH[W RI D JDPH DQG VWXGLHV WKH ORQJ�UXQ oWQHVV RI GLnHUHQW VWUDWHJLHV� $ W\SLFDO HYROXWLRQDU\

JDPH PRGHOD KDV WKH IROORZLQJ VWUXFWXUH� 7KH SRSXODWLRQ RI DJHQWV LV GLYLGHG LQWR JURXSV RQ

WKH EDVLV RI WKH VWUDWHJLHV WKH DJHQWV DGRSW� ZLWK DOO DJHQWV ZLWKLQ D JURXS SOD\LQJ WKH VDPH

VWUDWHJ\� $JHQWV DUH WKHQ UDQGRPO\ PDWFKHG� ,Q HDFK SHULRG� WKH JURXS RU JURXSV ZKRVH VWUDWHJLHV

IDUH EHWWHU WKDQ WKH SRSXODWLRQ DYHUDJH DUH WKHQ DVVXPHG WR JURZ LQ VL]H �PRUH SUHFLVHO\� WKHLU

SURSRUWLRQ LQ WKH SRSXODWLRQ LQFUHDVHV�� 7KH DLP LV WKHQ WR H[DPLQH ZKHWKHU WKHUH DUH VWUDWHJLHV

ZKLFK DUH ?HYROXWLRQDULO\ VWDEOH�� L�H� WKDW VXUYLYH WKLV VHOHFWLRQ PHFKDQLVP� 7KLV OLWHUDWXUH KDV

UHVXOWHG LQ LPSRUWDQW LQVLJKWV LQWR VHOHFWLRQ PHFKDQLVPV DQG WKH SUREOHPV RI REWDLQLQJ ?VWDEOH�

VWUDWHJLHV� $V D WKHRU\ RI HFRQRPLF HYROXWLRQ� KRZHYHU� LW VXnHUV IURP DW OHDVW WKUHH VKRUWFRPLQJV�

)LUVW� LQ PXFK RI WKLV OLWHUDWXUH� DJHQWV
 VWUDWHJLHV DUH H[RJHQRXVO\ o[HG� SOD\HUV GR QRW DFWLYHO\

VHHN WR DGDSW RU UHDFW WR WKH VWUDWHJ\ FKRLFHV RI WKRVH ZLWK ZKRP WKH\ DUH PDWFKHG�S ,Q SDUWLFXODU�

WKH\ GR QRW WDNH FRJQL]DQFH RI WKH VXUYLYDO PHFKDQLVP LQWR DFFRXQW ZKHQ PDNLQJ WKHLU FKRLFHV�

6HFRQGO\� WKH UXOH GHWHUPLQLQJ VXUYLYDO LV VRPHZKDW DUELWUDU\� 7KLUG� WKHUH DUH QR PDUNHW IHDWXUHV

LQ WKHVH PRGHOV �VXFK DV� VD\� PDUNHW VKDUHV RU ZHDOWK VKDUHV�� 7KXV� ZKLOH ZKR VXUYLYHV LV

GHWHUPLQHG� WKH TXHVWLRQ RI DV\PSWRWLF FRQWURO RI WKH PDUNHW� D ORJLFDOO\ GLnHUHQW LVVXH IURP

ZKLFK JURXS
V QXPEHUV DUH SUHSRQGHUDQW LQ WKH OLPLW� FDQQRW EH H[DPLQHG�

2XU DLP LQ WKLV SDSHU LV WR VWXG\ D VLPSOH G\QDPLF PRGHO WKDW LV ULFK HQRXJK WR DGPLW WKH

IROORZLQJ LPSRUWDQW IHDWXUHV�

�� 7KHUH LV DQ H[SOLFLW VXUYLYDO FULWHULRQ� DQG DOO DJHQWV DUH DZDUH RI WKLV FULWHULRQ�

�� 7KHUH DUH GLnHUHQW NLQGV RI DJHQWV ZKR LQWHUDFW ZLWK HDFK RWKHU DW UHJXODU LQWHUYDOV� 6RPH

DJHQWV VLPSO\ WU\ WR PD[LPL]H WKH SUREDELOLW\ RI VXUYLYLQJ HDFK HQFRXQWHU� ZKLOH RWKHUV

PD[LPL]H WKH H[SHFWHG OHYHO RI SURoWV IURP WKH LQWHUDFWLRQV�

�� (DFK PHPEHU RI HDFK JURXS LV DOVR FKDUDFWHUL]HG E\ KLV ZHDOWK OHYHO. DW DQ\ SRLQW LQ WLPH�

VR WKDW WKHUH DUH WZR G\QDPLF SURFHVVHV WKDW HYROYH WRJHWKHU� WKH SURSRUWLRQ RI HDFK W\SH

LQ WKH RYHUDOO SRSXODWLRQ� DQG WKH ZHDOWK VKDUH RI HDFK W\SH LQ WKH RYHUDOO ZHDOWK�

2XU PRGHO ZLOO KDYH WKH DSSHDOLQJ IHDWXUH WKDW RQH JURXS RI DJHQWV_WKH VXUYLYDO�SUREDELOLW\

PD[LPL]HUV_ZLOO� FHWHULV SDULEXV� KDYH D JUHDWHU SUREDELOLW\ RI VXUYLYDO� EXW FRQGLWLRQDO RQ VXUYLYDO�

WKH ZHDOWK OHYHO RI WKH RWKHU JURXS_WKH H[SHFWHG�SURoW PD[LPL]HUV_ZLOO EH KLJKHU�

DVhh/ h1j1/ Iulhgpdq +4<;;, ru wkh Mrxuqdo ri Hfrqrplf Wkhru| V|psrvlxp Lvvxh rq Hyroxwlrqdu| Jdphv

+Dxjxvw 4<<5,1
SVrph prghov ri hyroxwlrqdu| ohduqlqj +h1j1/ Fdqqlqj/ 4<<3, surylgh djhqwv zlwk hqgrjhqhrxv ghflvlrq0pdnlqj

srzhu1 Khuh/ w|slfdoo|/ djhqwv* dfwlrqv kdyh wr eh ehvw0uhvsrqvhv wr vrph frqmhfwxuhg srsxodwlrq vwudwhjlhv1
.Zhdowk lq rxu prgho lv d sur{| iru pdunhw srzhu1
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2XU DLP LV WKHQ WR WUDFN WKH SHUIRUPDQFH RI WKH WZR JURXSV RYHU WLPH DORQJ WZR GLPHQVLRQV�

)LUVW� KRZ GR WKH SURSRUWLRQV RI WKH WZR JURXSV LQ WKH RYHUDOO SRSXODWLRQ FKDQJH RYHU WLPH"

6HFRQG� KRZ GR WKH SURSRUWLRQV RI WRWDO ZHDOWK FRQWUROOHG E\ HDFK JURXS FKDQJH RYHU WLPH" :H

DGRSW WKH SRVLWLRQ DW WKH RXWVHW WKDW WKH ?oWQHVV� RI D VWUDWHJ\ LQ WKH PDUNHWSODFH PXVW EH

PHDVXUHG DORQJ ERWK GLPHQVLRQV� $ VWUDWHJ\ WKDW OHDGV WR ?VXUYLYDO� ZKLOH JHWWLQJ VZDPSHG LQ

JURZWK E\ RWKHU VWUDWHJLHV� LV QRW ?oW� LQ DQ\ VHQVH LQ ZKLFK HFRQRPLVWV ZRXOG ZLVK WR XVH WKDW

ZRUG�

7KH GHWDLOV RI WKH PRGHO ZH VWXG\ ERUURZV PXFK IURP ERWK EUDQFKHV RI WKH OLWHUDWXUH GLVFXVVHG

DERYH� )URP WKH oUVW� ZH DGRSW WKH QRWLRQ RI ?EDQNUXSWF\� DV GHWHUPLQLQJ WKH FRQGLWLRQ RI IDLOXUH�

VXUYLYDO WKHUHIRUH HQWDLOV DYRLGLQJ EDQNUXSWF\� )URP WKH VHFRQG� ZH LPSRUW WKH LGHD RI GLYLGLQJ

WKH SRSXODWLRQ LQWR GLnHUHQW W\SHV RI DJHQWV� DQG WKH PDWFKLQJ VSHFLoFDWLRQ� 0RUH IRUPDOO\� ZH

FRQVLGHU D ZRUOG ZLWK ODUJH SRSXODWLRQV RI WZR W\SHV RI DJHQWV� ZKR LQWHUDFW UHSHDWHGO\ RYHU D

QXPEHU RI ?URXQGV�� ,Q DQ\ URXQG� DJHQWV IURP HDFK W\SH DUH UDQGRPO\ PDWFKHG LQWR SDLUV� (DFK

SDLU WKHQ SOD\V D ?EDQNUXSWF\� JDPH� WKH RXWVWDQGLQJ IHDWXUH RI ZKLFK LV WKDW QRW DOO ULVN FDQ

EH KHGJHG �WKHUH LV UHDO XQFHUWDLQW\�� ,Q WKLV JDPH� SOD\HUV SLFN DFWLRQV WKDW MRLQWO\ GHWHUPLQH

WKH SDUDPHWHUV RI WKH VWRFKDVWLF SURFHVV JRYHUQLQJ WKH JURZWK UDWH DQG HYROXWLRQ RI WKHLU ZHDOWK

OHYHOV� 7KH JDPH WHUPLQDWHV ZKHQ RQH SOD\HU KDV EHFRPH EDQNUXSW� L�H�� ZKHQ KLV ZHDOWK OHYHO

UHDFKHV ]HUR� 7KH EDQNUXSW DJHQW WKHQ OHDYHV WKH JDPH� ZKLOH WKH VXUYLYLQJ DJHQW WDNHV KLV

ZHDOWK OHYHO DW WKLV SRLQW LQWR WKH QH[W URXQG�

$JHQWV IURP WKH WZR SRSXODWLRQV DUH SUHVXPHG WR KDYH GLnHUHQW SUHIHUHQFHV� ,Q SDUWLFXODU�

ZH DVVXPH WKDW WKRVH RI WKH oUVW W\SH FKRRVH WKHLU VWUDWHJLHV WR PD[LPL]H WKHLU H[SHFWHG ZHDOWK

OHYHO DW WKH HQG RI HDFK URXQG �LQ RXU PRGHO WKLV LV DQDORJRXV WR PD[LPL]LQJ H[SHFWHG SURoWV

IURP HDFK HQFRXQWHU�� ZKLOH DJHQWV IURP WKH VHFRQG SRSXODWLRQ VLPSO\ PD[LPL]H WKHLU SUREDELOLW\

RI VXUYLYLQJ �L�H�� QRW JRLQJ EDQNUXSW LQ� HDFK URXQG�

2XU PDLQ FRQFOXVLRQV PD\ EH VXPPDUL]HG DV IROORZV� )LUVW� ZKHQ WKH HQYLURQPHQW LV ?V\P�

PHWULF� �HLWKHU JURXS IDFHV H[DFWO\ WKH VDPH SRVVLELOLWLHV DQG SD\RnV� WKH RQO\ GLnHUHQFH EHLQJ

WKHLU REMHFWLYHV�� H[SHFWHG SURoW�PD[LPL]HUV QHYHU IDUH EHWWHU WKDQ VXUYLYDO�SUREDELOLW\ PD[LPL]HUV

RQ SRSXODWLRQ VKDUH� DQG RIWHQ GR VWULFWO\ ZRUVH� 2Q WKH RWKHU KDQG� H[SHFWHG�SURoW PD[LPL]HUV

IDUH DW OHDVW DV ZHOO DV VXUYLYDO�SUREDELOLW\ PD[LPL]HUV RQ ZHDOWK VKDUH� DQG VRPHWLPHV GR VWULFWO\

EHWWHU� ,Q SDUWLFXODU� ZKHQ WKH VWDJH�JDPH LV ?OLQHDU�� WKH\ GR DV ZHOO RQ WKH ZHDOWK�VKDUH GLPHQ�

VLRQ� EXW VWULFWO\ ZRUVH RQ WKH SRSXODWLRQ VKDUH GLPHQVLRQ� :KHQ WKH VWDJH JDPH LV VXqFLHQWO\

QRQ�OLQHDU� WKH\ GR VWULFWO\ EHWWHU RQ ZHDOWK VKDUH� HYHQ WKRXJK WKH\ GR ZRUVH RQ SXSXODWLRQ

VKDUH�

6HFRQGO\� V\PPHWU\ LV LPSRUWDQW IRU D IDLU FRPSDULVRQ� ,I WKH PRGHO LV DV\PPHWULF �L�H��

WKH HQYLURQPHQW IDYRUV RQH JURXS RU WKH RWKHU�� PXFK GHSHQGV RQ ZKR KDV DFFHVV WR WKH VX�

SHULRU WHFKQRORJ\� ,I WKH HQYLURQPHQW IDFRUV WKH H[SHFWHG�SURoW PD[LPL]HUV �QR PDWWHU KRZ

VOLJKWO\�� WKH\ FDQ FRPH WR GRPLQDWH WKH PDUNHW DORQJ ERWK GLPHQVLRQV� LQ SRSXODWLRQ�VKDUH DV
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ZHOO DV ZHDOWK�VKDUH� EXW H[DFWO\ WKH RSSRVLWH LV WUXH LI WKH HQYLURQPHQW WLOWV WRZDUGV WKH VXUYLYDO�

SUREDELOLW\ PD[LPL]HUV� )LQDOO\� LI ZHDOWK JHQHUDWLRQ LV VXEMHFW WR LQFUHDVLQJ UHWXUQV� WKHQ ZH oQG

WKDW H[SHFWHG�SURoW PD[LPL]HUV FDQ FRPH WR FRQWURO WKH HQWLUH PDUNHW ZHDOWK HYHQ LI WKHLU VKDUH

LQ WKH SRSXODWLRQ IDOOV EHORZ ����

7KH WZR SDSHUV FORVHVW WR RXUV DUH 'XWWD DQG 5DGQHU ������ DQG %OXPH DQG (DVOH\ �������

7KH 'XWWD�5DGQHU SDSHU DVNV H[DFWO\ WKH VDPH TXHVWLRQ DV WKH FXUUHQW RQH� �XQGHU ZKDW FRQ�

GLWLRQV� GRHV D PDUNHW ZKRVH VHOHFWLRQ PHFKDQLVP LV EDQNUXSWF\ VHOHFW DQ HQWUHSUHQHXU ZLWK

SURoW�PD[LPL]LQJ SUHIHUHQFHV" 7KH FRQFOXVLRQ UHDFKHG E\ WKDW SDSHU LV HYHQ PRUH VWDUN WKDQ

WKH RQH ZH XQFRYHU KHUH� LQ WKH 'XWWD�5DGQHU PRGHO� HYHU\ SURoW�PD[LPL]LQJ HQWUHSUHQHXU JRHV

EDQNUXSW LQ oQLWH WLPH ZLWK SUREDELOLW\ RQH� EXW WKHUH DUH VXUYLYDOLVWV ZKR VXUYLYH IRUHYHU ZLWK

SRVLWLYH SUREDELOLW\� +HQFH� DIWHU D ORQJ SHULRG RI WLPH� WKH SURSRUWLRQ RI WKH SRSXODWLRQ WKDW

LV PD[LPL]LQJ SURoWV LV HVVHQWLDOO\ ]HUR� 0RUHRYHU� WKH ZHDOWK VKDUH RI SURoW�PD[LPL]LQJ HQ�

WUHSUHQHXUV DOVR JRHV WR ]HUR�

7KH PRGHO LQ WKH 'XWWD�5DGQHU SDSHU GLnHUV IURP WKH FXUUHQW RQH LQ RQH LPSRUWDQW UHVSHFW�

XQOLNH KHUH� WKHUH LV QR SURGXFW�PDUNHW LQWHUDFWLRQ LQ WKDW PRGHO �DOWKRXJK WKHUH LV FDSLWDO�PDUNHW

LQWHUDFWLRQ VLQFH HYHU\ oUP KDV WR FRPH WR D FRPPRQ FDSLWDO PDUNHW WR JHW IXQGHG�� 2QFH IXQGHG�

HDFK oUP LV UXQ LQGHSHQGHQWO\_RU HTXLYDOHQWO\� LV UXQ LQ D FRPSHWLWLYH SURGXFW PDUNHW� +HQFH WKH

GLnHUHQWLDO SHUIRUPDQFH RI SURoW�PD[LPL]HUV YHUVXV VXUYLYDOLVWV LV GULYHQ QRW E\ UHODWLYH GLnHUHQFHV

LQ ULVNLQHVV RI FKRLFH �DV LQ WKH FXUUHQW DQDO\VLV� EXW UDWKHU E\ DEVROXWH GLnHUHQFHV� ,Q SDUWLFXODU�

WKH NH\ LQVLJKW RI WKH 'XWWD�5DGQHU SDSHU LV WKDW D SURoW�PD[LPL]LQJ HQWUHSUHQHXU ZRXOG QHYHU

ZDQW WR EXLOG XS DUELWUDULO\ ODUJH FDVK UHVHUYHV �VLQFH GRLQJ VR FRPSURPLVHV WKH SURoWV WKDW FDQ

EH GLVWULEXWHG WR VKDUHKROGHUV�� 2Q WKH RWKHU KDQG� D VXUYLYDOLVW HQWUHSUHQHXU ZRXOG DGRSW D

GLYLGHQG SD\RXW SROLF\ WKDW DOORZV IRU DUELWUDULO\ ODUJH UHVHUYHV� )URP D ORQJ�WHUP VXUYLYDO SRLQW

RI YLHZ� D FDVK UHVHUYH WKDW LV oQLWH�VL]HG PXVW QHFHVVDULO\ JHW UXQ GRZQ WR ]HUR LQ oQLWH WLPH�

7KH %OXPH DQG (DVOH\ SDSHU DOVR LQYHVWLJDWHV WKH ?VXUYLYDO� RI ?SURoW�PD[LPL]LQJ� DJHQWV�

+RZHYHU� WKHLU PRGHO LV D SXUH JDPEOLQJ PRGHO ZLWK QR SURGXFWLRQ DQG KHQFH WKHLU DJHQWV DUH

PRUH DQDORJRXV WR FRQVXPHUV� VRPH RI ZKRP SXUVXH H[SHFWHG XWLOLW\ PD[LPL]DWLRQ ZKLOH RWKHUV

GR QRW� 0RUHRYHU WKHUH LV QR EDQNUXSWF\ LQ WKH PRGHO� +HQFH� WKH ZRUVW WKDW FDQ KDSSHQ WR DQ

DJHQW W\SH LV WKDW WKHLU ZHDOWK VKDUH FDQ GHFUHDVH RYHU WLPH �DOWKRXJK WKHLU SRSXODWLRQ VKDUH� E\

GHoQLWLRQ� PXVW UHPDLQ XQFKDQJHG�� %OXPH DQG (DVOH\ VKRZ WKDW XQGHU D YDULHW\ RI VFHQDULRV LW LV

HQWLUHO\ SRVVLEOH WKDW WKH ZHDOWK VKDUH RI H[SHFWHG SURoW PD[LPL]HUV VLQN WR ]HUR� 7KH\ ZHUH QRW

DEOH� KRZHYHU� WR HVWDEOLVK ZKLFK EHKDYLRUDO UXOHV ZRXOG QHFHVVDULO\ GR EHWWHU WKDQ WKH H[SHFWHG

XWLOLW\ PD[LPL]HUV�

7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � GHVFULEHV RXU PRGHO DQG

PRWLYDWHV WKH VWDJH�JDPH VWUXFWXUH WKDW ZH XVH� 6HFWLRQ � DQDO\]HV WKH ?OLQHDU� JDPH� ERWK ZLWK

DQG ZLWKRXW V\PPHWU\� 6HFWLRQ � FRPSOHWHV WKH DQDO\VLV E\ ORRNLQJ DW QRQ�OLQHDU H[WHQVLRQV RI

WKH PRGHO�
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7KLV VHFWLRQ LV GLYLGHG LQWR WZR SDUWV� ,Q VXEVHFWLRQ ���� ZH RXWOLQH WKH EDVLF VWUXFWXUH RI WKH

HYROXWLRQDU\ JDPH WKDW ZH VWXG\ LQ WKLV SDSHU� 6XEVHFWLRQ ��� WKHQ SUHVHQWV WKH VSHFLoF TXHVWLRQV

RI LQWHUHVW�
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:H FRQVLGHU D PRGHO ZLWK WZR SRSXODWLRQV RI DJHQWV� GHQRWHG , DQG ,,� HDFK ZLWK D FRQWLQXXP

RI PHPEHUV� 7KH LQLWLDO PHDVXUH RI HDFK SRSXODWLRQ LV QRUPDOL]HG WR XQLW\� 0HPEHUV RI HLWKHU

SRSXODWLRQ DUH FKDUDFWHUL]HG DW HDFK SRLQW LQ WLPH E\ WKHLU ZHDOWK OHYHOV� 7KH LQLWLDO ZHDOWK OHYHO

RI HDFK PHPEHU RI HDFK SRSXODWLRQ LV o[HG DW VRPH + : f�

,Q HDFK SHULRG | ' fc �c 2c ���c RI DQ LQoQLWH KRUL]RQ� DJHQWV RI WKH WZR SRSXODWLRQV DUH PDWFKHG

LQWR SOD\LQJ D V\PPHWULF VWDJH JDPH WKDW ZH VRPHWLPHV UHIHU WR DV D ?EDQNUXSWF\ JDPH�� 7KH

DFWLRQ VSDFH IRU HLWKHU SOD\HU LQ WKLV JDPH LV D QRQ�GHJHQHUDWH FRPSDFW VHWg � U� 7KHVH DFWLRQV
PD\ EH WKRXJKW RI HVVHQWLDOO\ DV FRQVWLWXWLQJ WKH SOD\HUV
 FKRLFH RI ?ULVN OHYHOV� LQ WKH JDPH� WKLV

LQWHUSUHWDWLRQ RI g ZLOO EHFRPH FOHDU VKRUWO\� 7KH RXWFRPH RI WKH JDPH GHFLGHV WZR WKLQJV� WKH

SOD\HU ZKR ?VXUYLYHV� WKH JDPH� DQG WKH ZHDOWK OHYHO RI WKH VXUYLYLQJ SOD\HU DW WKH HQG RI WKH

JDPH� 7KLV RXWFRPH� LQ WXUQ� GHSHQGV RQ WZR IDFWRUV� YL]�� WKH DFWLRQV WKH SOD\HUV WDNH LQ WKH

JDPH� DQG WKH ZHDOWK OHYHOV WKH\ EULQJ WR WKH JDPH� 0RUH IRUPDOO\� OHWWLQJ &
�

GHQRWH WKH DFWLRQ

FKRLFH RI WKH W\SH�� SOD\HU� DQG +
�

WKDW SOD\HU
V ZHDOWK OHYHO DW WKH VWDUW RI WKH JDPH� WKH RXWFRPH

RI WKH JDPH LV GHWHUPLQHG E\ IRXU IXQFWLRQV E4
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VSHFLoHV WKH WHUPLQDO ZHDOWK OHYHO RI SOD\HU � LQ WKH HYHQW WKDW KH VXUYLYHV� 7KH EDQNUXSW SOD\HU

�VD\ �� WKHQ H[LWV WKH JDPH� ZKLOH WKH VXUYLYRU � PRYHV LQWR WKH QH[W URXQG ZLWK WKH ZHDOWK OHYHO
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E���
$GGLWLRQDO VWUXFWXUH ZLOO EH UHTXLUHG RI WKH IXQFWLRQV 4

�

DQG �
�

LQ WKH VHTXHO� :H ZLOO UHTXLUH

WKH FRQGLWLRQV $�^$� OLVWHG EHORZ� 7KH oUVW WZR DVVXPSWLRQV DUH V\PPHWU\ FRQGLWLRQV RQ WKH

JDPH� �2Q WKH LPSRUWDQFH RI V\PPHWU\� VHH VXEVHFWLRQ ��� EHORZ�� 7KH WKLUG DVVXPSWLRQ LQYROYHV

WKH QDWXUDO FRQGLWLRQ WKDW� FHWHULV SDULEXV� WKH SUREDELOLW\ RI VXFFHVV �DV DOVR WKH WHUPLQDO ZHDOWK

FRQWLQJHQW RQ ZLQQLQJ� LV LQFUHDVLQJ LQ RZQ ZHDOWK� )LQDOO\� $VVXPSWLRQ $� PDNHV FOHDU WKH

LQWHUSUHWDWLRQ RI DFWLRQV DV FKRLFHV RI ULVN OHYHOV� LW DVVHUWV WKDW� FHWHULV SDULEXV� D KLJKHU DFWLRQ

UHVXOWV LQ D ORZHU SUREDELOLW\ RI VXUYLYDO� EXW� FRQWLQJHQW RQ VXUYLYDO� DOVR UHVXOWV LQ D KLJKHU

ZHDOWK OHYHO� ,Q FRQMXQFWLRQ ZLWK $�� WKLV DVVXPSWLRQ FUHDWHV WKH WHQVLRQ WKDW IRUPV DQ LPSRUWDQW

FRPSRQHQW RI RXU PRGHO� D� OHVV ULVN\ DFWLRQ WRGD\ LPSOLHV D JUHDWHU SUREDELOLW\ RI VXUYLYDO WKLV

SHULRG �L�H�� LQ WKH VKRUW UXQ�� EXW DOVR UHVXOWV LQ D ORZHU UDWH RI JURZWK RI ZHDOWK� ZKLFK� E\ $��

UHGXFHV ORQJ UXQ VXUYLYDO SURVSHFWV�
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5HWXUQLQJ WR RXU GHVFULSWLRQ RI WKH VWDJH JDPH� WKH SOD\HUV RI SRSXODWLRQ , �ZKRP ZH ZLOO

DOVR UHIHU WR DV ?H[SHFWHG�SURoW PD[LPL]HUV�� DLP WR PD[LPL]H WKHLU H[SHFWHG SURoWV IURP HDFK
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0HPEHUV RI WKH VHFRQG SRSXODWLRQ �ZKRP ZH FDOO WKH ?VXUYLYDO SUREDELOLW\ PD[LPL]HUV���

RQ WKH RWKHU KDQG� KDYH DV WKHLU REMHFWLYH VLPSO\ PD[LPL]LQJ WKH SUREDELOLW\ RI VXUYLYLQJ HDFK
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� GHQRWH� UHVSHFWLYHO\� WKH VROXWLRQV WR WKH RSWLPL]DWLRQ

SUREOHPV RI SOD\HUV � DQG �� $V DOZD\V� D �1DVK� HTXLOLEULXP RI WKH JDPH LV D VWUDWHJ\ SDLU

ZKLFK LV VXFK WKDW QR SOD\HU FDQ EHQHoW IURP XQLODWHUDO GHYLDWLRQ� L�H�� D� SDLU VE+
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7KLV FRPSOHWHV WKH GHVFULSWLRQ RI WKH VWDJH JDPH� 7KH IROORZLQJ VXEVHFWLRQ XWLOL]HV WKLV

VWUXFWXUH WR LGHQWLI\ WKH TXHVWLRQV RI LQWHUHVW�
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7KURXJKRXW WKH SDSHU� WR NHHS HTXLOLEULXP G\QDPLFV WUDFWDEOH� ZH ZLOO DVVXPH WKDW DOO PHPEHUV

RI D JLYHQ SRSXODWLRQ XVH WKH VDPH VWUDWHJ\� /HW VE+
�
c +

2
� EH VRPH HTXLOLEULXP VWUDWHJ\ SDLU�

7KH VHOHFWLRQ V WRJHWKHU ZLWK WKH LQLWLDO �FRPPRQ� ZHDOWK OHYHO + GHWHUPLQHV WKH HYROXWLRQ RI

SHU FDSLWD ZHDOWK OHYHOV RI WKH VXUYLYRUV LQ HDFK SRSXODWLRQ DV IROORZV �KHUH� DV LQ WKH VHTXHO� ZH

VXSSUHVV GHSHQGHQFH RI WKHVH REMHFWV RQ V DQG +��
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,GHQWLI\LQJ WKH SUREDELOLW\ RI D PHPEHU RI D SRSXODWLRQ VXUYLYLQJ ZLWK WKH IUDFWLRQ RI WKDW SRSX�

ODWLRQ ZKLFK VXUYLYHV� WKH IUDFWLRQ R
�|

RI SRSXODWLRQ � ZKLFK VXUYLYHV LQWR SHULRG | LV�
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7KXV� WKH UHODWLYH VKDUH R
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RI SRSXODWLRQ , LQ WKH WRWDO SRSXODWLRQ DW WLPH E|n�� �YL]�� WKH UDWLR
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7KH VHTXHQFHV R
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IRUP WKH IRFXV RI RXU VWXG\ LQ WKLV SDSHU� 7R VWDWH WKH SUHFLVH TXHVWLRQV

RI LQWHUHVW UHTXLUHV D OLWWOH PRUH QRWDWLRQ�

/HW �
"

DQG 7
"

GHQRWH WKH VHW RI DOO OLPLW SRLQWV RI WKH VHTXHQFHV iR
|

j DQG ir
|

j� UHVSHFWLYHO\�
1RWH WKDW WKH VHTXHQFHV iR

|

j DQG ir
|

j �DV DOVR� WKHUHIRUH� �
"
DQG 7

"
� GHSHQG RQ WKH HTXLOLEULXP

VWUDWHJ\ SDLU VE��� :H ZLOO VRPHWLPHV KLJKOLJKW WKLV GHSHQGHQFH E\ ZULWLQJ �
"
EV�c 7

"
EV�� HWF�

$ VWUDWHJ\ V
�
� IRU SRSXODWLRQ , ZLOO EH FDOOHG D oW VWUDWHJ\ DJDLQVW V

2
� LI LW LV WKH FDVH WKDW

HLWKHU �?u �
"
EV

�
c V

2
� : f� RU �?u 7

"
EV

�
c V

2
� : f� 7KLV GHoQLWLRQ RI oWQHVV LV UHDOO\ D PLQLPDO

RQH� D VWUDWHJ\ LV oW DV ORQJ DV LW GRHV QRW OHDG WR WRWDO IDLOXUH� �%\ RXU V\PPHWU\ DVVXPSWLRQV�

oW VWUDWHJLHV DOZD\V H[LVW_HYHU\ VWUDWHJ\ LV oW DJDLQVW LWVHOI��

$V D VWURQJHU GHoQLWLRQ� D VWUDWHJ\ V
�
� IRU SRSXODWLRQ , ZLOO EH FDOOHG D PRVW oW VWUDWHJ\

DJDLQVW V
2
LI WKH IROORZLQJ FRQGLWLRQ KROGV� WKHUH H[LVWV QR RWKHU VWUDWHJ\ eV

�
VXFK WKDW eR � R
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OHDVW RQH VWULFW LQHTXDOLW\ IRU VRPH EeRc R� RU Eerc r�� ,Q ZRUGV� V
�
LV PRVW oW DJDLQVW V

2
� LI WKHUH LV

QR RWKHU VWUDWHJ\ IRU 3RSXODWLRQ , DOO RI ZKRVH OLPLW SRLQWV GRPLQDWH DOO RI WKRVH XQGHU EV
�
c V

2
��

ZLWK VWULFW LQHTXDOLW\ VRPHZKHUH�

)LQDOO\� WKH VWUDWHJ\ V
�
� ZLOO EH WHUPHG DQ XQEHDWDEOH VWUDWHJ\ IRU 3RSXODWLRQ ,� LI LW LV D PRVW

oW VWUDWHJ\ DJDLQVW DQ\ VWUDWHJ\ V
2
IRU 3RSXODWLRQ ,,�

$QDORJRXV GHoQLWLRQV RI ?oW�� ?PRVW oW�� DQG ?XQEHDWDEOH� VWUDWHJLHV KROG IRU SRSXODWLRQ ,,�

:H QRWH WKH LPSRUWDQW SRLQW WKDW �RQFH DJDLQ� E\ WKH V\PPHWU\ DVVXPSWLRQV�� WKH VHWV RI oW�

PRVW oW� DQG XQEHDWDEOH VWUDWHJLHV IRU WKH WZR SRSXODWLRQV FRLQFLGH� 6R� IRU LQVWDQFH� D VWUDWHJ\

V
�

LV D oW VWUDWHJ\ IRU 3RSXODWLRQ � DJDLQVW D VWUDWHJ\ V
�

IRU SRSXODWLRQ � LI� DQG RQO\ LI� V
�

LV D

oW VWUDWHJ\ IRU 3RSXODWLRQ � ZKHQ 3RSXODWLRQ � DGRSWV V
�

�

2I FRXUVH� WKH oWQHVV RI D VWUDWHJ\ FRQIHUV QR HTXLOLEULXP SURSHUWLHV RQ LW ZKDWVRHYHU� LQ

SDUWLFXODU� LW FDQ EH WKH FDVH WKDW EV
�
c V

2
� DUH D� SDLU RI VWUDWHJLHV WKDW DUH oW DJDLQVW HDFK RWKHU

�RU PRVW oW DJDLQVW HDFK RWKHU� RU HYHQ XQEHDWDEOH�� EXW WKDW GR QRW FRQVWLWXWH D 1DVK HTXLOLEULXP

SDLU�

,QGHHG� RXU IRFXV LQ WKLV SDSHU LV SULPDULO\ RQ WKH UHODWLRQVKLS EHWZHHQ oWQHVV DQG HTXLOLEULXP�

6SHFLoFDOO\� ZH DUH LQWHUHVWHG LQ WKH IROORZLQJ TXHVWLRQV� :KHQ LV LW WKH FDVH WKDW HTXLOLEULXP

VWUDWHJ\ SURoOHV DUH DOVR oW �RU PRVW oW RU XQEHDWDEOH� DJDLQVW HDFK RWKHU" ,Q SDUWLFXODU� ZKHQ LV

WKLV WUXH IRU 3RSXODWLRQ , �WKH H[SHFWHG SURoW PD[LPL]HUV�" &RQYHUVHO\� ZKHQ GR PRVW oW VWUDWHJLHV

�DQG� HVSHFLDOO\� XQEHDWDEOH RQHV� FRQVWLWXWH DQ HTXLOLEULXP" )LQDOO\� ZKHQ LV LW WKH FDVH WKDW� LQ

HTXLOLEULXP� RQH VLGH FRPHV WR GRPLQDWH WKH PDUNHW IURP WKH ZHDOWK DQJOH �7
"
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SRSXODWLRQ DQJOH ��
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,Q WKLV VHFWLRQ� ZH SUHVHQW D oUVW DQDO\VLV RI WKH HYROXWLRQDU\ JDPH RI VHFWLRQ �� E\ FRQVLGHULQJ

VRPH UHVWULFWLRQV RQ WKH IXQFWLRQV 4
�

DQG �
�

� 7KHVH UHVWULFWLRQV DULVH RXW RI D VLPSOH H[WHQVLRQ

WR D WZR�SHUVRQ VHWWLQJ RI WKH PXFK�VWXGLHG IUDPHZRUN RI RQH�SHUVRQ EDQNUXSWF\ SUREOHPV� :H

GHWDLO WKLV SURFHGXUH LQ VXEVHFWLRQ ��� EHORZ� :H WHUP WKH PRGHO RI WKH HYROXWLRQDU\ JDPH WKXV

REWDLQHG WKH OLQHDU PRGHO� LQ SDUW EHFDXVH WKH IXQFWLRQV �
�

DQG 4
�

�
�

GHSHQG OLQHDUO\ RQ +
�
DQG +

2
�

,Q VHFWLRQ ���� ZH WKHQ DQDO\]H WKH FRQVHTXHQW HYROXWLRQDU\ JDPH G\QDPLFV� )LQDOO\� VXEVHFWLRQ

��� GLVFXVVHV WKH FRQVHTXHQFHV RI LQWURGXFLQJ DV\PPHWU\ LQWR WKH XQGHUO\LQJ PRGHO�

�



��� A�i �@?!h�T|U) B@4i

$ YDVW OLWHUDWXUH LQ VWDWLVWLFV DQG SUREDELOLW\ �DQG DOVR HFRQRPLFV� KDV H[DPLQHG WKH IROORZLQJ

RQH�SHUVRQ EDQNUXSWF\ SUREOHP �VHH� H�J�� .DUDW]DV DQG 6KUHYH ������� RU 'XELQV DQG 6DYDJH

������� $Q DJHQW EHJLQV ZLWK D ZHDOWK OHYHO RI + : f� 7KLV ZHDOWK HYROYHV DFFRUGLQJ WR WKH

SURFHVV
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ZKHUH ` LV VWDQGDUG %URZQLDQ PRWLRQ� 7KH SURFHVV WHUPLQDWHV DQG WKH DJHQW IDLOV DW WKH oUVW

A DW ZKLFK +EA � ' f� 7KH DJHQW LV SUHVXPHG WR KDYH VRPH FRQWURO RYHU WKLV SURFHVV �VD\� RYHU

WKH LQVWDQWDQHRXV GULIW 6 RU WKH YDULDQFH ��� DQG VHOHFWV KLV VWUDWHJ\ WR PD[LPL]H VRPH GHVLUHG

REMHFWLYH� VXFK DV WKH H[SHFWHG WLPH WR IDLOXUH�

$ WZR�SHUVRQ YHUVLRQ RI WKLV SUREOHP� WKDW FDQ EH YLHZHG DV D V\PPHWULF EDQNUXSWF\ JDPH LQ

ZKLFK SOD\HUV
 DFWLRQV VLPXOWDQHRXVO\ GHWHUPLQH �D� WKH SUREDELOLW\ RI EDQNUXSWF\ RI HDFK SOD\HU�

DQG �E� WKH ZHDOWK OHYHO RI WKH QRQ�EDQNUXSW SOD\HU DW WKH WLPH RI WKH RWKHU
V EDQNUXSWF\� PD\

EH REWDLQHG E\ PRGLI\LQJ WKLV SUREOHP DV IROORZV� /HW g � U EH D QRQ�GHJHQHUDWH FRPSDFW VHW

ZLWK ORZHU HQGSRLQW 4�?g DQG XSSHU HQGSRLQW 4@ g� �g UHSUHVHQWV WKH SOD\HUV
 �FRPPRQ�

FKRLFH RI DFWLRQV LQ WKH JDPH�� /HW } G g�g $ U
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EH DQ\ FRQWLQXRXV DQG V\PPHWULF IXQFWLRQ
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