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4Zh wkdqn Pduwlq Juxehu iru kdylqj lqwurgxfhg xv wr wkh wrslf lqyhvwljdwhg lq wklv sdshu> dqg Dqguh
Shurog dqg vhplqdu sduwlflsdqwv dw Qruwkhdvwhuq Xqlyhuvlw| iru wkhlu frpphqwv1 Zh duh dovr yhu| judwhixo
wr Oduu| Jorvwhq dqg dq dqrq|prxv uhihuhh iru ghwdlohg frpphqwv wkdw ohg wr dq h{whqvlyh uhylvlrq ri wklv
sdshu1 Wkh vhfrqg dxwkru zrxog dovr olnh wr wkdqn wkh Qdwlrqdo Vflhqfh Irxqgdwlrq iru vxssruw xqghu judqw
VEU <70437;81



Devwudfw

Wkh Lqyhvwphqw Dgylvhuv Dfw ri 4<73 +dv dphqghg lq 4<:3, surklelwv pxwxdo ixqgv lq wkh XV iurp
r�hulqj wkhlu dgylvhuv dv|pphwulf _lqfhqwlyh ihh% frqwudfwv lq zklfk wkh dgylvhuv duh uhzdughg iru
vxshulru shuirupdqfh yld0d0ylv d fkrvhq lqgh{ exw duh qrw fruuhvsrqglqjo| shqdol}hg iru xqghuirup0
lqj lw1 Wkh udwlrqdoh r�huhg lq ghihqvh ri wkh uhjxodwlrq e| erwk wkh VHF dqg Frqjuhvv lv wkdw
lqfhqwlyh ihh vwuxfwxuhv ri wklv vruw hqfrxudjh _h{fhvvlyh% ulvn0wdnlqj e| dgylvhuv1

Dsduw iurp d�hfwlqj sruwirolr vhohfwlrq lqfhqwlyhv/ krzhyhu/ wkh ihh vwuxfwxuh dovr lq�xhqfhv
htxloleulxp zhoiduh ohyhov lq wzr rwkhu lpsruwdqw zd|v= +d, wkurxjk lwv ulvn0vkdulqj surshuwlhv/
dqg +e, wkurxjk lwv srwhqwldo dw frqyh|lqj lqirupdwlrq derxw wkh dgylvhu*v delolwlhv1 Wklv sdshu
h{dplqhv d vljqdoolqj prgho zlwk pxowlsoh ixqgv dqg pxowlsoh ulvn| vhfxulwlhv lq zklfk doo ri wkhvh
h�hfwv duh suhvhqw1 Zh �qg wkdw lqfhqwlyh ihhv gr/ dv doohjhg/ ohdg wr pruh +dqg vxerswlpdo, ulvn0
wdnlqj wkdq gr v|pphwulf _ixofuxp ihhv1% Qrqhwkhohvv/ wdnlqj lqwr dffrxqw wkh rwkhu urohv ri wkh
ihh vwuxfwxuh/ zh �qg xqghu urexvw frqglwlrqv wkdw lqyhvwruv pd| dfwxdoo| eh vwulfwo| ehwwhu r� iurp
d zhoiduh vwdqgsrlqw xqghu dv|pphwulf lqfhqwlyh ihh vwuxfwxuhv1 Lq vxppdu|/ zh gr qrw �qg pxfk
mxvwl�fdwlrq iru wkh uhjxodwlrq1
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Shuplvvleoh ihh vwuxfwxuhv lq wkh XV pxwxdo ixqg lqgxvwu| duh odlg rxw lq wkh 4<:3 Dphqgphqw
wr wkh Lqyhvwphqw Dgylvhuv Dfw ri 4<731� Wkh Dfw doorzv pxwxdo ixqgv dqg wkhlu lqyhvwphqw
dgylvhuv wr hqwhu lqwr shuirupdqfh0edvhg frpshqvdwlrq frqwudfwv rqo| li wkh| duh ri wkh _ixofuxp%
ydulhw|/ wkdw lv/ rqhv lq zklfk wkh dgylvhu*v ihh lv v|pphwulf durxqg d fkrvhq lqgh{/ ghfuhdvlqj iru
xqghushuiruplqj wkh lqgh{ lq wkh vdph zd| lq zklfk lw lqfuhdvhv iru rxwshuiruplqj lw1 Wkxv/ zkloh
wkh Dfw grhv qrw uxoh rxw _iudfwlrq ri ixqgv% ihhv lq zklfk dgylvhuv duh sdlg d �{hg shufhqwdjh ri
wkh wrwdo ixqgv xqghu pdqdjhphqw/ lw grhv surklelw vr0fdoohg dv|pphwulf _lqfhqwlyh ihh% frqwudfwv
lq zklfk dgylvhuv uhfhlyh d edvh ihh soxv d erqxv iru h{fhhglqj d ehqfkpdun lqgh{12

Wkh udwlrqdoh prvw frpprqo| r�huhg lq ghihqvh ri wkh uhjxodwlrq lv wkdw lqfhqwlyh ihhv zlwk wkhlu
rswlrq0olnh sd|r� vwuxfwxuhv hqfrxudjh lqyhvwphqw dgylvhuv wr wdnh _h{fhvvlyh% dprxqwv ri ulvn e|
surwhfwlqj wkhp iurp wkh qhjdwlyh frqvhtxhqfhv ri wkhlu dfwlrqv1 Wklv h�hfw rq sruwirolr vhohfwlrq lv
lqwxlwlyho| sodxvleoh/ dqg pd| hyhq eh ghvludeoh1 Qrqhwkhohvv/ wkh surshuwlhv ri wkh ihh vwuxfwxuh dovr
d�hfw htxloleulxp zhoiduh lq dw ohdvw wzr rwkhu zd|v1 Iluvw/ e| ghwhuplqlqj wkh glylvlrq ri uhwxuqv
ehwzhhq lqyhvwru dqg dgylvhu/ wkh ihh vwuxfwxuh sod|v dq lpsruwdqw ulvn0vkdulqj uroh1 Vhfrqg/ lq
wkh suhvhqfh ri lqyhvwphqw dgylvhuv ri gl�hulqj delolwlhv/ wkh ihhv srwhqwldoo| frqyh| lqirupdwlrq
frqfhuqlqj wkhvh delolwlhv1 Lq wklv sdshu/ zh ghvfuleh d prgho lq zklfk doo ri wkhvh frqvlghudwlrqv
duh suhvhqw/ dqg xvh lw wr h{dplqh wkh htxloleulxp zhoiduh lpsolfdwlrqv ri wkh fxuuhqw uhjxodwlrqv1

D fhqwudo dvshfw ri wkh prgholqj surfhvv lv wkh txhvwlrq ri zkr ghwhuplqhv wkh irup ri wkh frp0
shqvdwlrq frqwudfw1 Wkh wudglwlrqdo sulqflsdo2djhqw dssurdfk dvvljqv wklv ghflvlrq wr wkh sulqflsdo/
yl}1/ wkh lqyhvwru lq klv uroh dv ixqg vkduhkroghu +vhh/ iru lqvwdqfh/ Khlqnho dqg Vwrxjkwrq ^44`,1
Zh wdnh d gl�huhqw dssurdfk/ dqg lqvwhdg dvvxph wkdw wkh fkrlfh ri ihh vwuxfwxuh lv pdgh e| wkh
lqyhvwphqw dgylvhu1 Wzr uhdvrqv xqghuolh wklv ghflvlrq1

Wkh �uvw/ dqg pruh survdlf/ rqh lv wkdw li wkh lqyhvwru zhuh/ lq idfw/ lq frqwuro ri wkh irup ri
wkh frpshqvdwlrq frqwudfw/ uhvwulfwlrqv rq wkh irupv ri wklv frqwudfw fdq kxuw/ exw fhuwdlqo| fdqqrw
hqkdqfh/ lqyhvwru zhoiduh1 Wkxv/ wkh uhjxodwlrq zrxog eh vxshu�xrxv/ dqg hyhq vhoi0ghihdwlqj1 Lw
lv rqo| zkhq wkh fkrlfh ri frqwudfw lv h�hfwlyho| eh|rqg wkh lqyhvwru*v sxuylhz wkdw wkh qhhg iru
ohjlvodwlyh surwhfwlrq frxog dulvh1

D vhfrqg/ dqg shukdsv pruh lpsruwdqw/ uhdvrq lv wkdw lw pd| vlpso| eh d pruh dssursuldwh
dvvxpswlrq lq wkh frqwh{w ri pxwxdo ixqgv wkdw dgylvhuv/ dqg qrw lqyhvwruv/ ghflgh wkh vwuxfwxuh
ri wkh frpshqvdwlrq frqwudfw1 Lq sulqflsoh/ d ixqg lv frqwuroohg e| lwv vkduhkroghuv +dqg/ lqghhg/
lv uhtxluhg wr kdyh _rxwvlghuv% frpsulvh dw ohdvw 73( ri lwv erdug,1 Lq sudfwlfh/ qrqhwkhohvv/ wkh
uhodwlrqvkls ehwzhhq d ixqg dqg lwv dgylvhuv whqgv wr eh h{wuhpho| forvh1 Lqghhg/ prvw pdqdjhphqw
frpsdqlhv duh uhvsrqvleoh iru hvwdeolvklqj wkh ixqgv wkdw wkh| dgylvh1

Rxu �qdo prgho wkhq kdv wkh iroorzlqj irup1 Wkhuh duh lqyhvwphqw dgylvhuv ri gl�hulqj delolwlhv
zkr dqqrxqfh ihh vwuxfwxuhv +zh frqvlghu wzr srvvleoh w|shv ri dgylvhuv,1 Wkhvh ihh vwuxfwxuhv
ghwhuplqh/ ri frxuvh/ wkh glylvlrq ri uhdol}hg uhwxuqv ehwzhhq lqyhvwru dqg dgylvhu> exw/ lpsruwdqwo|/
wkh| dovr dfw dv vljqdov ri wkh dgylvhuv* delolwlhv/ dqg fduu| lpsolflw lqirupdwlrq uhjduglqj wkh
sruwirolr vhohfwlrqv wkdw dgylvhuv pd| pdnh1 Wdnlqj wkhvh idfwruv lqwr dffrxqw/ lqyhvwruv revhuyh wkh
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dqqrxqfhg ihh vwuxfwxuhv dqg pdnh wkhlu lqyhvwphqw ghflvlrqv1 Wkh dgylvhuv wkhq fkrrvh sruwirolrv/
doorfdwlqj wkh dprxqw lqyhvwhg zlwk wkhp ehwzhhq wkh dydlodeoh vhfxulwlhv1 Wkh sduwlflsdqwv* �qdo
uhzdugv duh wkhq uhdol}hg1 Zh frpsduh htxloleuld ri wklv jdph zkhq ihh vwuxfwxuhv duh uhvwulfwhg wr
ehlqj ri wkh ixofuxp irup wr wkrvh wkdw dulvh zkhq ihhv duh ri wkh lqfhqwlyh irup1�

Rxu pdlq �qglqjv duh hdvlo| vxppdul}hg1 Zh gr �qg/ dv lqwxlwlrq vxjjhvwv/ wkdw lqfhqwlyh ihhv
ohdg wr wkh dgrswlrq ri pruh ulvn| sruwirolrv wkdq ixofuxp ihhv1 Lqghhg/ zkhq idfhg zlwk ixofuxp
ihhv/ dgylvhuv zlwk srru lqirupdwlrq0jhqhudwlqj delolw| lq rxu prgho vhohfw rqo| prghudwho| ulvn|
sruwirolrv/ exw hyhq vxfk dgylvhuv vzlwfk wr h{wuhph�dqg/ lq d suhflvh vhqvh/ vxerswlpdo�sruwirolrv
xqghu lqfhqwlyh ihhv +vhh Sursrvlwlrq 715 dqg wkh glvfxvvlrq iroorzlqj lw,1 Qhyhuwkhohvv/ xqghu jhqhudo
frqglwlrqv/ zh �qg wkdw lqyhvwruv pd| eh vwulfwo| ehwwhu r� lq zhoiduh whupv xqghu dq lqfhqwlyh ihh
uhjlph1 Wkxv/ zh gr qrw �qg xqdpeljxrxv vxssruw iru h{lvwlqj uhjxodwlrqv1 Lqghhg/ lw hyhq dsshduv
hdvlhu wr pdnh d fdvh iru wkh rssrvlwh uhtxluhphqw wkdw rqo| lqfhqwlyh ihhv eh shuplwwhg1

Rxu uhvxowv duh pruh lqwxlwlyh wkdq pljkw dsshdu dw �uvw eoxvk1 Lq d vhsdudwlqj htxloleulxp/
wkh ihh vwuxfwxuh dgrswhg e| wkh kljk0w|sh dgylvhu pxvw eh vxfk wkdw wzr frqglwlrqv duh phw= +d, lw
grhv qrw sd| iru wkh orz0w|sh dgylvhu wr lplwdwh wklv vwuxfwxuh +l1h1/ plplfnlqj zrxog uhvxow lq wkh
orz0w|sh dgylvhu qrw phhwlqj hyhq klv uhvhuydwlrq0ihh ohyho,/ dqg +e, jlyhq wkdw dgylvhu w|shv duh
uhyhdohg/ wkh xwlolw| wkh lqyhvwru rewdlqv iurp wkh kljk0w|sh dgylvhu pxvw dw ohdvw htxdo wkh ehvw
rewdlqdeoh iurp wkh orz0w|sh dgylvhu1 Qrz/ wkh h{whqw wr zklfk ihhv fdq eh udlvhg lq htxloleulxp
e| wkh kljk0w|sh dgylvhu�dqg vxusoxv wudqvihuuhg dzd| iurp wkh lqyhvwru�hylghqwo| ghshqgv rq
erwk frqvwudlqwv> orrvho| sxw/ dq| lqfuhdvh lq wkh ihh ohyho zloo orzhu wkh lqyhvwru*v xwlolw| exw zloo
dovr pdnh plplfnlqj pruh sur�wdeoh iru wkh orz0w|sh dgylvhu1 Wkxv/ wkh zhoiduh surshuwlhv ri
htxloleulxp ghshqg rq zklfk frqvwudlqw elqgv �uvw1

Li wkh orz0w|sh dgylvhu kdv d _vpdoo% uhvhuydwlrq ihh ohyho/ wkh �uvw frqvwudlqw/ wkdw ri qrq0
plplfnlqj/ lv olnho| wr eh wkh rqh wr elqg �uvw1 Jlyhq wklv frqvlghudwlrq/ wkh suhvhqfh ri wkh
_ixofuxp% surylghv d fuxfldo uhodwlyh dgydqwdjh wr wkh kljk0w|sh dgylvhu= lw fuhdwhv grzqvlgh ulvn
iru wkh orz0w|sh dgylvhu iurp fkrrvlqj wkh _zurqj% +l1h1/ vxerswlpdo, sruwirolr/ dqg wkxv pdnhv
plplfnlqj d pruh h{shqvlyh sursrvlwlrq1 Lsvr idfwr/ lw hqdeohv wkh dssursuldwlrq ri pruh ri wkh
lqyhvwru*v vxusoxv1 Lq jhqhudo/ wkhuhiruh/ zh zrxog h{shfw wkh lqyhvwru wr eh zruvh r� lq d ixofuxp
ihh uhjlph wkdq lq dq lqfhqwlyh ihh uhjlph lq wklv fdvh1e

Frqyhuvho|/ li wkh uhvhuydwlrq0ihh ohyho ri wkh orz0w|sh dgylvhu lv vx�flhqwo| kljk/ wkh vhfrqg
frqvwudlqw zloo olnho| eh wkh uhohydqw rqh1 Lq wklv fdvh/ xqghu hlwkhu uhjlph/ wkh lqyhvwru zloo eh
sxvkhg grzq lq htxloleulxp wr wkh ehvw xwlolw| ohyho kh frxog rewdlq iurp wkh orz0w|sh dgylvhu1
Krzhyhu/ wklv ehvw xwlolw| ohyho lv w|slfdoo| qrw wkh vdph lq wkh wzr uhjlphv= lw ghshqgv lq dq hvvhqwldo
zd| rq wkh ulvn0vkdulqj surshuwlhv ri wkh ihh vwuxfwxuh wkh orz0w|sh dgylvhu pd| xvh1 Lqwxlwlyho|
vshdnlqj/ zkhq lqyhvwruv duh ulvn0dyhuvh/ ixofuxp ihhv gr d ehwwhu mre ri ulvn0vkdulqj vlqfh vxfk
ihhv h�hfwlyho| wudqvihu wudqvihu zhljkw iurp wkh wdlov ri wkh glvwulexwlrq wr lwv plggoh +wkh| udlvh
lqyhvwruv* sd|r�v zkhq uhwxuqv duh orz dqg orzhu wkhp zkhq wkh| duh kljk,1 Wkxv/ wkh pd{lpxp
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xwlolw| ohyho rewdlqdeoh iurp wkh orz0w|sh dgylvhu zloo w|slfdoo| eh kljkhu xqghu d ixofuxp ihh uhjlph/
vr zh zrxog dovr h{shfw wklv uhjlph wr qrz surylgh d vxshulru ohyho ri htxloleulxp lqyhvwru zhoiduh1

Wkdw wklv lqwxlwlrq lv vxevwdqwldoo| fruuhfw lv prvw gluhfwo| yhul�hg lq d prgho zlwk ulvn0qhxwudo
lqyhvwruv/ d vhwwlqj zklfk d�rugv wkh dgydqwdjh wkdw wkh ulvn0vkdulqj surshuwlhv ri wkh ihhv duh
luuhohydqw1 +Lq sduwlfxodu/ wkh ehvw xwlolw| rewdlqdeoh iurp wkh orz0w|sh dgylvhu frlqflghv xqghu wkh
wzr uhjlphv1, Edvhg rq rxu deryh dujxphqwv/ zh zrxog h{shfw lq wklv fdvh wkdw +l, wkh lqyhvwru lv
vwulfwo| ehwwhu r� zlwk lqfhqwlyh ihhv zkhq wkh uhvhuydwlrq~ihh ohyho ri wkh orz0w|sh dgylvhu lv vpdoo/
dqg +ll, wkdw wkh wzr uhjlphv duh htxlydohqw zkhq wklv ohyho lv odujh1 Wklv lv h{dfwo| zkdw zh �qg
+Vhfwlrq 814,1 Exloglqj rq wklv/ zh wkhq vkrz wkh dujxphqwv dovr krog xs lq jhqhudo hyhq zkhq wkh
lqyhvwru pd| eh ulvn0dyhuvh +Vhfwlrqv 815 dqg 816,/ wkrxjk pruh lqwulfdwh dqg lqwhuhvwlqj sdwwhuqv
pd| dulvh lq wkh suhvhqfh ri yhu| kljk yrodwlolw| +Vhfwlrq 816,1 Lq sduwlfxodu/ zh vkrz wkdw zkhq
ohyhudjhg sruwirolr vwudwhjlhv duh qrw shuplwwhg/ lqfhqwlyh ihhv xqdpeljxrxvo| grplqdwh ixofuxp
ihhv iurp wkh lqyhvwru*v shuvshfwlyh +Vhfwlrq 815,1

Lq wkh odvw sduw ri rxu sdshu/ zh h{dplqh d qxpehu ri prgl�fdwlrqv dqg h{whqvlrqv ri rxu edvlf
prgho1 Lq doo fdvhv eduulqj rqh/ zh �qg wkdw rxu frqfoxvlrqv rq wkh srvvleoh lqihulrulw| ri ixofuxp ihhv
ylv0d0ylv lqfhqwlyh ihhv uhpdlq vxevwdqwldoo| xqdowhuhg1 Wkh h{fhswlrq dulvhv zkhq rxu lpshuihfwo|
frpshwlwlyh pdunhw vhwwlqj lv uhsodfhg e| rqh ri d shuihfwo| frpshwlwlyh pdunhw iru dgylvhuv1 Zh �qg
lq wklv vhwwlqj wkdw ixofuxp ihhv ehfrph xqdeljxrxvo| vxshulru wr lqfhqwlyh ihhv iurp wkh vwdqgsrlqw
ri lqyhvwru zhoiduh1 Wklv uhyhuvdo lv vwdun exw qrw vxusulvlqj1 Lq d frpshwlwlyh pdunhw iru dgylvhuv/
wkh hqwluh vxusoxv iurp lqwhudfwlrq dffuxhv wr wkh lqyhvwru1 Wklv vxusoxv lv kljkhu xqghu ixofuxp ihhv
wkdq lqfhqwlyh ihhv iru wzr uhdvrqv1 Rq wkh rqh kdqg/ ixofuxp ihhv duh pruh h�flhqw dw vhsdudwlrq
vlqfh wkh| fdq pdnh plplfnlqj pruh h{shqvlyh iru wkh orz0w|sh dgylvhuv1 Rq wkh rwkhu kdqg/ wkh|
gr d ehwwhu mre dw ulvn0vkdulqj1 Xqghu lpshuihfw frpshwlwlrq/ wkhvh idfwruv duh sduwldoo| r�vhwwlqj=
wkh �uvw hqdeohv wkh dgylvhu wr h{wudfw juhdwhu vxusoxv iurp wkh lqyhvwru/ zkloh wkh vhfrqg surylghv
vxshulru xwlolw| wr wkh lqyhvwru1 Lq d frpshwlwlyh zruog/ wkh| erwk zrun wr hqkdqfh lqyhvwru zhoiduh1

Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqglfdwhv wkh uhodwhg olwhudwxuh1
Vhfwlrqv 6 dqg 7 ghvfuleh rxu prgho/ lghqwli| wkh txhvwlrqv ri lqwhuhvw/ dqg ghulyh vrph suholplqdu|
surshuwlhv wkdw duh lpsruwdqw lq wkh vxevhtxhqw dqdo|vlv1 Vhfwlrq 8 frpsduhv htxloleulxp rxwfrphv
xqghu wkh gl�huhqw ihh vwuxfwxuhv1 Vhfwlrq 9 ghvfulehv vhyhudo h{whqvlrqv dqg prgl�fdwlrqv ri rxu
dqdo|vlv1 Vhfwlrq : frqfoxghv1 Wkh Dsshqglfhv frqwdlq surriv rplwwhg lq wkh pdlq erg| ri wkh wh{w1

2 A�i +i*@|i_ w�|ih@|�hi

Wklv vhfwlrq surylghv d eulhi glvfxvvlrq ri wkh uhodwhg olwhudwxuh rq wkh prqh| pdqdjhphqw lqgxvwu|/
lq sduwlfxodu dv lw shuwdlqv wr frpshqvdwlrq vwuxfwxuhv dqg vljqdoolqj1 Wkh suhvhqwdwlrq khuh lv phdqw
wr eh lqglfdwlyh ri wkh zrun wkdw kdv ehhq grqh dqg qrw dv d vxuyh| ri wkh �hog1

Eurdgo| vshdnlqj/ wkhuh duh wzr eudqfkhv wr wkh olwhudwxuh rq pxwxdo ixqg frpshqvdwlrq1 Rq
wkh rqh kdqg duh sdshuv zklfk irfxv rq wkh ixqg pdqdjhu*v rswlpdo uhdfwlrq wr d jlyhq ihh vwuxfwxuh1
Sdshuv lq wklv yhlq lqfoxgh Gdydq}r dqg Qhvelw ^7`/ Ihujxvrq dqg Ohvwlnrz ^8`/ Jrhw}pdq/ Lqjhuvroo/
dqg Urvv ^9`/ Julqeodww dqg Wlwpdq ^<`/ Julqrog dqg Uxgg ^43`/ dqg Nulw}pdq ^47`1 Rq wkh rwkhu
kdqg duh sdshuv wkdw wdnh d eurdghu _htxloleulxp% dssurdfk/ vxfk dv Dgpdwl dqg S�hlghuhu ^4`/
Gdv dqg Vxqgdudp ^6`/ Khlqnho dqg Vwrxjkwrq ^44`/ dqg O|qfk dqg Pxvwr ^4;`1
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Ri wkh �uvw fdwhjru| ri sdshuv/ wkh prvw frpsuhkhqvlyh dqdo|vhv duh wkrvh lq Julqeodww dqg
Wlwpdq ^<` dqg Jrhw}pdqq/ Lqjhuvroo/ dqg Urvv ^9`1 Julqeodww dqg Wlwpdq frpsduh wkh lqfhq0
wlyhv surylghg wr dgylvhuv e| gl�huhqw ihh vwuxfwxuhv1 Wkh| vkrz wkdw iru fhuwdlq fodvvhv ri sruwirolr
vwudwhjlhv/ dgyhuvh ulvn0vkdulqj lqfhqwlyhv duh dyrlghg zkhq shqdowlhv iru srru shuirupdqfh rxwzhljk
uhzdugv iru jrrg shuirupdqfh1 Jrhw}pdqq/ Lqjhuvroo/ dqg Urvv ^9` duh frqfhuqhg zlwk _kljk zd0
whupdun% frqwudfwv ri wkh vruw xvhg e| vrph khgjh ixqgv lq zklfk wkh dgylvhu uhfhlyhv d sursruwlrq
ri wkh ixqg uhwxuq lq h{fhvv ri wkh ixqg*v suhylrxv kljk zdwhupdun/ l1h1/ lwv pd{lpxp vkduh ydoxh
vlqfh lqfhswlrq1 Wkh| surylgh forvhg0irup vroxwlrqv iru ydoxlqj vxfk frqwudfwv/ dqg vkrz wkdw wkh
frqwudfwv w|slfdoo| uhsuhvhqw d fodlp rq d vljql�fdqw sruwlrq ri lqyhvwru zhdowk1

Wxuqlqj wr wkh vhfrqg jurxs ri sdshuv/ Dgpdwl dqg S�hlghuhu ^4` vwxg| wkh ghvludelolw| ri
ehqfkpdunlqj lq d vhwwlqj zkhuh d ixqg pdqdjhu kdv vxshulru lqirupdwlrq wr wkh lqyhvwru dqg idfhv
d jlyhq ixofuxp ihh vwuxfwxuh1 +Wklv lv frqwudvw wr rxu sdshu zkhuh zh wdnh ehqfkpdunlqj dv jlyhq
dqg orrn dw wkh ghvludelolw| ri gl�huhqw ihh vwuxfwxuhv1, Wkh| orrn iru frqglwlrqv xqghu zklfk wkh
pdqdjhu zrxog slfn wkh lqyhvwru*v prvw ghvluhg sruwirolr/ l1h1/ wkh rqh wkh lqyhvwru zrxog kdyh fkrvhq
kdg kh wkh vdph lqirupdwlrq dv wkh pdqdjhu1 Krzhyhu/ wkh ghwhuplqdwlrq ri htxloleulxp ihh ohyhov
dqg sd|r�v lv qrw dq h{solflw frqfhuq ri wkhlu sdshu1

Gdv dqg Vxqgdudp ^6` dovr h{dplqh wkh uhjxodwru| lvvxh wkdw frqfhuqv xv khuh1 Wkh| vwxg| d
prgho zlwk rqh ulvn| dqg rqh ulvnohvv dvvhw/ zlwk wkh ulvn| dvvhw ghqrwlqj wkh ehqfkpdun sruwirolr>
qr dgyhuvh vhohfwlrq ru vljqdoolqj frqvlghudwlrqv duh lqyroyhg1 Xqghu vrph uhvwulfwlrqv rq wkh vhw ri
dgplvvleoh ihh vwuxfwxuhv/ wkh| �qg wkdw lqfhqwlyh ihhv surylgh Sduhwr0grplqdqw rxwfrphv/ pdnlqj
erwk dgylvhu dqg lqyhvwru ehwwhu r� wkdq xqghu ixofuxp ihhv1

Khlqnho dqg Vwrxjkwrq ^44` dlp wr h{sodlq wkh suhgrplqdqfh ri iudfwlrq0ri0ixqgv ihhv lq wkh
prqh| pdqdjhphqw lqgxvwu|1 Wkh| vwxg| d wzr0shulrg prgho zlwk prudo kd}dug dqg dgyhuvh
vhohfwlrq1 Wkh| vkrz wkdw htxloleulxp frqwudfwv lq wkhlu prgho kdyh d vpdoohu shuirupdqfh0edvhg
ihh lq wkh �uvw shulrg wkdq lq d �uvw0ehvw frqwudfw1 Wkh| vxjjhvw wkdw wklv uhgxfhg hpskdvlv rq
wkh �uvw0shulrg shuirupdqfh frpsrqhqw lv dqdorjrxv wr wkh odfn ri d shuirupdqfh0edvhg ihh lq wkh
lqgxvwu|1 O|qfk dqg Pxvwr ^4;` vwxg| d prudo kd}dug prgho lq zklfk wkh pdqdjhu*v h�ruw lv
revhuydeoh/ exw qrw frqwudfwdeoh1 Wkh| irfxv rq lghqwli|lqj frqglwlrqv xqghu zklfk gl�huhqw ihh
vwuxfwxuhv suhgrplqdwh1

Dovr forvho| uhodwhg wr rxu sdshu lv wkh eudqfk ri wkh olwhudwxuh wkdw kdv orrnhg dw wkh lvvxh ri
vljqdoolqj lq d prqh| pdqdjhphqw frqwh{w1 Kxehupdq dqg Ndqgho ^45` vwxg| d prgho lq zklfk ixqg
pdqdjhuv idfh d jlyhq �dw ihh vwuxfwxuh dqg xvh wkhlu sruwirolr vhohfwlrqv wr vljqdo wkhlu delolwlhv1
Wkhvh delolwlhv hyroyh dffruglqj wr d Pdunry surfhvv1 Xqghu vrph dvvxpswlrqv rq wkh pdunhw*v
lqihuhqfh surfhvv/ Kxehupdq dqg Ndqgho vkrz wkdw wkhuh lv d xqltxh vfuhhqlqj htxloleulxp/ exw wkdw
d frqwlqxxp ri srrolqj htxloleuld pd| dovr h{lvw wkdw vxuylyh wkh Fkr~Nuhsv Lqwxlwlyh Fulwhulrq1 Lq
wkh vfuhhqlqj htxloleulxp/ wkh kljk delolw| pdqdjhu glvwruwv klv lqyhvwphqw fkrlfhv zlwk uhvshfw wr
klv fkrlfhv zkhq vljqdoolqj delolw| lv qrw d frqfhuq> pruhryhu/ lq doo wkh srrolqj htxloleuld/ erwk wkh
kljk dqg orz delolw| pdqdjhuv glvwruw wkhlu ehkdylru1 Wkh dxwkruv frqfoxgh wkdw wkh suhvhqfh ri
wkh vljqdoolqj prwlyh vljql�fdqwo| d�hfwv ixqg pdqdjhu ehkdylru dqg htxloleulxp rxwfrphv1

Kxggduw ^46` dovr vwxglhv d g|qdplf prgho lq zklfk ixqg pdqdjhuv ri gl�hulqj delolwlhv frpshwh
e| xvlqj wkhlu sruwirolr fkrlfhv wr vljqdo wkhlu delolwlhv1 Kxggduw lv qrw h{solflwo| frqfhuqhg zlwk
wkh rswlpdo frqwudfw vwuxfwxuh> udwkhu/ klv irfxv lv rq wkh glvwruwlrqdu| h�hfwv ri vljqdoolqj1 Kh
frpsduhv rxwfrphv xqghu wzr srvvleoh ihh vwuxfwxuhv/ �dw ihhv dqg ixofuxp ihhv/ dqg vkrzv wkdw wkh
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dgrswlrq ri d ixofuxp ihh fdq plwljdwh xqghvludeoh uhsxwdwlrq h�hfwv dqg pdnh lqyhvwruv ehwwhu r�1
Lpsuryhphqw dovr rffxuv lq wkh lqyhvwruv* xwlolw| ohyhov li wkh ixqgv duh forvhg diwhu rqh shulrg1

� A�i �L_i*

Zh vwxg| d prgho zlwk wzr ixqg pdqdjhuv2lqyhvwphqw dgylvhuv dqg d uhsuhvhqwdwlyh lqyhvwru1 Rqh
ri wkh dgylvhuv/ zkrp zh vkdoo uhihu wr dv wkh _lqiruphg% dgylvhu/ lv dvvxphg wr kdyh vxshulru
delolw| dw jhqhudwlqj lqirupdwlrq frqfhuqlqj uhwxuqv rq wkh prgho*v ulvn| vhfxulwlhv1 Wkh rwkhu
dgylvhu odfnv vxfk delolw| dqg lv whuphg _xqlqiruphg1% Dq dgylvhu*v w|sh lv sulydwh lqirupdwlrq dqg
lv qrw revhuydeoh e| wkh lqyhvwru> udwkhu/ wkh lqyhvwru pxvw lqihu wklv lqirupdwlrq iurp wkh dfwlrqv
ri wkh dgylvhuv1 Wkh dgylvhuv duh erwk dvvxphg wr eh ulvn0qhxwudo/ dqg kdyh dv wkhlu remhfwlyh
wkh pd{lpl}dwlrq ri h{shfwhg ihhv uhfhlyhg1D Wkh uhvhuydwlrq xwlolw| ohyhov ri wkh lqiruphg dqg
xqlqiruphg dgylvhu duh ghqrwhg e| ��

U

dqg ��
�

/ uhvshfwlyho|1

Wkh lqyhvwru/ d uhsuhvhqwdwlyh vwdqg0lq iru d odujh qxpehu ri lghqwlfdo lqyhvwruv/ kdv dq lqlwldo
zhdowk ri zf +qrupdol}hg wr '4 lq wkh vhtxho,1 Wkh lqyhvwru*v remhfwlyh lv wr pd{lpl}h wkh xwlolw|
X+ �z, ri whuplqdo zhdowk �z dw wkh hqg ri wkh prgho*v vlqjoh shulrg1 Zh dvvxph wkdw X kdv d
phdq0yduldqfh irup jlyhq e|

X+ �z, @ H+ �z,� 4

5
�Y + �z,> +614,

zkhuh H+�, dqg Y +�, uhsuhvhqw/ uhvshfwlyho|/ wkh h{shfwdwlrq dqg yduldqfh rshudwruv/ dqg � A 3 lv d
sdudphwhu lqglfdwlqj wkh lqyhvwru*v dyhuvlrq wr yduldqfh1

Wkh Vhtxhqfh ri Hyhqwv

Hyhqwv lq rxu prgho hyroyh dv iroorzv1 Wkh lqyhvwphqw dgylvhuv pryh �uvw dqg vlpxowdqhrxvo|
dqqrxqfh wkhlu ihh vwuxfwxuhv1 Diwhu revhuylqj wkhvh ihh vwuxfwxuhv/ wkh lqyhvwru ghflghv zlwk zklfk
dgylvhu wr lqyhvw> iru dqdo|wlf vlpsolflw|/ zh dvvxph wkdw wkh lqyhvwru pxvw lqyhvw zlwk rqo| d vlqjoh
dgylvhu1S Qh{w/ wkh lqiruphg dgylvhu uhfhlyhv lqirupdwlrq frqfhuqlqj wkh uhwxuq glvwulexwlrq rq wkh
ulvn| vhfxulwlhv> wkh xqlqiruphg dgylvhu uhfhlyhv qr lqirupdwlrq dw wklv vwdjh1 Odvwo|/ wkh dgylvhuv
ghflgh rq wkhlu sruwirolr frpsrvlwlrqv/ dqg �qdo uhzdugv duh uhdol}hg1 Rxu remhfwlyh lq wklv sdshu
lv wr h{dplqh zkhwkhu uhvwulfwlrqv rq wkh dgylvhuv* iuhhgrp wr vhw ihhv�vshfl�fdoo|/ uhtxlulqj wkdw
wkh dgylvhuv rqo| xvh _ixofuxp% ihhv�fdq hqkdqfh wkh zhoiduh ri wkh lqyhvwru1 Wkh uhpdlqghu ri
wklv vhfwlrq glvfxvvhv wkh frpsrqhqwv ri wklv prgho lq juhdwhu ghwdlo1

Vhfxulwlhv dqg Uhwxuqv Glvwulexwlrqv

Wkhuh duh wkuhh vhfxulwlhv lq rxu prgho/ d ulvnohvv vhfxulw| dqg wzr ulvn| vhfxulwlhv1 Wkh qhw uhwxuq
rq wkh ulvnohvv vhfxulw| lv qrupdol}hg wr }hur1 Wkh _wuxh% mrlqw uhwxuq glvwulexwlrq rq wkh wzr ulvn|

DA�i @tt�4T|�L? Lu h�t!�?i�|h@*�|) �t 4@_i T@h|*) �? |�i �?|ihit|t Lu @?@*)|�U |h@U|@M�*�|)� OL�i�ihc |�i �?|��|�L?
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Wdeoh 4= Uhwxuqv Glvwulexwlrqv rq wkh Ulvn| Vhfxulwlhv

Wkh jurvv uhwxuqv rq hdfk ri wkh wzr ulvn| vhfxulwlhv fdq wdnh rq hlwkhu wkh kljk ydoxh K
ru wkh orz ydoxh O1 Zh dvvxph K A 4 A O dqg K . O A 51 Wkh mrlqw glvwulexwlrq ri wkh
wzr uhwxuqv lv jlyhq e| hlwkhu �

4
ru �

5
1 Wkh glvwulexwlrqv duh dvvxphg htxlsuredeoh= wkh

sulru suredelolw| ri �4 lv � @ 4@51 Wkh wdeoh ehorz ghvfulehv wkh suredelolwlhv ri ydulrxv
rxwfrphv xqghu �

4
dqg �

5
1 Wkh �uvw hqwu| lq hdfk rxwfrph fruuhvsrqgv wr wkh uhwxuq rq

wkh �uvw vhfxulw|/ dqg wkh vhfrqg wr wkdw rq wkh vhfrqg vhfxulw|1 Wkh suredelolwlhv lq wkh
wdeoh duh dvvxphg wr vdwlvi| +l, s. 5t . u @ 4/ +ll, s> t> u A 3/ dqg +lll, s A u1

Suredelolw| Suredelolw|
Rxwfrph xqghu �

4
xqghu �

5

+K>K, t t

+K>O, s u

+O>K, u s

+O>O, t t

vhfxulwlhv lv hlwkhu �� ru �21 Wkh lqiruphg dgylvhu jhwv wr nqrz zklfk ri wkh wzr glvwulexwlrqv
uhsuhvhqwv wkh wuxh glvwulexwlrq sulru wr pdnlqj klv lqyhvwphqw ghflvlrq1 Wkh xqlqiruphg dgylvhu
rqo| nqrzv wkh sulru suredelolwlhv � dqg +4� �, ri wkh wzr glvwulexwlrqv1

Wdeoh 4 ghvfulehv wkh vshfl�f vwuxfwxuh zh dgrsw frqfhuqlqj wkhvh uhwxuqv glvwulexwlrqv1 Dv wkh
wdeoh lqglfdwhv/ zh wdnh wkh jurvv uhwxuqv rq hdfk vhfxulw| wr iroorz d Elqrpldo surfhvv lq zklfk
wkh vhfxulw| uhwxuqv hlwkhu K ru O1 Xqghu wkh mrlqw glvwulexwlrq ��/ vhfxulw| 4 uhwxuqv K zlwk d
vwulfwo| kljkhu suredelolw| wkdq grhv vhfxulw| 5/ exw wkh uhyhuvh lv wuxh xqghu �2> wkxv/ lw lv ydoxdeoh
lqirupdwlrq wr nqrz zklfk ri wkhvh uhsuhvhqwv wkh wuxh glvwulexwlrq1. Qrwh dovr wkh lpsruwdqw srlqw
wkdw wkh d sulrul glvwulexwlrq ri uhwxuqv iurp wkh wzr vhfxulwlhv lv wkh vdph= hdfk vhfxulw| uhwxuqv
K dqg O htxlsuredeo|1 Wklv frqvwuxfwlrq lv gholehudwh dqg hqvxuhv wkdw wkh xqlqiruphg dgylvhu kdv
qr uhwxuq0edvhg uhdvrqv wr suhihu rqh pl{ ri wkhvh vhfxulwlhv wr dqrwkhu1 Ri frxuvh/ vxfk lqfhqwlyhv
pd| +dqg/ dv zh vkdoo vhh ehorz/ lqghhg gr, dulvh iurp wkh ihh vwuxfwxuh hpsor|hg1

Ihhv

Wkh ihhv fkdujhg e| dq dgylvhu pd| ghshqg rq wkh uhdol}hg uhwxuqv u
R

rq wkh dgylvhu*v sruwirolr/
dv zhoo dv rq wkh uhdol}hg uhwxuqv u

K

rq d _wdujhw% ru _ehqfkpdun% sruwirolr1 Wkh ihhv/ ghqrwhg
I +u

R

> u
K

,/ duh dvvxphg wr eh uhfhlyhg dw wkh hqg ri wkh shulrg/ dqg duh ghgxfwhg iurp wkh jurvv
uhwxuqv u

R

rq wkh dgylvhu*v sruwirolr1 Wkxv/ jlyhq wkh ihh vwuxfwxuh I dqg uhdol}hg uhwxuqv u
R

dqg
u
K

/ wkh qhw0ri0ihhv uhwxuq wr wkh lqyhvwru lv u
R

� I +u
R

> u
K

,1
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Wkh glvwulexwlrq ri uhwxuqv �u
R

rq wkh dgylvhu*v sruwirolr ghshqgv rq wkh frpsrvlwlrq ri wklv
sruwirolr1 Zh glvfxvv wkh lpshudwlyhv wkdw jr lqwr wkh frqvwuxfwlrq ri wklv sruwirolr ehorz1 Wkh
ehqfkpdun sruwirolr lv h{rjhqhrxvo| jlyhq/ dqg lv wdnhq wr eh d sruwirolr frqvlvwlqj ri kdoi d xqlw
hdfk ri wkh wzr ulvn| vhfxulwlhv1

Wkh Lqyhvwru*v Ghflvlrq

Wkh ihh vwuxfwxuh lq rxu prgho sod|v wkuhh uhodwhg/ exw glvwlqfw/ urohv1 Iluvw/ lw lpsolhv d sduwlfxodu
glylvlrq ri uhwxuqv ehwzhhq dgylvhu dqg lqyhvwru/ dqg lsvr idfwr shuirupv d ulvn0vkdulqj ixqfwlrq1
Vhfrqg/ lw d�hfwv wkh dgylvhu*v sruwirolr vhohfwlrq lqfhqwlyhv/ dqg wkhuhe| wkh glvwulexwlrq ri uhwxuqv
rq wkh dgylvhu*v sruwirolr1 Odvwo|/ lw pd| kdyh lqirupdwlrq frqwhqw= wkh vhohfwlrq ri sduwlfxodu ihh
ohyhov pd| vhqg d vljqdo wr wkh lqyhvwru derxw wkh w|sh ri wkh dgylvhu zkr fkrrvhv wkdw ihh1 D ihh
sur�oh lv vhsdudwlqj li lw uhyhdov dgylvhu w|shv wr wkh lqyhvwru> lw lv srrolqj rwkhuzlvh1

Wdnlqj doo wkhvh idfwruv lqwr dffrxqw/ wkh lqyhvwru lq rxu prgho ghflghv rq wkh fkrlfh ri dgylvhu
zlwk zkrp wr lqyhvw1 Li wkh ihh sur�oh fkrvhq e| wkh dgylvhuv lv vhsdudwlqj/ wkh lqyhvwru frpsduhv
wkh xwlolw| ohyho rewdlqhg e| lqyhvwlqj zlwk wkh lqiruphg dgylvhu wr wkdw iurp lqyhvwlqj zlwk wkh
xqlqiruphg dgylvhu/ dqg vhohfwv wkh dgylvhu zkr gholyhuv wkh kljkhu xwlolw|1 Wklv fkrlfh lv qrw d
wulyldo rqh1 Frpsxwlqj qhw0ri0ihhv uhwxuqv uhtxluhv suhglfwlqj wkh sruwirolr wkdw zloo eh fkrvhq e|
wkh dgylvhu/ zklfk zloo/ lq wxuq/ ghshqg rq wkh ihh vwuxfwxuh wkdw zdv frpplwwhg wr1 Pruhryhu/ hyhq
wkrxjk wkh lqiruphg dgylvhu zloo dozd|v eh deoh wr jhqhudwh kljkhu wrwdo uhwxuqv/ wkh ihhv fkdujhg
e| wkh dgylvhuv pd| pdnh wkh qhw0ri0ihhv uhwxuqv iurp wkh xqlqiruphg dgylvhu pruh dwwudfwlyh1

Wkh lqyhvwru*v fkrlfh sureohp ehfrphv d olwwoh pruh frpsoh{ li wkh ihhv fkrvhq duh srrolqj1
Lq wklv flufxpvwdqfh/ wkh lqyhvwru dvvxphv wkdw hdfk dgylvhu lv lqiruphg zlwk suredelolw| 425 dqg
xqlqiruphg zlwk suredelolw| 425/ dqg dvvljqv wkh groodu wr wkh dgylvhu zkrvh qhw0ri0ihhv uhwxuqv
+frpsxwhg xqghu wklv dvvxpswlrq, duh pruh dwwudfwlyh1 Ilqdoo|/ lq doo fdvhv/ zh dvvxph wkdw li wkh
lqyhvwru �qgv wkh dgylvhuv htxdoo| dwwudfwlyh/ wkhq kh udqgrpl}hv ehwzhhq wkhp/ vr hdfk dgylvhu
uhfhlyhv wkh groodu zlwk suredelolw| 4251

Wkh Dgylvhuv* Sruwirolr Fkrlfhv

Wkh �qdo pryh lq rxu prgho lv pdgh e| wkh dgylvhuv vhohfwlqj wkhlu sruwirolrv1 Wkh lqiruphg dgylvhu
fdq frqglwlrq wklv fkrlfh rq wkh lqirupdwlrq kh uhfhlyhv frqfhuqlqj wkh _wuxh% vwdwh ri wkh zruog1
Wkh xqlqiruphg dgylvhu/ qrw ehlqj suly| wr wklv lqirupdwlrq/ pxvw fkrrvh wkh vdph sruwirolr lq erwk
vwdwhv1 Lq fkrrvlqj wkhlu sruwirolrv/ dgylvhuv wdnh dv jlyhq wkh ihh vwuxfwxuh fkrlfhv pdgh hduolhu/
dqg fkrrvh dq doorfdwlrq ehwzhhq wkh wkuhh vhfxulwlhv wkdw zloo pd{lpl}h wkhlu h{shfwhg ihhv1

Zh frqvlghu wzr vlwxdwlrqv= zkhuh wkh dgylvhu lv qrw shuplwwhg wr xvh ohyhuhg vwudwhjlhv/ dqg
zkhuh vxfk vwudwhjlhv duh doorzhg1 Lq wkh iruphu fdvh/ wkh vxp wrwdo ri wkh lqyhvwphqw lq wkh wzr
ulvn| vhfxulwlhv fdqqrw h{fhhg wkh lqlwldo dvvhw ydoxh ri d groodu1 Lq wkh odwwhu fdvh/ zh dvvxph wkdw
wkhuh lv d suh0vshfl�hg fhlolqj rq wkh h{whqw ri ohyhudjlqj shuplwwhg> l1h1/ wkhuh lv d4@ A 4 vxfk wkdw
wkh wrwdo dprxqw lqyhvwhg lq wkh wzr ulvn| vhfxulwlhv fdqqrw h{fhhg d4@ 1 Ilqdoo|/ zh dovr dvvxph
wkdw vkruw srvlwlrqv duh qrw shuplwwhg lq hlwkhu ri wkh ulvn| vhfxulwlhv1 Wklv odvw dvvxpswlrq lv pdgh
sxuho| iru h{srvlwlrqdo frqyhqlhqfh> rxu uhvxowv uhpdlq xqd�hfwhg li lw lv uhsodfhg e| d fhlolqj rq
wkh pd{lpxp vl}h ri vkruw srvlwlrqv doorzhg1
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Ihh Vwuxfwxuhv ri Vshfldo Lqwhuhvw

Rxu remhfwlyh lq wklv sdshu lv wr h{dplqh zkhwkhu uhvwulfwlrqv rq wkh irup ri wkh ihh vwuxfwxuhv
I +u

R

> u
K

, wkdw fdq eh xvhg e| wkh dgylvhuv lq wkh �uvw vwhs fdq lqfuhdvh wkh lqyhvwru*v ohyho ri
htxloleulxp xwlolw| lq wklv prgho1 Zh duh hvshfldoo| lqwhuhvwhg lq wklv frqwh{w lq wkh fodvv ri ixofuxp
ihhv/ zklfk h{lvwlqj uhjxodwlrq uhtxluhv pxwxdo ixqgv wr xvh1 Vxfk ihhv duh gh�qhg e| d v|pphwu|
uhtxluhphqw= wkh| pxvw lqfuhdvh iru rxwshuiruplqj wkh ehqfkpdun uhwxuqv lq wkh vdph zd| wkdw
wkh| ghfuhdvh iru xqghushuiruplqj lw1 Zh uhvwulfw dwwhqwlrq wr olqhdu ixofuxp ihhv/ zklfk duh/ e| idu/
wkh prvw frpprq w|sh xvhg lq sudfwlfh1 Vxfk ihhv duh ghvfulehg e|

I +u
R

> u
K

, @ e�uR . e2+uR � u
K

,> +615,

zkhuh e� dqg e2 duh qrq0qhjdwlyh frqvwdqwv ghqrwlqj/ uhvshfwlyho|/ wkh edvh ihh dqg wkh shuirupdqfh
dgmxvwphqw frpsrqhqw1 Zkhq e2 @ 3/ wkh ihhv duh vlpso| d frqvwdqw iudfwlrq e� ri wkh wrwdo uhwxuqv
u
R

> vxfk ihhv duh fdoohg _�dw ihhv% ru _iudfwlrq0ri0ixqgv% ihhv1

D vhfrqg fodvv ri ihhv ri lpsruwdqfh duh +dv|pphwulf, lqfhqwlyh ihhv1 Olnh ixofuxp ihhv/ lqfhqwlyh
ihhv duh ghvfulehg e| wzr sdudphwhuv e� dqg e2/ zlwk e� ghqrwlqj wkh edvh ihh ohyho/ dqg e2 wkh
shuirupdqfh dgmxvwphqw frpsrqhqw1 Krzhyhu/ xqolnh ixofuxp ihhv/ wkh shuirupdqfh dgmxvwphqw
frpsrqhqw pxvw uhpdlq qrq0qhjdwlyh/ dqg wkh wrwdo ihh lv jlyhq e|

I @ e�uR . e2 pd{iu
R

� u
K

> 3j= +616,

Dv zh phqwlrqhg lq wkh rshqlqj uhpdunv wr wklv sdshu/ wkh h{lvwlqj ohjlvodwlrq rq pxwxdo ixqg
ihhv lv h{solflwo| prwlydwhg e| ihdu ri wkh frqvhtxhqfhv ri lqfhqwlyh ihh vwuxfwxuhv/ lq sduwlfxodu ri
wkh dgyhuvh ulvn0wdnlqj vxfk frqwudfw irupv pd| hqfrxudjh1 Lq wkh uhpdlqghu ri wklv sdshu/ zh
h{dplqh wkh h{whqw wr zklfk wkhvh ihduv duh mxvwl�hg e| frpsdulqj wkh vhw ri htxloleulxp rxwfrphv
wkdw uhvxow xqghu ixofuxp ihhv wr wkrvh wkdw rewdlq xqghu lqfhqwlyh ihhv/ zlwk sduwlfxodu hpskdvlv
rq wkh lqyhvwru*v zhoiduh xqghu wkh wzr uhjlphv1H

e ,^��*�Mh��4

Wklv vhfwlrq ghvfulehv wkh rswlpl}dwlrq sureohpv zkrvh vroxwlrqv lghqwli| wkh htxloleulxp rxwfrphv
xqghu wkh wzr ihh uhjlphv ghvfulehg lq wkh suhylrxv vhfwlrq1 Vhfwlrqv 714~715 ghdo zlwk ixofuxp ihhv/
zkloh Vhfwlrqv 716~717 kdqgoh lqfhqwlyh ihhv1 Wkh uhvxowv suhvhqwhg khuh duh xvhg lq Vhfwlrq 8 wr
frpsduh wkh htxloleulxp sd|r�v ri wkh lqyhvwruv dqg wkh dgylvhuv xqghu wkh wzr uhjlphv1 Vlqfh wkh
irfxv ri wklv sdshu lv rq vhsdudwlqj htxloleuld/ zh dyrlg xqqhfhvvdu| ghwdlov lq wkh suhvhqwdwlrq dqg
vwxg| rqo| wkdw fdvh lq wklv vhfwlrq1 Iru frpsohwhqhvv/ Dsshqgl{ F orrnv dw srrolqj htxloleuld dovr>
lw lv vkrzq wkhuh wkdw srrolqj htxloleuld qhyhu h{lvw xqghu lqfhqwlyh ihhv/ dqg jhqhudoo| gr qrw h{lvw
xqghu ixofuxp ihhv hlwkhu1

H�Mtih�i |�@| |��t *�4�|i_ UL4T@h�tL? ��** @*tL t��Ui |L it|@M*�t� |�i TLtt�M*i �?LT|�4@*�|) Lu i �t|�?} hi}�*@|�L?t
�u �i t�L�*_ �?_ |�@| |�i �?�it|Lh _Lit Mi||ih �?_ih �?Ui?|��i uiit �?_ih hLM�t| UL?_�|�L?t EtTiU��U@**)c �i UL�*_
T*@�t�M*) @h}�i |�i? |�@| �?Ui?|��i uiit @hi Mi||ih @t @ hi}�*@|Lh) hi^��hi4i?|�� 6Lh @?@*)|�U UL4T*i|i?ittc �L�i�ihc
�i @*tL UL4T@hi u�*Uh�4 uiit |L @? �?hit|h�U|i_�uii i?��hL?4i?| �? 5iU|�L? S���
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Dv wkh �uvw vwhs lq lghqwli|lqj htxloleuld xqghu ixofuxp ihhv/ zh lghqwli| wkh sruwirolrv wkdw zrxog eh
fkrvhq e| wkh wzr dgylvhuv lq wkh odvw vwhs ri wkh jdph jlyhq dq duelwudu| ixofuxp ihh +e�> e2,1 Vrph
qhz qrwdwlrq zloo vlpsoli| wklv surfhvv1 Zh zloo ghqrwh d w|slfdo sruwirolr fkrlfh iru hlwkhu dgylvhu
e| +�f> ��> �2,/ zkhuh �f uhsuhvhqwv wkh dprxqw lqyhvwhg lq wkh ulvnohvv vhfxulw|/ dqg �� dqg �2

uhsuhvhqw/ uhvshfwlyho|/ wkh dprxqwv lqyhvwhg lq wkh �uvw dqg vhfrqg ulvn| vhfxulwlhv1 Ri frxuvh/ zh
pxvw kdyh �f.��.�2 @ 4/ dqg/ vlqfh vkruw vhoolqj ri wkh ulvn| vhfxulwlhv lv surklelwhg/ ��> �2 � 31
Pruhryhu/ vlqfh d4@ � 4 uhsuhvhqwv wkh pd{lpxp dprxqw wkdw pd| eh lqyhvwhg lq wkh wzr ulvn|
vhfxulwlhv frpelqhg/ zh pxvw dovr kdyh ��.�2 � d4@ 1 Lq wkh lqwhuhvwv ri qrwdwlrqdo vlpsolflw|/ zh
zloo zulwh d iru d4@ wkurxjkrxw wklv vhfwlrq1

Sursrvlwlrq 714 Ohw dq| ixofuxp ihh +e�> e2, eh jlyhq1 Xqghu wkh ihh vwuxfwxuh +e�> e2,=

41 Wkh lqiruphg dgylvhu zloo fkrrvh wkh sruwirolr +4 � d> d> 3, li vwdwh 4 zhuh wr rffxu/ dqg wkh
sruwirolr +4� d> 3> d, li vwdwh 5 zhuh wr rffxu1

51 Dq| sruwirolr ri wkh irup +4�d>p> d�p, iru p 5 ^3> d` lv rswlpdo iru wkh xqlqiruphg dgylvhu1

Surri Vhh Dsshqgl{ D141 �

Lq zrugv/ Sursrvlwlrq 714 vwdwhv wkdw jlyhq dq| ixofuxp ihh vwuxfwxuh/ wkh lqiruphg dgylvhu
zloo dozd|v fkrrvh dq h{wuhph sruwirolr/ zkloh wkh xqlqiruphg dgylvhu lv lqgl�huhqw ehwzhhq dq|
frpelqdwlrq ri wkh wzr ulvn| vhfxulwlhv1 Wklv lv lqwxlwlyh1 Vlqfh wkh lqiruphg dgylvhu uhfhlyhv wkh
lqirupdwlrq lq dgydqfh derxw zklfk vhfxulw| zloo eh wkh kljkhu0shuiruplqj rqh/ klv h{shfwhg ihh lv
pd{lpl}hg e| lqyhvwlqj wkh pd{lpxp dprxqw lq wkdw vhfxulw| dqg qrwklqj lq wkh rwkhu vhfxulw|1
Rq wkh rwkhu kdqg/ wkh xqlqiruphg dgylvhu kdv qr sduwlfxodu lqirupdwlrq dqg/ vlqfh erwk vhfxulwlhv
kdyh lghqwlfdo d sulrul uhwxuq fkdudfwhuvlwlfv/ qr jurxqgv iru suhihuulqj rqh vhfxulw| wr wkh rwkhu1

Jlyhq wkhvh sruwirolr fkrlfhv dqg wkh lqirupdwlrq lq Wdeoh 4/ zh fdq frpsxwh wkh h{0dqwh
glvwulexwlrq ri uhwxuqv wr wkh lqiruphg dgylvhu dqg wkh lqyhvwru wkdw zrxog dulvh li wkh lqyhvwru zhuh
wr fkrrvh wkh lqiruphg dgylvhu1 Ghqrwlqj wkhvh uhwxuqv e| I

U

dqg \
U

/ uhvshfwlyho|/ zh kdyh

I
U

@

;AA?
AA=

e�+dK . 4� d, . e2+dK . 4� d�K,> z1s1 t
e�+dK . 4� d, . e2+dK . 4� d� +K . O,@5,,> z1s1 s
e�+dO. 4� d, . e2+dO. 4� d� +K . O,@5,,> z1s1 u
e�+dO. 4� d, . e2+dO. 4� d� O,> z1s1 t

+714,

\
U

@

;AA?
AA=

+4� e�,+dK . 4� d,� e2+dK . 4� d�K,> z1s1 t
+4� e�,+dK . 4� d,� e2+dK . 4� d� +K . O,@5,,> z1s1 s
+4� e�,+dO. 4� d,� e2+dO. 4� d� +K . O,@5,,> z1s1 u
+4� e�,+dO. 4� d,� e2+dO. 4� d� O,> z1s1 t

+715,

Vlqfh wkh xqlqiruphg dgylvhu lv lqgl�huhqw ehwzhhq doo sruwirolrv ri wkh irup +4�d>p> d�p, iru
p 5 ^3> d`/ zh pd| dvvxph zlwkrxw orvv wkdw kh slfnv wkh sruwirolr dprqj wkhvh wkdw pd{lpl}hv wkh
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lqyhvwru*v h{shfwhg xwlolw|1 +Wklv zrxog dovr pd{lpl}h wkh fkdqfh ri klv uhfhlylqj wkh lqyhvwphqw1,
D vlpsoh frpsxwdwlrq vkrzv wkdw wklv rffxuv zkhq wkh dgylvhu vhohfwv wkh ulvn| vhfxulwlhv lq wkh
vdph sursruwlrqv dv wkh pdunhw sruwirolr/ wkdw lv/ wkh rswlpdo sruwirolr lv +4� d> d@5> d@5,1 Xqghu
wkhvh sursruwlrqv/ wkh glvwulexwlrq ri uhwxuqv wr wkh xqlqiruphg dgylvhu dqg lqyhvwru/ ghqrwhg I

�

dqg \
�

uhvshfwlyho|/ duh jlyhq e|

I
�

@

;AA?
AA=

e�+4� d. dK, . e2+d� 4,+K � 4,> z1s1 t
e�+4� d. d+K . O,@5, . e2+d� 4,++K . O,@5� 4,> z1s1 }
e�+4� d. d+O.K,@5, . e2+d� 4,++K . O,@5� 4,> z1s1 }
e�+4� d. dO, . e2+d� 4,+O� 4,> z1s1 t

+716,

\
�

@

;AA?
AA=

+4� e�,+4� d. dK,� e2+d� 4,+K � 4,> z1s1 t
+4� e�,+4� d. d+K . O,@5,� e2+d� 4,++K . O,@5� 4,> z1s1 }
+4� e�,+4� d. d+O.K,@5,� e2+d� 4,++K . O,@5� 4,> z1s1 }
+4� e�,+4� d. dO,� e2+d� 4,+O� 4,> z1s1 t

+717,

Zkhq zh zlvk wr hpskdvl}h wkh ghshqghqfh ri wkhvh uhwxuqv rq wkh ihh vwuxfwxuh/ zh vkdoo zulwh
I
U

+e�> e2,/ \U+e�> e2,/ hwf1 Wkh h{shfwdwlrqv ri wkhvh yduldeohv zloo eh ghqrwhg H^�` +iru h{dpsoh/
H^I

U

+e�> e2,`,/ dqg wkh yduldqfhv e| Y ^�` +iru lqvwdqfh/ Y ^\
U

+e�> e2,`,1 Xvlqj wklv qrwdwlrq/ frqgl0
wlrqdo rq nqrzlqj wkh dgylvhu*v lghqwlw|/ dqg jlyhq +e�> e2,/ wkh h{shfwhg xwlolw| ri wkh lqyhvwru iurp
lqyhvwlqj zlwk wkh lqiruphg dgylvhu lv

H^X
U

+e�> e2,` @ H^\
U

+e�> e2,`� 4

5
�Y ^\

U

+e�> e2,`= +718,

Vlploduo|/ frqglwlrqdo rq nqrzlqj wkh dgylvhu*v lghqwlw|/ wkh h{shfwhg xwlolw| wr wkh lqyhvwru iurp
lqyhvwlqj zlwk wkh xqlqiruphg dgylvhu lv

H^X
�

+e�> e2,` @ H^\
�

+e�> e2,`� 4

5
�Y ^\

�

+e�> e2,`= +719,

e�2 5iT@h@|�?} ,^��*�Mh��4 �?_ih 6�*Uh�4 6iit

Iru dq htxloleulxp lq wklv prgho wr eh vhsdudwlqj/ lw pxvw vdwlvi| wzr frqglwlrqv= +l, wkh ihh vwuxfwxuh
fkrvhq e| wkh lqiruphg dgylvhu pxvw eh rqh wkdw wkh xqlqiruphg dgylvhu zrxog qrw zlvk wr plplf/
dqg +ll, wkh lqyhvwru uhfhlyhv dw ohdvw dv pxfk h{shfwhg xwlolw| iurp lqyhvwlqj zlwk wkh lqiruphg
dgylvhu dv kh frxog iurp lqyhvwlqj zlwk wkh xqlqiruphg dgylvhu1 Wkxv/ lghqwli|lqj d vhsdudwlqj
htxloleulxp uhtxluhv d wzr vwhs surfhgxuh1 Iluvw/ zh orrn dw wkh pd{lpxp xwlolw| wkh lqyhvwru frxog
rewdlq iurp wkh xqlqiruphg dgylvhu/ vxemhfw wr wkh odwwhu uhfhlylqj dw ohdvw klv uhvhuydwlrq h{shfwhg
ihh ohyho1 Wkdw lv/ zh vroyh=

Pd{lpl}h H^X
�

+e�> e2,`

vxemhfw wr H^I
�

+e�> e2,` � ��
�

e�> e2 � 3

+71:,
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Ohw HXW

�

ghqrwh wkh pd{lpl}hg ydoxh ri wkh remhfwlyh ixqfwlrq lq wklv sureohp1 Lq wkh vhfrqg
vwhs/ zh orrn iru wkh ihh vwuxfwxuh wkdw pd{lpl}hv wkh h{shfwhg ihh ri wkh lqiruphg dgylvhu vxemhfw
wr wzr frqvwudlqwv= surylglqj wkh lqyhvwru zlwk dw ohdvw klv _uhvhuydwlrq% xwlolw| ohyho HXW

�

/ dqg
hqvxulqj wkh qrq0plplfnlqj frqglwlrq1

Pd{lpl}h H^I
U

+e�> e2,`

vxemhfw wr H^X
U

+e�> e2,` � HXW

�

H^I
�

+e�> e2,` � ��
�

e�> e2 � 3

+71;,

Ohw HI W

U

ghqrwh wkh pd{lpl}hg ydoxh ri wkh remhfwlyh ixqfwlrq lq +71;,/ dqg HXW

U

wkh h{shfwhg
xwlolw| ri wkh lqyhvwru lq d vroxwlrq1 Li wkhuh lv d vroxwlrq wr +71;, zklfk vdwlv�hv HI W

U

� ��
U

/ wkhq d
vhsdudwlqj htxloleulxp h{lvwv lq wklv prgho> li qrw/ wkhq qr vhsdudwlqj htxloleulxp h{lvwv1bc�f

e�� �Lh|uL*�L ��L�Uit �?_ih W?Ui?|��i 6iit

Wkh iroorzlqj uhvxow lghqwl�hv wkh dgylvhuv* rswlpdo sruwirolr fkrlfhv iru dq| jlyhq lqfhqwlyh ihh=

Sursrvlwlrq 715 Ohw dq| lqfhqwlyh ihh +e�> e2, eh jlyhq1 Xqghu wkh ihh vwuxfwxuh +e�> e2,=

41 Wkh lqiruphg dgylvhu zloo fkrrvh wkh sruwirolr +4 � d> d> 3, li vwdwh 4 zhuh wr rffxu/ dqg wkh
sruwirolr +4� d> 3> d, li vwdwh 5 zhuh wr rffxu1

51 Li e2 A 3/ wkh xqlqiruphg dgylvhu zloo fkrrvh rqh ri wkh h{wuhph sruwirolrv +4 � d> d> 3, ru
+4� d> 3> d,1 Li e2 @ 3/ dq| sruwirolr ri wkh irup +4� d>p> d�p, iru p 5 ^3> d` lv rswlpdo1

Surri Vhh Dsshqgl{ D151 �

Sursrvlwlrq 715 vxppdul}hv/ lq d vhqvh/ wkh pdlq dujxphqw ehklqg h{lvwlqj uhjxodwlrqv rq ihh
vwuxfwxuhv wkdw doorzlqj iru lqfhqwlyh ihhv zloo ohdg wr _h{fhvvlyh% dprxqwv ri ulvn1 Xqghu ixofuxp
ihhv/ dv zh vdz/ wkh prvw uhdvrqdeoh fkrlfh ri sruwirolr iru wkh xqlqiruphg dgylvhu zdv rqh wkdw
khog wkh ulvn| dvvhwv lq wkh vdph sursruwlrqv dv wkh ehqfkpdun1 Xqghu lqfhqwlyh ihhv/ krzhyhu/ wkh
xqlqiruphg dgylvhu dovr dozd|v wdnhv dq h{wuhph sruwirolr1 Pruhryhu/ xqolnh wkh lqiruphg dgylvhu*v
fkrlfh/ wklv frxog eh wkh _zurqj% h{wuhph sruwirolr> iurp dq d sulrul vwdqgsrlqw/ wkh sruwirolrv
+4�d> d> 3, dqg +4�d> 3> d, duh erwk rswlpdo iru wkh xqlqiruphg dgylvhu/ exw/ reylrxvo|/ wkh vhfrqg
rqh lv dq lqihulru fkrlfh lq vwdwh 4/ dqg wkh �uvw lv dq lqihulru fkrlfh lq vwdwh 51 Wkxv/ e| surwhfwlqj
klp iurp wkh grzqvlgh frqvhtxhqfhv ri klv dfwlrqv/ lqfhqwlyh ihhv hqfrxudjh wkh dgylvhu wr wdnh rq
h{wuhph srvlwlrqv wkdw fdqqrw eh mxvwl�hg e| lqirupdwlrq frqvlghudwlrqv1

b5�U� i^��*�Mh�@ 4@)c Lu UL�htic u@�* |L i �t| uLh @hM�|h@h) T@h@4i|h�3@|�L?t E�? T@h|�U�*@hc ��i? 7ZU �t �ih) *@h}i
hi*@|��i |L i TiU|i_ TLh|uL*�L hi|�h?t�� 6Lh hi@tL?@M*i T@h@4i|ih �@*�itc �L�i�ihc i �t|i?Ui �t ?L| @ ThLM*i4�

�f�L|i |�@| �? @ tiT@h@|�?} i^��*�Mh��4 L?*) L?i u�?_ E?@4i*)c |�@| h�? M) |�i �?uLh4i_ @_��tih� ��** hi4@�? �? |�i
4@h!i|� A�i L|�ihc �?@M*i |L 4ii| �|t hitih�@|�L? uii *i�i*c ��** i �|� OL�i�ihc �| �t |�i |�hi@| Lu UL4Ti|�|�L? Lgihi_
M) |�i �?�?uLh4i_ @_��tih |�@| _h��it |�i i^��*�Mh��4�
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Krzhyhu/ wkh lpsruwdqw lvvxh lv qrw zklfk ihh vwuxfwxuh hqfrxudjhv ohvv ulvn0wdnlqj exw zklfk
lv zhoiduh pd{lpl}lqj iru wkh lqyhvwru1 Wklv uhtxluhv xv wr lghqwli| wkh prgho*v htxloleuld1 Wr wklv
hqg/ zh �uvw lghqwli| wkh uhwxuqv wkdw dulvh iurp hdfk dgylvhu1 Wr pdlqwdlq d glvwlqfwlrq ehwzhhq
wkh ihh uhjlphv/ zh dphqg rxu suhylrxv qrwdwlrq dv iroorzv= zh zloo ghqrwh e| J wkh ihh uhfhlyhg
e| wkh dgylvhu/ e| [ wkh uhwxuqv wr wkh lqyhvwru/ dqg e| HY wkh h{shfwhg xwlolw| ri wkh lqyhvwru1

Li wkh lqyhvwru zhuh wr lqyhvw zlwk wkh lqiruphg dgylvhu/ wkh h{ dqwh glvwulexwlrq ri uhwxuqv J
U

dqg [
U

wr wkh dgylvhu dqg lqyhvwru/ uhvshfwlyho|/ duh jlyhq e|

J
U

@

;AA?
AA=

e�+dK . 4� d, . e2+dK . 4� d�K,> z1s1 t
e�+dK . 4� d, . e2+dK . 4� d� +K . O,@5,,> z1s1 s
e�+dO. 4� d,> z1s1 u
e�+dO. 4� d,> z1s1 t

+71<,

[
U

@

;AA?
AA=

+4� e�,+dK . 4� d,� e2+dK . 4� d�K,> z1s1 t
+4� e�,+dK . 4� d,� e2+dK . 4� d� +K . O,@5,,> z1s1 s
+4� e�,+dO. 4� d,> z1s1 u
+4� e�,+dO. 4� d,> z1s1 t

+7143,

Qrz vxssrvh wkh lqyhvwru fkrrvhv wkh xqlqiruphg dgylvhu1 Frqvlghu �uvw wkh fdvh zkhuh e2 A 3/
dqg dvvxph/ zlwkrxw orvv/ wkdw wkh xqlqiruphg dgylvhu slfnv wkh sruwirolr +4� d> d> 3,1 Lq wklv fdvh/
wkh glvwulexwlrq ri uhwxuqv J

�

dqg [
�

wr wkh wzr sduwlhv duh

J
�

@

;AA?
AA=

e�+4� d. dK, . e2+d� 4,+K � 4,> z1s1 t
e�+dK . 4� d, . e2+dK . 4� d� +K . O,@5,,> z1s1 }
e�+dO. 4� d,> z1s1 }
e�+dO. 4� d,> z1s1 t

+7144,

[
�

@

;AA?
AA=

+4� e�,+4� d. dK,� e2+d� 4,+K � 4,> z1s1 t
+4� e�,+dK . 4� d,� e2+dK . 4� d� +K . O,@5,,> z1s1 }
+4� e�,+dO. 4� d,> z1s1 }
+4� e�,+dO. 4� d,> z1s1 t

+7145,

Rq wkh rwkhu kdqg/ li e2 @ 3/ wkhq dq| sruwirolr ri wkh irup +4 � d>p> d � p, iru p 5 ^3> d`
lv rswlpdo1 Lq wklv fdvh/ zh pd| dvvxph wkdw wkh dgylvhu slfnv wkh sruwirolr wkdw pd{lpl}hv wkh
lqyhvwru*v xwlolw|/ zklfk lv +4� d> d@5> d@5,1 Wklv uhvxowv lq=

J
�

@

;AA?
AA=

e�+4� d. dK, . e2+d� 4,+K � 4,> z1s1 t
e�+4� d. d+K . O,@5, . e2+d� 4,++K . O,@5� 4,> z1s1 }
e�+4� d. d+O.K,@5, . e2+d� 4,++K . O,@5� 4,> z1s1 }
e�+4� d. dO,> z1s1 t

+7146,

[
�

@

;AA?
AA=

+4� e�,+4� d. dK,� e2+d� 4,+K � 4,> z1s1 t
+4� e�,+4� d. d+K . O,@5,� e2+d� 4,++K . O,@5� 4,> z1s1 }
+4� e�,+4� d. d+O.K,@5,� e2+d� 4,++K . O,@5� 4,> z1s1 }
+4� e�,+4� d. dO,> z1s1 t

+7147,
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Rqfh djdlq/ zkhq zh zlvk wr hpskdvl}h wkh ghshqghqfh ri dq| ri wkhvh txdqwlwlhv rq wkh ihh
vwuxfwxuh/ zh zloo zulwh[

U

+e�> e2,/ JU

+e�> e2,/ hwf1 Qrz/ qrwh wkdw li wkh lqyhvwru fkrrvhv wkh lqiruphg
dgylvhu/ wkhq/ frqglwlrqdo rq nqrzqlqj wkh dgylvhu*v w|sh/ wkh lqyhvwru*v h{0dqwh h{shfwhg xwlolw| lv

H^Y
U

+e�> e2,` @ H^[
U

+e�> e2,`� 4

5
�Y ^[

U

+e�> e2,`=

Vlploduo|/ wkh h{0dqwh h{shfwhg xwlolw| iurp lqyhvwlqj zlwk wkh xqlqiruphg dgylvhu lv

H^Y
�

+e�> e2,` @ H^[
�

+e�> e2,`� 4

5
�Y ^[

�

+e�> e2,`=

e�e 5iT@h@|�?} ,^��*�Mh��4 �?_ih W?Ui?|��i 6iit

Wkh �uvw vwhs lq lghqwli|lqj d vhsdudwlqj htxloleulxp lv lghqwli|lqj wkh pd{lpxp xwlolw| wkh lqyhvwru
frxog uhfhlyh iurp wkh xqlqiruphg dgylvhu vxemhfw wr wkh dgylvhu uhfhlylqj dw ohdvw klv uhvhuydwlrq
xwlolw| ohyho1 Wkdw lv/ zh vroyh

Pd{lpl}h H^Y
�

+e�> e2,`

vxemhfw wr H^J
�

+e�> e2,` � ��
�

e�> e2 � 3

+7148,

Ohw HY W

�

ghqrwh wkh pd{lpl}hg ydoxh ri wkh remhfwlyh ixqfwlrq lq wklv sureohp1 Lq wkh vhfrqg
vwhs/ zh orrn iru wkh ihh vwuxfwxuh wkdw pd{lpl}hv wkh h{shfwhg ihh ri wkh lqiruphg dgylvhu vxemhfw
wr wzr frqvwudlqwv= surylglqj wkh lqyhvwru zlwk dw ohdvw klv _uhvhuydwlrq% xwlolw| ohyho HY W

�

/ dqg
hqvxulqj wkh qrq0plplfnlqj frqglwlrq1

Pd{lpl}h H^J
U

+e�> e2,`

vxemhfw wr H^Y
U

+e�> e2,` � HY W

�

H^J
�

+e�> e2,` � ��
�

e�> e2 � 3

+7149,

Lq wkh qh{w vhfwlrq/ zh xvh wkhvh rswlpl}dwlrq sureohpv wr rewdlq dqg frpsduh htxloleulxp
rxwfrphv xqghu wkh wzr ihh uhjlphv1

D �L4T@h�tL? Lu ,^��*�Mh��4 ��|UL4it

Rxu frpsdulvrq ri htxloleulxp rxwfrphv xqghu wkh gl�huhqw ihh uhjlphv surfhhgv lq vhyhudo vwhsv1
Lq wkh Lqwurgxfwlrq/ zh rxwolqhg rxu lqwxlwlyh h{shfwdwlrq ri wkh uhvxowv1 Wr uhfdslwxodwh eulh�|/
dv wkh lqiruphg dgylvhu _udlvhv% wkh ohyho ri ihhv lq wkh vhsdudwlrq sureohp/ erwk frqvwudlqwv pryh
forvhu wr elqglqj= rq wkh rqh kdqg/ plplfnlqj lv qrz pruh sur�wdeoh iru wkh xqlqiruphg dgylvhu>
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rq wkh rwkhu/ wkh lqyhvwru*v h{shfwhg xwlolw| iurp wkh lqiruphg dgylvhu lv sxvkhg grzq wrzdugv klv
_uhvhuydwlrq% ohyho1 Wkxv/ wkh surshuwlhv ri htxloleulxp ghshqg rq zklfk frqvwudlqw elqgv �uvw1

Iru vpdoo ydoxhv ri ��
�

/ wkh qrq0plplfnlqj frqvwudlqw dsshduv wkh uhohydqw rqh1 Lq wklv fdvh/ wkh
_ixofuxp% surylghv wkh lqiruphg dgylvhu zlwk d fuxfldo uhodwlyh dgydqwdjh= lw fuhdwhv grzqvlgh ulvn
wr plplfnlqj/ dqg wkhuhe| hqdeohv wkh dssursuldwlrq ri juhdwhu uhqwv1 Zh zrxog h{shfw/ wkhuhiruh/
wkdw iru vpdoo ��

�

/ wkh lqyhvwru zrxog eh vwulfwo| ehwwhu r� xqghu lqfhqwlyh ihhv1

Rq wkh rwkhu kdqg/ dv ��
�

lqfuhdvhv/ wkh lqyhvwru*v uhvhuydwlrq xwlolw| frqvwudlqw zloo vwduw wr elqg1
+Qrwh wkdw wklv vkrxog kdsshq vrrqhu xqghu ixofuxp ihhv ehfdxvh ri wkh juhdwhu uhqw h{wudfwlrq1,
Iru odujh ��

�

/ wkhuhiruh/ wkh vxshulru uhjlph iurp wkh lqyhvwru*v vwdqgsrlqw lv wkh rqh wkdw surylghv
d juhdwhu ohyho ri uhvhuydwlrq xwlolw|1 Lq jhqhudo/ zh zrxog h{shfw wklv wr eh wkh ixofuxp ihh uhjlph=
vxfk d ihh h�hfwlyho| wudqvihuv zhljkw iurp wkh wdlov ri wkh uhwxuqv glvwulexwlrq wr wkh plggoh/ dqg
wkhuhe| hqdeohv vxshulru ulvn0vkdulqj ehwzhhq wkh ulvn0dyhuvh lqyhvwru dqg wkh ulvn0qhxwudo dgylvhu1

Zh yhuli| wklv lqwxlwlrq lq vhyhudo vwhsv1 Iluvw/ lq Vhfwlrq 814/ zh h{dplqh wkh olplwlqj fdvh ri
d ulvn0qhxwudo lqyhvwru1 Lq wklv fdvh/ wkh ulvn0vkdulqj dwwulexwhv ri wkh ihh vwuxfwxuh duh lppdwhuldo1
Wkxv/ zh zrxog h{shfw wkdw iurp wkh lqyhvwru*v ylhzsrlqw/ +l, iru vpdoo ��

�

/ wkh lqfhqwlyh ihh uhjlph
vwulfwo| grplqdwhv wkh ixofuxp ihh uhjlph/ dqg +ll, iru odujh ��

�

/ wkh uhjlphv duh htxlydohqw1 Wklv lv
h{dfwo| zkdw zh �qg> lqghhg/ zh dovr �qg/ dv dqwlflsdwhg/ wkdw wkh lqyhvwru lv sxvkhg grzq wr klv
uhvhydwlrq ohyho idvwhu xqghu ixofuxp ihhv wkdq xqghu lqfhqwlyh ihhv1

Exloglqj rq wklv dqdo|vlv/ zh orrn dw htxloleulxp zlwk d ulvn0dyhuvh lqyhvwru1 Zh ehjlq lq
Vhfwlrq 815 zlwk d sduwlfxodu fdvh ri lqwhuhvw= wkdw ri }hur ohyhudjh1 Zh vkrz wkdw lq wklv vhwwlqj
dovr lw lv wkh fdvh wkdw lqfhqwlyh ihhv duh qhyhu zruvh/ dqg fdq eh vwulfwo| ehwwhu/ wkdq ixofuxp ihhv1
Ilqdoo|/ lq Vhfwlrq 816/ zh frqvlghu wkh jhqhudo fdvh ri erwk ulvn0dyhuvlrq dqg ohyhudjh1 Zh �qg
wkdw rxu lqwxlwlyh dujxphqwv duh eruqh rxw iru wkh prvw sduw1 Krzhyhu/ dq lqwhuhvwlqj wzlvw pd|
rffxu zkhq uhwxuq yrodwlolw| jhwv yhu| kljk1 Lq wklv fdvh/ wkh suhvhqfh ri ohyhudjh pd| frpsrxqg
pdwwhuv vx�flhqwo| wkdw iru orz ydoxhv ri ��

�

/ ixofuxp ihhv grplqdwh lqfhqwlyh ihhv gxh wr wkhlu
vxshulru ulvn0vkdulqj ihdwxuhv1 Dv ��

�

ulvhv/ krzhyhu/ wkh vxusoxv h{wudfwlrq d�rughg e| ixofuxp ihhv
dovr ulvhv/ vr lqfhqwlyh ihhv qrz ehfrph suhihudeoh iru wkh lqyhvwru1 Dw yhu| kljk ydoxhv ri ��

�

/ wkh
lqyhvwru lv irufhg grzq wr klv _uhvhuydwlrq% ohyhov/ dqg ixofuxp ihhv rqfh djdlq ehfrph vxshulru1

D�� � +�t!��i�|h@* W?�it|Lh

Rxu dqdo|vlv ri htxloleulxp rxwfrphv zkhq wkh lqyhvwru lv ulvn0qhxwudo +� @ 3, ehjlqv zlwk d
fkdudfwhul}dwlrq ri vhsdudwlqj htxloleulxp sd|r�v xqghu d ixofuxp ihh uhjlph1 Wr wklv hqg/ ghqrwh
e| U

�

dqg U
U

/ uhvshfwlyho|/ wkh uhwxuqv iurp wkh xqlqiruphg dqg lqiruphg dgylvhu lq d ixofuxp ihh
uhjlph/ dqg e| U

�

wkh uhwxuq rq wkh ehqfkpdun sruwirolr1 Ohwwlqj H+�, ghqrwh h{shfwdwlrqv xqghu
wkh xqlqiruphg dgylvhu*v lqirupdwlrq vhw/ gh�qh wkh txdqwlw| W� e|

W� @ H+U
�

�U
�

,= +814,

Wkh vljql�fdqfh ri wkh txdqwlw| W� lv fdswxuhg lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 814 Li ��
�

? W�/ wkh lqyhvwru*v xwlolw| lq d vhsdudwlqj htxloleulxp xqghu ixofuxp ihhv
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lv vwulfwo| kljkhu wkdq klv _uhvhuydwlrq% ohyho HXW

�

1 Li ��
�

� W�/ wkh lqyhvwru*v htxloleulxp xwlolw| lv
htxdo wr wkh uhvhuydwlrq ohyho HXW

�

1

Surri Vhh Dsshqgl{ E141 �

Sursrvlwlrq 814 lv d irupdo frq�updwlrq ri rxu lqwxlwlrq wkdw iru orz ��
�

/ wkh lqyhvwru uhfhlyhv
d vxusoxv ryhu klv uhvhuydwlrq ohyho/ exw iru kljk ��

�

/ wkh lqyhvwru lv irufhg grzq wr wkh uhvhuydwlrq
xwlolw| ohyho1 Dsshqgl{ E14/ zklfk suryhv wklv uhvxow/ dovr surylghv forvhg0irup h{suhvvlrqv iru wkh
htxloleulxp sd|r�v iru dq| ydoxh ri ��

�

1

Rxu vhfrqg uhvxow surylghv wkh dqdorj ri Sursrvlwlrq 814 iru lqfhqwlyh ihhv1 Zh �uvw lqwurgxfh
vrph qrwdwlrq wr gl�huhqwldwh wkh uhwxuqv glvwulexwlrqv lq wklv fdvh iurp wkrvh xqghu ixofuxp ihhv>
wklv zloo hpskdvl}h wkdw wkh sruwirolr vhohfwlrqv gl�hu xqghu wkh wzr uhjlphv1 Ohw U

U

dqg U
�

ghqrwh uhvshfwlyho|/ wkh uhwxuqv iurp wkh lqiruphg dqg xqlqiruphg dgylvhuv/ dqg ohw U
�

ghqrwh wkh
ehqfkpdun uhwxuqv1 +Qrwh wkdw ehqfkpdun uhwxuqv frlqflgh xqghu wkh wzr uhjlphv1, Ohwwlqj HW+�,
ghqrwh wkh lqiruphg dgylvhu*v h{shfwdwlrqv/ gh�qh

W2 @
H^+U

�

�U
�

,n` � ^HW+U
U

,�H+U
�

,`

HW^+U
U

�U
�

,n`�H^+U
�

�U
�

,n`
+815,

Wkh txdqwlw| W2 sod|v wkh vdph uroh xqghu lqfhqwlyh ihhv dv W� glg iru ixofuxp ihhv=

Sursrvlwlrq 815 Li ��
�

? W2/ wkh lqyhvwru*v xwlolw| lq d vhsdudwlqj htxloleulxp xqghu lqfhqwlyh ihhv
lv vwulfwo| kljkhu wkdq klv _uhvhuydwlrq% ohyho HY W

�

1 Krzhyhu/ li ��
�

� W2/ wkhq wkh lqyhvwru*v xwlolw|
lq d vhsdudwlqj htxloleulxp lv htxdo wr HY W

�

1

Surri Vhh Dsshqgl{ E151 �

Dsshqgl{ E15 surylghv forvhg0irup vroxwlrqv iru wkh htxloleulxp sd|r�v xqghu lqfhqwlyh ihhv iru
dq| ��

�

1 Xvlqj wkhvh forvhg0irupv dqg wkh fruuhvsrqglqj rqhv lq lq Dsshqgl{ E14/ zh pd| frpsduh
htxloleulxp sd|r�v iru wkh lqyhvwru lq wkh wzr uhjlphv1 Zh zrxog h{shfw wkdw +l, li ��

�

lv vpdoo/ wkh
lqyhvwru lv vwulfwo| ehwwhu r� xqghu lqfhqwlyh ihhv> +ll, li ��

�

lv odujh/ wkhq wkh lqyhvwru*v xwlolw| lq wkh
wzr uhjlphv frlqflghv/ dqg +lll, wkh lqyhvwru jhwv irufhg grzq wr klv uhvhuydwlrq ohyho idvwhu xqghu
ixofuxp wkdq xqghu lqfhqwlyh ihhv1 Zh zloo vkrz doo wkhvh wr eh wuxh=

Sursrvlwlrq 816 Li ��
�

? W2/ wkhq wkh lqyhvwru lv vwulfwo| ehwwhu r� xqghu lqfhqwlyh ihhv wkdq xqghu
ixofuxp ihhv1 Li ��

�

� W2/ wkh lqyhvwru uhfhlyhv wkh vdph htxloleulxp zhoiduh ohyhov lq wkh wzr fdvhv1

Surri Vhh Dsshqgl{ E161 �

Wkh surri ri Sursrvlwlrq 816 lqyroyhv d frqvlghudeoh dprxqw ri dojheudlf pdqlsxodwlrq/ exw
wkh vwhsv lq wkh surri duh txlwh vlpsoh1 Dsshqglfhv E14 dqg E15 vkrz/ uhvshfwlyho|/ wkdw wkh
uhvhuydwlrq xwlolwlhv HXW

�

dqg HY W

�

xqghu wkh wzr uhjlphv duh gh�qhg e| HXW

�

@ H+U
�

,� ��
�

dqg
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Wdeoh 5= Vhsdudwlqj Htxloleulxp Rxwfrphv zlwk Qr Ulvn0Dyhuvlrq

Wklv wdeoh suhvhqwv vhsdudwlqj htxloleulxp rxwfrphv xqghu erwk ixofuxp dqg lqfhqwlyh ihhv iru d
udqjh ri sdudphwhu ydoxhv zkhq wkh lqyhvwru lv ulvn0dyhuvh1 Wkh suredelolwlhv s/ t/ dqg u ri Wdeoh 4
duh �{hg dw 3183/ 3148/ dqg 3153/ uhvshfwlyho|/ dqg wkh pd{lpxp ohyhudjh doorzhg dw d @ 4=831 Lq
wkh wdeoh= +l, K dqg O uhihu wr wkh uhwxuqv rq wkh ulvn| vhfxulwlhv/ +ll, ��Q lv wkh uhvhuydwlrq h{shfwhg
ihh ohyho iru wkh xqlqiruphg dgylvhu/ +lll, HX�

L
dqg HY �

L
duh wkh htxloleulxp xwlolw| ohyhov ri wkh

lqyhvwru xqghu ixofuxp dqg lqfhqwlyh ihhv/ uhvshfwlyho|/ dqg +ly, HX�

Q
dqg HY �

Q
duh wkh lqyhvwru*v

+hqgrjhqrxvo| ghwhuplqhg, uhvhuydwlrq xwlolw| ohyhov xqghu ixofuxp dqg lqfhqwlyh ihhv/ uhvshfwlyho|1

K @ 4=53/ O @ 3=<3/ d @ 4=83
��Q 3133 3134 3135 3136 3137 3138
HX�

L
414758 414388 4139;8 413783 413683 413583

HX�

Q
413:83 413983 413883 413783 413683 413583

HY �

L
414758 4145;; 414485 414348 413;:< 413:75

HY �

Q
413:83 413983 413883 413783 413683 413583

K @ 4=83/ O @ 3=<3/ d @ 4=83
��Q 31333 31358 31383 313:8 31433 31483
HX�

L
417683 416:96 4164:8 4158;; 415333 414833

HX�

Q
416333 415:83 415833 415583 415333 414833

HY �

L
417683 417343 4169:4 416664 415<<4 415645

HY �

Q
416333 415:83 415833 415583 415333 414833

HY W

�

@ H+U
�

,� ��
�

1 Wkhvh uhvhuydwlrq ohyhov reylrxvo| frlqflgh vlqfh H+U
�

, @ H+U
�

,1 Iurp wkh
suhylrxv sursrvlwlrqv/ wklv phdqv wkh lqyhvwru jhwv sxvkhg grzq wr wklv frpprq uhvhuydwlrq ohyho
xqghu wkh ixofuxp ihh uhjlph li ��

�

� W�/ dqg xqghu wkh lqfhqwlyh ihh uhjlph li ��
�

� W21

Zh suryh wkdw W� � W21 Wklv lpphgldwho| hvwdeolvkhv wkuhh srlqwv= wkdw +d, wkh lqyhvwru jhwv
sxvkhg wr wkh uhvhuydwlrq ohyho idvwhu xqghu ixofuxp ihhv/ +e, lqfhqwlyh ihhv duh vwulfwo| ehwwhu wkdq
ixofuxp ihhv iru wkh lqyhvwru zkhq ��

�

5 ^W�> W2,/ dqg +f, wkdw wkh wzr uhjlphv duh htxlydohqw zkhq
��
�

� W21 Wkhq/ wr frpsohwh wkh surri/ zh vkrz wkdw zkhq ��
�

? W�/ wkh lqyhvwru lv vwulfwo| ehwwhu
r� xqghu lqfhqwlyh ihhv1

Wdeoh 5 surylghv d qxphulfdo looxvwudwlrq ri wkh xwlolw| uhfhlyhg e| wkh lqyhvwru lq wkh wzr uhjlphv/
dv dovr ri wkh uhvhuydwlrq xwlolw| ohyhov xqghu wkh wzr uhjlphv1 Iru wkh sdudphwul}dwlrqv xvhg lq wkh
xsshu sdqho lq wkh wdeoh/ lw lv hdvlo| fkhfnhg wkdw W� @ 3=358 dqg W2 @ 3=4;78> iru wkh orzhu sdqho/
wkhvh qxpehuv duh W� @ 3=43 dqg W2 @ 3=6:971 Wkxv/ wkh lqyhvwru lv irufhg grzq wr klv uhvhuydwlrq
ohyho idu pruh txlfno| xqghu ixofuxp ihhv1 Dv wkh wdeoh lqglfdwhv/ wkh gl�huhqfhv lq wkh lqyhvwru*v
htxloleulxp xwlolwlhv xqghu wkh wzr uhjlphv fdq dovr eh vxevwdqwldo1

D�2 +�t!���ihti W?�it|Lht WG A�i �@ti Lu �L wi�ih@}i

Zh wxuq qrz wr wkh jhqhudo fdvh zkhuh � A 3 lv shuplwwhg1 D sduwlfxodu fdvh ri lqwhuhvw khuh lv
zkhuh qr ohyhudjh lv shuplwwhg +d @ 4,1�� Wkh dgydqwdjh d�rughg e| wklv vhwwlqj lv wkdw forvhg0irup

��A�i @||h@U|��i?itt Lu |��t U@ti �@t _h@�? |L L�h @||i?|�L? M) |��t T@Tih<t hiuihii ��L t�}}it|i_ �i i @4�?i �|�
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Wdeoh 6= Vhsdudwlqj Htxloleulxp Rxwfrphv zlwk Qr Ohyhudjh

Wklv wdeoh suhvhqwv vhsdudwlqj htxloleulxp rxwfrphv xqghu erwk ixofuxp dqg lqfhqwlyh ihhv iru d
udqjh ri sdudphwhu ydoxhv zkhq wkhuh lv qr ohyhudjh1 Wkh suredelolwlhv s/ t/ dqg u ri Wdeoh 4 duh
�{hg dw 3183/ 3148/ dqg 3153/ uhvshfwlyho|1 Lq wkh wdeoh= +l, K dqg O uhihu wr wkh uhwxuqv rq wkh
ulvn| vhfxulwlhv/ +ll, ��Q lv wkh uhvhuydwlrq h{shfwhg ihh ohyho iru wkh xqlqiruphg dgylvhu/ +lll, � lv wkh
yduldqfh0dyhuvlrq frh�flhqw ri wkh lqyhvwru/ +ly, HX�

L
dqg HY �

L
duh wkh htxloleulxp xwlolw| ohyhov ri

wkh lqyhvwru xqghu ixofuxp dqg lqfhqwlyh ihhv/ uhvshfwlyho|/ dqg +y, HX�

Q
dqg HY �

Q
duh wkh lqyhvwru*v

+hqgrjhqrxvo| ghwhuplqhg, uhvhuydwlrq xwlolw| ohyhov xqghu ixofuxp dqg lqfhqwlyh ihhv/ uhvshfwlyho|1

K @ 4=53/ O @ 3=<3/ � @ 3=83
��Q 3133 3134 3135 3136 3137 3138
HX�

L
4137;6 4136;6 4135;7 4134;7 4133;7 31<<;8

HX�

Q
4137;6 4136;6 4135;7 4134;7 4133;7 31<<;8

HY �

L
413;<< 413:96 413959 4137;; 41367< 41353<

HY �

Q
4137;6 4136;6 4135;7 4134;7 4133;7 31<<;8

K @ 4=83/ O @ 3=<3/ � @ 4=33
��Q 31333 31358 31383 313:8 31433 31483
HX�

L
414;98 414954 4146:9 414464 413;;: 4136<:

HX�

Q
414;98 414954 4146:9 414464 413;;: 4136<:

HY �

L
4157<4 415535 414<34 4148;: 414593 41389;

HY �

Q
414;98 414954 4146:9 414464 413;;: 4136<:

vroxwlrqv iru wkh htxloleuld duh hdvlo| frpsxwhg1 Lqghhg/ zh kdyh wkh iroorzlqj uhvxow=

Sursrvlwlrq 817 Zkhq wkhuh lv qr ohyhudjh +d @ 4,/ wkh lqyhvwru*v htxloleulxp xwlolw| xqghu lqfhq0
wlyh ihhv grplqdwhv wkdw xqghu ixofuxp ihhv1

Surri Vhh Dsshqgl{ E171 �

Wkh nh| wr Sursrvlwlrq 817 olhv lq wkh iroorzlqj revhuydwlrqv1 Dv sduw ri Sursrvlwlrq 714/ zh
vkrzhg wkdw li d @ 4/ wkh shuirupdqfh0dgmxvwphqw frpsrqhqw e2 kdv qr h�hfw rq wkh xqlqiruphg
dgylvhu*v h{shfwhg ihhv1 Wklv lv lqwxlwlyh= wkh xqlqiruphg dgylvhu kdv qr d sulrul uhdvrqv wr suhihu
rqh pl{ ri wkh ulvn| vwrfnv wr dqrwkhu/ vr uhjdugohvv ri wkh sruwirolr kh slfnv/ wkh h{shfwhg xsvlgh
ehqh�w lv edodqfhg e| wkh h{shfwhg grzqvlgh orvv1 Wkxv/ wkh lqiruphg dgylvhu pd| fkdqjh wkh
ydoxh ri e2 zlwkrxw d�hfwlqj wkh qrq0plplfnlqj frqvwudlqw1 Lq sduwlfxodu/ kh fdq dozd|v udlvh lw
kljk hqrxjk wr sxvk wkh lqyhvwru grzq wr klv uhvhuydwlrq ohyho HXW

�

/ vr wkh lqyhvwru*v xwlolw| lq dq|
htxloleulxp xqghu ixofuxp ihhv zloo rqo| eh HXW

�

1

Xqghu lqfhqwlyh ihhv/ krzhyhu/ wklv lv qrw wkh fdvh1 Khuh/ ehfdxvh ri wkh dv|pphwulf qdwxuh ri
wkh ihhv/ wkh shuirupdqfh0dgmxvwphqw frpsrqhqw e2 kdv d srvlwlyh lpsdfw rq wkh h{shfwhg ihhv ri wkh
xqlqiruphg dgylvhu zkhqhyhu wkh odwwhu grhv qrw fkrrvh wkh ehqfkpdun sruwirolr1 Dv d frqvhtxhqfh/
dq| dwwhpsw e| wkh lqiruphg dgylvhu wr h{wudfw lqyhvwru vxusoxv e| udlvlqj e2 zloo dovr d�hfw wkh
qrq0plplfnlqj frqvwudlqw1 Wklv olplwv wkh h{whqw wr zklfk lqyhvwru vxusoxv fdq eh uhgxfhg/ vr wkh
lqyhvwru*v htxloleulxp xwlolw| zloo w|slfdoo| vwulfwo| h{fhhg klv uhvhuydwlrq ohyho HY W

�

1 +Qrwh wkh
lqwhuhvwlqj srlqw khuh wkdw wkh _dgyhuvh% sruwirolr h�hfw ri lqfhqwlyh ihhv�qdpho|/ wkh idfw wkdw
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lqfhqwlyh ihhv zloo lqgxfh hyhq wkh xqlqiruphg dgylvhu wr fkrrvh dq h{wuhph sruwirolr�dfwxdoo|
zrunv wr wkh lqyhvwru*v dgydqwdjh$, Wr frpsohwh wkh surri/ zh vkrz wkdw HXW

�

fdq qhyhu h{fhhg
HY W

�

li wkhuh lv qr ohyhudjlqj1

Wdeoh 6 jlyhv qxphulfdo h{suhvvlrq wr wkh vxshulrulw| ri lqfhqwlyh ihhv zkhq wkhuh lv qr ohyhudjh1
Wkh sdudphwul}dwlrqv xvhg duh vlplodu wr wkrvh lq Wdeoh 51 Qrwh wkdw�dv h{shfwhg�wkh lqyhvwru lv
sxvkhg grzq wrzdugv klv uhvhuydwlrq ohyho xqghu lqfhqwlyh ihhv dovr dv ��

�

lqfuhdvhv/ vr wkh h{whqw
ri grplqdqfh ghfolqhv1

D�� +�t!���ihti W?�it|Lht WWG A�i Bi?ih@* �@ti

Zh qrz wxuq wr wkh jhqhudo fdvh zkhuh d � 4 dqg ��
�

� 3 duh erwk shuplwwhg1 Zh ehjlq zlwk
ixofuxp ihhv1

Vhsdudwlqj Htxloleuld xqghu Ixofuxp Ihhv

Zkhq � A 3 dqg d A 4/ jhqhudo vroxwlrqv wr wkh vhsdudwlrq sureohpv +71:, dqg +71;, duh kdug wr
rewdlq/ ehfdxvh ri wkh odujh qxpehu ri sdudphwhuv lqyroyhg1 Iru dq| vshfl�f sdudphwul}dwlrq/ krz0
hyhu/ wkhvh sureohpv suhvhqw qr vshfldo revwdfohv1 Wkh �uvw rqh kdv d sduwlfxoduo| vlpsoh vwuxfwxuh=
wkh remhfwlyh ixqfwlrq lv txdgudwlf dqg wkh frqvwudlqw lv olqhdu lq +e�> e2,1 Wkh vhfrqg sureohp lv
rqo| d olwwoh pruh lqyroyhg= lw kdv d olqhdu remhfwlyh ixqfwlrq/ dqg dowkrxjk lw kdv wzr frqvwudlqwv/
rqh lv olqhdu dqg wkh rwkhu txdgudwlf1

Frqvhtxhqwo|/ iru vshfl�f sdudphwhul}dwlrqv/ wkhvh sureohpv duh hdvlo| vroyhg1 Wdeoh 7 suhvhqwv
wkh htxloleulxp xwlolw| ohyho HXW

U

ri wkh lqyhvwru/ dqg wkh _uhvhuydwlrq% xwlolw| ohyho HXW

�

iru d udqjh
ri sdudphwhu ydoxhv1 Wkh qxpehuv lq wkh wdeoh ehkdyh pxfk dv h{shfwhg1 Lq sduwlfxodu/ lq doo fdvhv/
iru vpdoo ydoxhv ri ��

�

/ wkh lqyhvwru uhfhlyhv d vxusoxv ryhu klv uhvhuydwlrq xwlolw| ohyho exw iru kljkhu
ydoxhv/ kh lv sxvkhg grzq wr klv uhvhuydwlrq ohyho1

Vhsdudwlqj Htxloleuld xqghu Lqfhqwlyh Ihhv

Wxuqlqj wr lqfhqwlyh ihhv qrz/ wkh uhvhuydwlrq xwlolw| sureohp +7148, lv d olwwoh pruh frpsoh{ wkdq lwv
frxqwhusduw +71:, lq wkh ixofuxp ihh fdvh/ vlqfh wkhuh duh wzr srvvleoh glvwulexwlrqv iru J

�

dqg [
�

ghshqglqj rq wkh fkrlfh ri +e�> e2,1 Wkxv/ d wzr0vwhs surfhgxuh lv uhtxluhg/ zkhuh zh �uvw orrn iru
wkh pd{lpxp frqglwlrqdo rq e2 A 3/ dqg wkhq iru d pd{lpxp frqglwlrqdo rq e2 @ 31 D frpsdulvrq
ri wkh wzr fdvhv wkhq hvwdeolvkhv wkh _uhvhuydwlrq% xwlolw| ohyho HY W

�

iru wkh vhfrqg sureohp1

Wkh dgghg frpsolfdwlrq lv/ krzhyhu/ plqru> iru vshfl�f sdudphwul}dwlrqv/ erwk sureohpv +7148,
dqg +7149, duh hdv| wr vroyh1 Wdeoh 8 suhvhqwv wkh htxloleulxp xwlolw| ohyho HY W

U

ri wkh lqyhvwru/
dqg wkh lqyhvwru*v uhvhuydwlrq xwlolw| ohyho HY W

�

iru wkh vdph udqjh ri sdudphwhu ydoxhv dv xvhg lq
Wdeoh 51 Rqfh djdlq/ wkhuh duh qr elj vxuslvhv khuh= dv ��

�

lqfuhdvhv/ wkh lqyhvwru*v htxloleulxp
xwlolw| ohyho lq doo fdvhv gursv wrzdugv wkh uhvhuydwlrq ohyho1 Qrwh/ krzhyhu/ wkdw xqolnh wkh ixofuxp
ihh fdvh/ wkh htxloleulxp xwlolw| ohyho uhpdlqv vwulfwo| deryh wkh uhvhuydwlrq ohyho iru wkh sdudphwhu
ydoxhv lq wkh wdeoh> wkdw lv/ wkh lqyhvwru jhwv sxvkhg grzq wr klv uhvhuydwlrq ohyho idvwhu pxfk vorzhu
khuh wkdq xqghu ixofuxp ihhv1
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Wdeoh 7= Vhsdudwlqj Htxloleulxp Rxwfrphv lq d Ixofuxp Ihh Uhjlph

Wklv wdeoh suhvhqwv vhsdudwlqj htxloleulxp rxwfrphv xqghu d ixofuxp ihh uhjlph iru d udqjh ri sd0
udphwhu ydoxhv1 Wkh suredelolwlhv s/ t/ dqg u ri Wdeoh 4 duh �{hg dw 3183/ 3148/ dqg 3153/ uhvshfwlyho|/
dqg wkh pd{lpxp ohyhudjh doorzhg dw dpd{ @ 4=831 Lq wkh wdeoh= +l, K dqg O uhihu wr wkh uhwxuqv rq
wkh ulvn| vhfxulwlhv/ +ll, ��Q lv wkh uhvhuydwlrq h{shfwhg ihh ohyho iru wkh xqlqiruphg dgylvhu/ +lll, � lv
wkh yduldqfh0dyhuvlrq frh�flhqw ri wkh lqyhvwru/ +ly, HX�

L
lv wkh htxloleulxp xwlolw| ri wkh lqyhvwru/

dqg +y, HX�

Q
lv wkh lqyhvwru*v +hqgrjhqrxvo| ghwhuplqhg yld +7148,, uhvhuydwlrq xwlolw|1

K @ 4=53/ O @ 3=<3/ � @ 3=83
��Q 3133 3134 3135 3136 3137 3138
HX�

L
414643 413<<< 413994 413769 413675 413579

HX�

Q
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L
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HX�

Q
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HX�

L
413<97 413;63 4138<4 4136<8 41364: 413566

HX�

Q
4138<; 413869 41379; 4136<8 41364: 413566

K @ 4=83/ O @ 3=<3/ � @ 3=83
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HX�

L
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HX�

Q
415;7; 415955 4156<8 415498 414<66 414795
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��Q 31333 31358 31383 313:8 31433 31483
HX�

L
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HX�

Q
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Wdeoh 8= Vhsdudwlqj Htxloleulxp Rxwfrphv lq dq Lqfhqwlyh Ihh Uhjlph

Wklv wdeoh vhsdudwlqj htxloleulxp rxwfrphv xqghu dq lqfhqwlyh ihh uhjlph iru d udqjh ri sdudphwhu
ydoxhv1 Wkh suredelolwlhv s/ t/ dqg u ri Wdeoh 4 duh �{hg dw 3183/ 3148/ dqg 3153/ uhvshfwlyho|/ dqg
wkh pd{lpxp ohyhudjh doorzhg dw dpd{ @ 4=831 Lq wkh wdeoh=+l, K dqg O uhihu wr wkh uhwxuqv rq wkh
ulvn| vhfxulwlhv/ +ll, ��Q lv wkh uhvhuydwlrq h{shfwhg ihh ohyho iru wkh xqlqiruphg dgylvhu/ +lll, � lv wkh
yduldqfh0dyhuvlrq frh�flhqw ri wkh lqyhvwru/ +ly, HY �

L
lv wkh htxloleulxp xwlolw| ri wkh lqyhvwru/ dqg

+y, HY �

Q
lv wkh lqyhvwru*v +hqgrjhqrxvo| ghwhuplqhg yld +7148,, uhvhuydwlrq xwlolw|1

K @ 4=53/ O @ 3=<3/ � @ 3=83
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Frpsdulvrq ri Rxwfrphv

D shuxvdo ri Wdeohv 7 dqg 8 lpphgldwho| hvwdeolvkhv wkdw lq odujh sduw wkh lqwxlwlyh dujxphqwv
vwdwhg dw wkh wrs ri wklv vhfwlrq duh ydolg1 Iru h{dpsoh/ iru doo ri wkh sdudphwul}dwlrqv vwxglhg
khuh/ wkh uhvhuydwlrq ohyhov xqghu ixofuxp ihhv duh kljkhu wkdq xqghu lqfhqwlyh ihhv/ lqglfdwlqj wkh
vxshulru ulvn0vkdulqj ihdwxuhv ri wkh iruphu1 Vhfrqgo|/ dv zh kdyh revhuyhg deryh/ wkh lqyhvwru lq
hdfk fdvh jhwv sxvkhg grzq wr klv uhvhuydwlrq xwlolw| idvwhu xqghu ixofuxp ihhv wkdq xqghu lqfhqwlyh
ihhv1 Wklugo|/ lq hdfk ri wkh �uvw �yh sdqhov lq wkh wdeohv/ wkh lqyhvwru*v htxloleulxp xwlolw| xqghu
lqfhqwlyh ihhv lv kljkhu wkdq wkdw xqghu ixofuxp ihhv> krzhyhu/ wklv gl�huhqfh glplqvkhv dv ��

�

lqfuhdvhv1 Pruhryhu/ +wkh wdeohv gr qrw vkrz wklv, dv ��
�

ehfrphv odujh hqrxjk/ ixofuxp ihhv djdlq
ehjlq wr grplqdwh dv wkh lqyhvwru jhwv sxvkhg grzq wr uhvhuydwlrq xqghu hlwkhu uhjlph1�2

Dq lqwhuhvwlqj wzlvw/ krzhyhu/ lv revhuyhg zkhq frpsdulqj wkh odvw sdqhov lq wkh wdeohv1 Lq
wklv fdvh/ iru vpdoo ��

�

/ wkh ixofuxp ihh lv dfwxdoo| lqlwldoo| grplqdqw +vhh1 h1j1/ ��
�

@ 3=34,1 Dv
��
�

lqfuhdvhv krzhyhu/ lqfhqwlyh ihhv ehfrph grplqdqw djdlq1 Dw yhu| kljk ydoxhv ri ��
�

/ ri frxuvh/
ixofuxp ihhv zloo djdlq grplqdwh/ vlqfh wkh| surylgh d kljkhu ydoxh ri uhvhuydwlrq xwlolw|1 Wklv sdwwhuq
lv dfwxdoo| yhu| lqwxlwlyh1 Iru wkh sdudphwhu ydoxhv frqvlghuhg lq wklv sdqho/ uhwxuq yrodwlolw| lv yhu|
kljk jlyhq wkh lqyhvwru*v dyhuvlrq wr yduldqfh1 Wkxv/ ulvn0vkdulqj lv yhu| lpsrudqw1 Iru orz ydoxhv ri
��
�

/ wkh vxshulru ulvn0vkdulqj xqghu ixofuxp ihhv rxwzhljkv wkh qhjdwlyh h�hfw ri vxusoxv0h{wudfwlrq
wkdw wkh| idflolwdwh/ dqg wkh| grplqdwh lqfhqwlyh ihhv1 Dv ��

�

lqfuhdvhv/ krzhyhu/ wkh odwwhu idfwru
jdlqv lpsruwdqfh/ vr lqfhqwlyh ihhv ehfrph grplqdqw1 �

S , |i?t�L?t @?_ �L_��U@|�L?t

Lq wklv vhfwlrq/ zh h{dplqh d qxpehu ri h{whqvlrqv dqg prgl�fdwlrqv ri rxu prgho1 Zh ehjlq
lq Vhfwlrq 914 zlwk h{dplqlqj wkh lpsdfw ri surylglqj wkh lqyhvwru zlwk rwkhu qdwxudo lqyhvwphqw
dowhuqdwlyhv1 Lq Vhfwlrq 915/ zh orrn dw d vlpsohu +dqg pruh wudglwlrqdo, vljqdoolqj prgho wkdq wkh
rqh vwxglhg lq wklv sdshu1 Wkhq/ lq Vhfwlrq 916/ zh lqyhvwljdwh wkh txhvwlrq= zkdw li wkh dowhuqdwlyh
wr zklfk zh frpsduh ixofuxp ihhv zhuh dq xquhvwulfwhg vwuxfwxuhB Lq doo fdvhv/ zh vkrz wkdw lw
uhpdlqv d jhqhudo srvvlelolw| wkdw ixofuxp ihhv pd| eh grplqdwhg iurp wkh lqyhvwru*v shuvshfwlyh1
Ilqdoo|/ wr urxqg r� wkh dqdo|vlv/ zh orrn lq Vhfwlrq 917 dw d frpshwlwlyh pdunhw vhwwlqj iru dgylvhuv1
Zh �qg qrz wkdw ixofuxp ihhv xqdpeljxrxvo| grplqdwh lqfhqwlyh ihhv iurp wkh lqyhvwru*v ylhzsrlqw1

S�� , T@?_�?} |�i W?�it|4i?| �*|ih?@|��it

Wkh dqdo|vlv wkxv idu kdv h�hfwlyho| dvvxphg wkdw wkhuh duh mxvw wkuhh lqyhvwphqw dowhuqdwlyhv
dydlodeoh wr wkh lqyhvwru/ qdpho|/ wkh wzr dgylvhuv dqg wkh ulvnohvv dvvhw1 D qdwxudo dgglwlrq wr
frqvlghu wr wklv olvw lv dq _lqgh{ ixqg% wkdw surylghv wkh vdph uhwxuqv dv rq wkh ehqfkpdun sruwirolr1
Iurp dq dqdo|wlf vwdqgsrlqw/ wklv dggv d wklug frqvwudlqw wr wkh vhsdudwlrq sureohp= wkdw wkh xwlolw|
iurp lqyhvwlqj zlwk wkh lqiruphg dgylvhu pxvw dovr eh dw ohdvw wkdw iurp lqyhvwlqj lq wkh lqgh{1

�2�L|i |�@| ��i? 7Z� ' fc i^��*�Mh��4 T@)Lgt UL�?U�_i �?_ih |�i |�L hi}�4it� A��t �t i@t) |L tii� 6�ht|c .LW
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Zh zloo vkrz wkdw wklv grhv qrw d�hfw rxu uhvxowv vxevwdqwlyho|1 Il{ dq| ydoxh ri ��
�

/ dqg
jlyhq ��

�

/ ohw HXW

�

dqg HY W

�

ghqrwh wkh lqyhvwru*v _uhvhuydwlrq% xwlolw| ohyhov rewdlqhg iurp wkh
sureohpv +71:, dqg +7148,/ uhvshfwlyho|1 Lq dgglwlrq/ ohw HX U ghqrwh wkh xwlolw| iurp wkh lqgh{1 Iru
h{srvlwlrqdo vlpsolflw|/ zh zloo dvvxph wkdw HXW

�

� HY W

�

+dv zloo w|slfdoo| eh wkh fdvh,1 Wkuhh
srvvlelolwlhv dulvh= +l, HY W

�

� HX U > +ll, HXW

�

� HX U A HY W

�

> dqg +lll, HX U A HXW

�

1

Qrz/ frqvlghu wkh irupxodwlrq lq zklfk wkh qhz frqvwudlqw lv qrw suhvhqw1 Vxssrvh �uvw wkdw wkh
htxloleuld khuh duh vxfk wkdw lqfhqwlyh ihhv grplqdwh ixofuxp ihhv1 Wkhq/ lq fdvhv +l, dqg +ll,/ dgglqj
wkh qhz frqvwudlqw fdqqrw fkdqjh htxloleulxp sd|r�v= wkh htxloleulxp xwlolw| xqghu ixofuxp ihhv
pxvw eh dw ohdvw HXW

�

/ dqg/ e| k|srwkhvlv/ wkh htxloleulxp xwlolw| xqghu lqfhqwlyh ihhv lv dw ohdvw wkdw
xqghu ixofuxp ihhv1 Wkxv/ wkh qhz frqvwudlqw lv luuhohydqw lq wkhvh fdvhv1 +Qrwh wkh lpsruwdqw dqg
uhohydqw srlqw wkdw lqfhqwlyh ihhv duh olnhow wr grplqdwh ixofuxp ihhv iru vpdoo ��

�

/ dqg lw lv suhflvho|
iru vpdoo ydoxhv ri ��

�

wkdw zh zrxog h{shfw fdvhv +l, ru +ll, wr krog1, Lq fdvh +lll, dorqh/ wklv pd|
qrw eh wkh fdvh= lqghhg/ htxloleulxp xwlolw| ohyhov xqghu erwk uhjlphv pd| qrz eh d�hfwhg1 Lq wxuq/
wklv fuhdwhv wzr srvvlelolwlhv= hlwkhu wkh vwulfw grplqdqfh ri lqfhqwlyh ihhv frqwlqxhv wr rewdlq/ ru/
dw zruvw/ wkh xwlolw| xqghu hlwkhu uhjlph htxdov wkdw iurp wkh lqgh{1

Dq dqdorjrxv dujxphqw vkrzv wkdw li ixofuxp ihhv grplqdwhg lqfhqwlyh ihhv lq wkh ruljlqdo
sureohp/ dgglqj wkh wklug frqvwudlqw zloo hlwkhu frqwlqxh wkh grplqdqfh lqwdfw ru ohvvhq lw1 Wkxv/
wkh qhz frqvwudlqw srwhqwldoo| fuhdwhv qhz sd|r� sdwwhuqv/ exw lw grhv qrw dowhu rxu edvlf frqfoxvlrqv1
Lq sduwlfxodu/ lw uhpdlqv wuxh wkdw lqfhqwlyh ihhv pd| grplqdwh ixofuxp lq urexvw vhwwlqjv1

S�2 �? �*|ih?@|��i 5�}?@**�?} 6h@4i�Lh!

Lq wkh prgho zh kdyh vwxglhg lq wklv sdshu/ wkh vhsdudwlrq sureohp iru wkh kljk0w|sh dgylvhu
lqyroyhg d frqvwudlqw wkdw rqfh w|shv jhw uhyhdohg/ lqyhvwlqj zlwk wkh lqiruphg dgylvhu pxvw surylgh
dw ohdvw dv pxfk xwlolw| iru wkh lqyhvwru dv lqyhvwlqj zlwk dq xqlqiruphg dgylvhu1 D pruh wudglwlrqdo
vljqdoolqj0jdph prgho zrxog kdyh lqyroyhg d vlpsohu iudphzrun zlwk wkh lqyhvwru sod|lqj djdlqvw
mxvw d vlqjoh dgylvhu zkrvh w|sh lv xqnqrzq wr wkh lqyhvwru1 Wkh vhsdudwlrq sureohp zrxog wkhq
lqyroyh wkh qrq0plplfnlqj frqvwudlqw +zklfk lv dv zh kdyh lw lq wklv sdshu, dqg d _uhvhuydwlrq
xwlolw|% frqvwudlqw wkdw lqyhvwlqj zlwk wkh dgylvhu pxvw surylgh wkh lqyhvwru zlwk dw ohdvw dv pxfk
xwlolw| dv vrph h{rjhqhrxv rxwvlgh dowhuqdwlyh +h1j1/ dq lqgh{ ixqg,1

Xvlqj wklv vlpsohu vhwwlqj zrxog rqo| pdnh rxu uhvxowv vkdushu1 Iru orz ydoxhv ri ��
�

/ wkh qrq0
plplfnlqj frqvwudlqw zrxog elqg �uvw/ dqg wkh lqyhvwru zrxog eh ehwwhu r� xqghu lqfhqwlyh ihhv
wkdq ixofuxp ihhv1 Iru kljkhu ��

�

/ wkh lqyhvwru zrxog eh irufhg grzq wr wkh uhvhuydwlrq xwlolw| ohyho1
Wkxv/ wkhuh duh qr vfhqdulrv qrz xqghu zklfk ixofuxp ihhv hphujh dv d grplqdqw dowhuqdwlyh1

S�� N?hit|h�U|i_ 6ii 5|h�U|�hit

Wklv sdshu kdv frpsduhg rxwfrphv xqghu ixofuxp ihh vwuxfwxuhv wr wkrvh xqghu lqfhqwlyh ihh vwuxf0
wxuhv1 Wkuhh frqvlghudwlrqv prwlydwhg wklv dqdo|vlv1 Iluvw/ wkh uhjxodwlrq uhtxlulqj wkh xvh ri
ixofuxp ihhv lv h{solflwo| prwlydwhg e| d ihdu ri wkh srvvleoh dgyhuvh sruwirolr0vhohfwlrq frqvhtxhqfhv
ri lqfhqwlyh ihhv> dv vxfk/ lqfhqwlyh ihhv r�hu wkh qdwxudo dowhuqdwlyh1 Vhfrqg/ ri vrph lpsruwdqfh/
lqfhqwlyh ihhv duh zlgho| xvhg lq wkh prqh|0pdqdjhphqw lqgxvwu|> lq frqwudvw/ htxloleulxp frpshq0
vdwlrq frqwudfwv lq xquhvwulfwhg djhqf| prghov duh riwhq xquhdolvwlfdoo| frpsoh{1 Wklug/ li ixofuxp
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ihhv duh grplqdwhg e| wkh fkrvhq dowhuqdwlyh xqghu urexvw frqglwlrqv/ wkhq wklv zrxog vx�fh wr
hvwdeolvk d fdvh djdlqvw h{lvwlqj uhjxodwlrqv= qdpho|/ wkdw/ hyhq li wkh qhhg iru uhjxodwlrq lv wdnhq
dv jlyhq/ d uhvwulfwlrq wr ixofuxp ihhv lv qrw wkh _uljkw% ru rswlpdo zd| wr uhjxodwh1

Lw lv ri lqwhuhvw/ qrqhwkhohvv/ wr dvn krz wkh rxwfrphv xqghu wkh ixofuxp ihh uhjlph zrxog
frpsduh wr wkrvh lq dq xquhvwulfwhg hqylurqphqw1 Zh h{dplqh wkdw lvvxh khuh/ ehjlqlqj zlwk dq
lqwxlwlyh ghvfulswlrq ri wkh vwuxfwxuh ri htxloleulxp sd|r�v lq wkh odwwhu fdvh1 +Wkh dujxphqwv wkdw
iroorz duh hdvlo| irupdol}hg1, Frqvlghu �uvw wkh _uhvhuydwlrq xwlolw|% sureohp ri lghqwli|lqj wkh
pd{lpxp xwlolw| rewdlqdeoh iurp wkh xqlqiruphg dgylvhu1 Lq wklv sureohp/ lw lv fohduo| rswlpdo
iru wkh ulvn0qhxwudo dgylvhu wr dvvxph doo wkh ulvn ohdylqj wkh ulvn0dyhuvh lqyhvwru zlwk d fhuwdlqw|
sd|r�1 Vlqfh wkh h{shfwhg ihh ri wkh xqlqiruphg dgylvhu pxvw eh dw ohdvw ��

�

/ lw lv lpphgldwh wkdw
wkh pd{lpxp xwlolw| ohyho wkh lqyhvwru fdq rewdlq iurp wkh xqlqiruphg dgylvhu/ ghqrwhg HZ W

�

vd|/
lv jlyhq e| HZ W

�

@ H+U
�

,� ��
�

1 Qrz frqvlghu wkh vhsdudwlrq sureohp1 Vlqfh wkhuh duh rqo| wzr
frqvwudlqwv/ lw lv lpphgldwh wkdw lq dq| vroxwlrq wr wklv sureohp/ wkh lqyhvwru zloo eh sxvkhg grzq
wr klv uhvhuydwlrq xwlolw| ohyho HZ W

�

1 Xqghu xquhvwulfwhg ihhv/ wkhuhiruh/ wkh lqyhvwru*v htxloleulxp
xwlolw| lv lwvhoi jlyhq e| HZ W

�

@ H+U
�

,� ��
�

1

Qrz qrwh wkdw zh pxvw dozd|v kdyh HZ W

�

� HXW

�

/ vlqfh wkh vroxwlrq wr wkh uhvhuydwlrq xwlolw|
sureohp fdqqrw eh zruvhqhg e| uhprylqj uhvwulfwlrqv rq wkh ihh vwuxfwxuh1 Wklv vlpsoh revhuydwlrq
lpsolhv wkdw lq doo flufxpvwdqfhv zkhuh wkh lqyhvwru rqo| uhfhlyhv klv uhvhuydwlrq xwlolw| HXW

�

lq
d ixofuxp ihh uhjlph/ klv zhoiduh zrxog eh kljkhu +w|slfdoo| vwulfwo|, xqghu dq xquhvwulfwhg ihh
uhjlph1 Sduwlfxodu lqvwdqfhv ri vxfk vlwxdwlrqv lqfoxgh wkh fdvh zkhuh wkhuh lv qr ohyhudjlqj/ ru
zkhuh ohyhudjlqj lv shuplwwhg dqg ��

�

lv qrw yhu| orz1

Ri frxuvh/ zkhq ohyhudjlqj lv shuplwwhg dqg ��
�

lv orz/ htxloleulxp xwlolw| ohyhov xqghu ixofuxp
ihhv zloo vwulfwo| h{fhhg wkh uhvhuydwlrq ohyho HXW

�

1 Lq vxfk flufxpvwdqfhv/ lw lv sodxvleoh wkdw wkhvh
htxloleulxp xwlolw| ohyhov zloo dovr h{fhhg HZ W

�

/ vr wkdw wkh uhvwulfwlrq wr ixofuxp ihhv grhv ehqh�w
wkh lqyhvwru1�� Qrqhwkhohvv/ hyhq vxfk vlwxdwlrqv fdqqrw eh wdnhq dv dq dghtxdwh ghihqvh ri ixofuxp
ihhv= dv zh kdyh vhhq/ zkhq ��

�

lv orz/ htxloleulxp sd|r�v xqghu lqfhqwlyh ihhv w|slfdoo| grplqdwh
wkrvh xqghu ixofuxp ihhv/ vr d uhvwulfwlrq wr lqfhqwlyh ihhv zrxog dfklhyh hyhq ehwwhu uhvxowv1

S�e � �L4Ti|�|��i �L_i*

Zh kdyh dvvxphg wkxv idu dq lpshuihfwo| frpshwlwlyh pdunhw hqylurqphqw iru lqiruphg dgylvhuv lq
zklfk wkh odwwhu duh deoh wr h{wudfw sduw ru doo ri wkh vxusoxv iurp wkh lqyhvwru1 Zh h{dplqh lq wklv
vxevhfwlrq wkh frqvhtxhqfhv ri dvvxplqj wklv pdunhw wr eh frpshwlwlyh/ l1h1/ ri dvvxplqj wkdw doo wkh
vxusoxv qrz dffuxhv wr wkh lqyhvwru1

Wr lghqwli| htxloleulxp rxwfrphv xqghu d ixofuxp ihh uhjlph zkhq wkh pdunhw iru lqiruphg
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dgylvhuv lv frpshwlwlyh/ zh vroyh wkh iroorzlqj rswlpl}dwlrq sureohp=

Pd{lpl}h H^X
U

+e�> e2,`

vxemhfw wr H^I
�

+e�> e2,` � ��
�

H^I
U

+e�> e2,` � ��
U

e�> e2 � 3

+916,

+Wkh whupv H+X
U

,/ hwf1 duh dv gh�qhg lq Vhfwlrq 71, Wkh �uvw frqvwudlqw hqvxuhv vhsdudwlrq ri
wkh dgylvhu w|shv/ zkloh wkh vhfrqg frqvwudlqw hqvxuhv wkdw wkh lqiruphg dgylvhu qhwv dw ohdvw klv
uhvhuydwlrq ihh ohyho1 Vxemhfw wr wkhvh frqvlghudwlrqv/ wkh rswlpl}dwlrq sureohp hqvxuhv wkdw wkh
vxusoxv xwlolw| doo dffuxhv wr wkh lqyhvwru1 Htxloleulxp rxwfrphv xqghu dq lqfhqwlyh ihh uhjlph duh
lghqwl�hg dqdorjrxvo|/ zlwk wkh reylrxv fkdqjhv lq +916,1

D olwwoh uh�hfwlrq vkrzv wkdw xqghu wkhvh frpshwlwlyh pdunhw frqglwlrqv/ ixofuxp ihhv pxvw gr
ehwwhu wkdq lqfhqwlyh ihhv iru wkh lqyhvwru1 Rq wkh rqh kdqg/ ixofuxp ihhv hqdeoh vxshulru ulvn0
vkdulqj ehwzhhq wkh lqiruphg dgylvhu dqg wkh lqyhvwru1 Rq wkh rwkhu kdqg/ wkh| pdnh wkh sureohp
ri vhsdudwlrq hdvlhu1 Lq dq lpshuihfwo| frpshwlwlyh zruog/ wkh odwwhu frqvlghudwlrq zrunhg wr uhgxfh
lqyhvwru zhoiduh> khuh/ lw lv xqdpeljxrxvo| wr wkh jrrg1

Wdeoh 9 yhul�hv wkhvh dujxphqwv1 Wkh wdeoh vkrzv frpshwlwlyh htxloleulxp rxwfrphv xqghu erwk
uhjlphv iru d udqjh ri sdudphwul}dwlrqv1 Dv dqwlflsdwhg/ ixofuxp ihhv gr ehwwhu wkdq lqfhqwlyh ihhv
dfurvv wkh erdug1 Lw lv lpsruwdqw wr qrwh wkdw wklv rqo| phdqv wkdw d uhvwulfwlrq wr lqfhqwlyh ihhv zloo
qrz orzhu lqyhvwru zhoiduh iurp wkh ixofuxp ihh ohyho> lw vwloo grhv qrw lpso| wkdw ixofuxp ihhv duh dq
rswlpdo uhjxodwru| lqvwuxphqw1 Lqghhg/ +916, vxjjhvwv wkdw lq d frpshwlwlyh zruog/ lqyhvwru zhoiduh
frxog eh hqkdqfhg e| oliwlqj uhjxodwlrqv dowrjhwkhu1 Wklv lv xqvxusulvlqj> d frpshwlwlyh zruog iru
dgylvhuv lv irupdoo| dnlq wr d wudglwlrqdo sulqflsdo2djhqw prgho zkhuh wkh lqyhvwru +dv sulqflsdo,
vhwv wkh vwuxfwxuh ri wkh frqwudfw wr pd{lpl}h klv rzq vxusoxv vxemhfw wr sduwlflsdwlrq frqvwudlqwv1
Lq vxfk d prgho/ uhvwulfwlrqv rq wkh lqvwuxphqwv wkh sulqflsdo frxog xvh fdqqrw lqfuhdvh klv zhoiduh1

. �L?U*�t�L?

Wkh ihh vwuxfwxuh dgrswhg e| dq lqyhvwphqw dgylvhu sod|v wkuhh urohv= +l, lw lq�xhqfhv wudglqj ehkdy0
lru dqg sruwirolr fkrlfh e| d�hfwlqj lqyhvwphqw dgylvhu lqfhqwlyhv/ +ll, lw ghwhuplqhv wkh glvwulexwlrq
ri uhwxuqv ehwzhhq lqyhvwru dqg dgylvhu/ dqg lsvr idfwr vhuyhv d ulvn0vkdulqj ixqfwlrq/ dqg +lll, lw
pd| eh xvhg dv d ghylfh iru vljqdoolqj delolw|1 Rxu sdshu ghvfulehv dq htxloleulxp prgho ri ihh
vwuxfwxuh ghwhuplqdwlrq lq zklfk doo wkuhh idfwruv duh suhvhqw1

D fhqwudo irfxv ri rxu prgho lv rq h{lvwlqj uhjxodwlrqv rq pxwxdo ixqg ihh vwuxfwxuhv wkdw uhtxluh
wkhlu dgylvhuv* frpshqvdwlrq frqwudfwv wr eh rqo| ri wkh _ixofuxp% irup/ l1h1/ wkh dgylvhu*v ihh pxvw
eh v|pphwulf zlwk uhvshfw wr d fkrvhq lqgh{/ lqfuhdvlqj iru rxwshuiruplqj wkh lqgh{ lq wkh vdph
zd| lq zklfk lw ghfuhdvhv iru xqghushuiruplqj lw1 Wkh uhjxodwlrq lv h{solflwo| prwlydwhg e| wkh ihdu
wkdw dv|pphwulf ru rswlrq0olnh _lqfhqwlyh% ihh vwuxfwxuhv zloo kxuw lqyhvwruv e| lqgxflqj dgylvhuv wr
wdnh _h{fhvvlyh% dprxqwv ri ulvn1

Lq d euhdn iurp wkh wudglwlrqdo dssurdfk/ wkh fkrlfh ri ihh vwuxfwxuh lq rxu prgho lv pdgh qrw e|
wkh lqyhvwru/ exw e| wkh lqyhvwphqw dgylvhu/ zkr dovr vhohfwv wkh ulvn sur�oh ri wkh ixqg*v sruwirolr1
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Wdeoh 9= Htxloleulxp Rxwfrphv zlwk Frpshwlwlyh Dgylvhuv

Wklv wdeoh suhvhqwv vhsdudwlqj htxloleulxp rxwfrphv xqghu ixofuxp dqg lqfhqwlyh ihh uhjlphv iru d
udqjh ri sdudphwhu ydoxhv/ zkhq wkh pdunhw iru lqiruphg dgylvhuv lv frpshwlwlyh1 Wkh suredelolwlhv
s/ t/ dqg u ri Wdeoh 4 duh �{hg dw 3183/ 3148/ dqg 3153/ uhvshfwlyho|/ dqg wkh pd{lpxp ohyhudjh
doorzhg dw dpd{ @ 4=831 Lq wkh wdeoh= +l, K dqg O uhihu wr wkh uhwxuqv rq wkh ulvn| vhfxulwlhv/ +ll, ��
uhihuv wr wkh frpprq uhvhuydwlrq0ihh ohyho ��Q dqg ��L ri wkh dgylvhuv/ +lll, � lv wkh yduldqfh0dyhuvlrq
frh�flhqw ri wkh lqyhvwru/ +ly, HX�

L
lv wkh htxloleulxp xwlolw| ri wkh lqyhvwru xqghu ixofuxp ihhv/ dqg

+y, HY �

L
lv wkh htxloleulxp xwlolw| ri wkh lqyhvwru xqghu lqfhqwlyh ihhv1

K @ 4=53/ O @ 3=<3/ � @ 3=83
�� 3133 3134 3135 3136 3137 3138

HX�

L
414643 41455; 414478 414393 413<:5 413;;6

HY �

L
414643 41454; 414458 414365 413<6< 413;78

K @ 4=83/ O @ 3=<3/ � @ 4=33
��Q 31333 31358 31383 313:8 31433 31483
HX�

L
41675< 416657 416538 4163:4 415<55 4158;4

HY �

L
41675< 416588 4163:; 415;<: 415:44 41565<

Lqyhvwruv uhvsrqg wr wkhvh ghflvlrqv e| pdnlqj sruwirolr ghflvlrqv1 Lq vxfk d vfhqdulr/ zh �qg wkdw
uhvwulfwlrqv uhtxlulqj wkh ixqg wr xvh rqo| ixofuxp ihhv duh qrw hdvlo| mxvwl�deoh1 Lqghhg/ xqghu
urexvw frqglwlrqv/ zh �qg wkdw lqyhvwruv fdq eh pdgh ehwwhu r� lq zhoiduh whupv e| lpsrvlqj wkh
rssrvlwh uhtxluhphqw wkdw rqo| dv|pphwulf lqfhqwlyh ihhv eh xvhg$ Wklv uhvxow lv sduwlfxoduo| vwulnlqj
vlqfh dv|pphwulf lqfhqwlyh ihhv gr kdyh/ dv doohjhg/ d gh�qlwh dgyhuvh lpsdfw rq sruwirolr fkrlfh1
Lq rxu prgho/ wkh| ohdg hyhq srruo|0lqiruphg dgylvhuv wr wdnh rq h{wuhph sruwirolrv/ zkhuhdv vxfk
dgylvhuv zrxog fkrrvh sruwirolrv ri pruh prghudwh ulvn fkdudfwhulvwlfv xqghu ixofuxp ihhv1

Ilqdoo|/ zh h{dplqh d qxpehu ri h{whqvlrqv dqg prgl�fdwlrqv ri rxu prgho dqg �qg wkdw wkhvh
uhvxowv rq wkh srvvleoh lqihulrulw| ri ixofuxp ihhv duh urexvw wr wkhvh fkdqjhv1 Lq doo exw rqh ri
wkhvh vlwxdwlrqv/ ixofuxp ihhv duh grplqdwhg e| lqfhqwlyh ihhv iru dw ohdvw vrph sdudphwul}dwlrqv1
Wkh h{fhswlrq dulvhv zkhq wkh pdunhw iru dgylvhuv lv shuihfwo| frpshwlwlyh/ exw hyhq lq wklv fdvh/
ixofuxp ihhv pd| qrw eh sduwlfxoduo| rswlpdo1
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� �hLLut uLh 5iU|�L? e

��� �hLLu Lu �hLTLt�|�L? e�2

Uhfdoo wkdw d ghqrwhv d4@ 1 Frqvlghu wkh lqiruphg dgylvhu �uvw/ dqg dvvxph/ zlwkrxw orvv/ wkdw
wkh dgylvhu kdv ohduqw wkdw vwdwh 4 zloo rffxu/ l1h1/ wkdw wkh glvwulexwlrq �� uhsuhvhqwv wkh wuxh mrlqw
glvwulexwlrq1 +Wkh surri lv dqdorjrxv li vwdwh 5 lv wkh wuxh vwdwh1, Vxssrvh wkh dgylvhu zhuh wr slfn
wkh sruwirolr +�f> ��> �2,/ zkhuh �f . �� . �2 @ 41 Wkhq/ wkh glvwulexwlrq ri uhwxuqv �u

R

rq wkh
dgylvhu*v sruwirolr lv dv iroorzv=

�u
R

@

;AA?
AA=

�f . +�� . �2,K> zlwk suredelolw| t
�f . ��K . �2O> zlwk suredelolw| s
�f . ��O. �2K> zlwk suredelolw| u
�f . +�� . �2,O> zlwk suredelolw| t

+D14,

Wkxv/ wkh glvwulexwlrq ri +�u
R

� �u
K

,/ wkh gl�huhqfh lq shuirupdqfh ehwzhhq wkh dgylvhu*v sruwirolr
dqg wkh ehqfkpdun/ lv jlyhq e|

�u
R

� �u
K

@

;AA?
AA=

�f . +�� . �2 � 4,K> zlwk suredelolw| t
�f . +�� � 4@5,K . +�2 � 4@5,O> zlwk suredelolw| s
�f . +�� � 4@5,O. +�2 � 4@5,K> zlwk suredelolw| u
�f . +�� . �2 � 4,O> zlwk suredelolw| t

+D15,

Iurp +D14, dqg +D15,/ wkh h{shfwhg ihh HI
U

+�> e�> e2, iru wkh dgylvhu/ jlyhq wkh sruwirolr � @
+�f> ��> �2,/ lv HI

U

+�> e�> e2, @ e�P�. e2P2/ zkhuh P� @ ^�f.i��+s. t,.�2+t. u,jK.i��+t.
u, . �2+s. t,jO`/ dqg P2 lv jlyhq e|

P2 @ �f . i��+s. t, . �2+t . u,� t � +s. u,@5jK
.i��+t . u, . �2+s. t,� t � +s. u,@5jO

Lw iroorzv hdvlo| e| fkhfnlqj wkh sduwldov wkdw wklv h{shfwhg ihh lv pd{lpl}hg dw �� @ d dqg
�2 @ 3/ wkdw lv/ e| sxwwlqj wkh pd{lpxp srvvleoh lqwr vhfxulw| 41 Wklv suryhv wkh �uvw sduw ri
Sursrvlwlrq 7151 Wr vhh wkh rwkhu sduw ri wkh sursrvlwlrq/ vxssrvh wkh xqlqiruphg dgylvhu zhuh
wr slfn wkh sruwirolr +�f> ��> �2,1 Iru qrwdwlrqdo vlpsolflw|/ ohw } ghqrwh +s . u,@5/ zkhuh s dqg u
duh wkh suredelolwlhv iurp Wdeoh 41 Wkhq/ vlqfh wkh wzr vwdwhv ri wkh zruog duh htxlsuredeoh/ wkh
uhwxuqv +K>O, dqg +O>K, rq wkh wzr ulvn| vhfxulwlhv hdfk rffxuv zlwk sulru suredelolw| }1 Wkxv/
wkh glvwulexwlrq ri sruwirolr uhwxuqv �u

R

lv

�u
R

@

;AA?
AA=

�f . +�� . �2,K> zlwk suredelolw| t
�f . ��K . �2O> zlwk suredelolw| }
�f . ��O. �2K> zlwk suredelolw| }
�f . +�� . �2,O> zlwk suredelolw| t

+D16,
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zkloh wkh h{0dqwh glvwulexwlrq ri wkh gl�huhqfh lq uhwxuqv lv

�u
R

� �u
K

@

;AA?
AA=

�f . +�� . �2 � 4,K> zlwk suredelolw| t
�f . +�� � 4@5,K . +�2 � 4@5,O> zlwk suredelolw| }
�f . +�� � 4@5,O. +�2 � 4@5,K> zlwk suredelolw| }
�f . +�� . �2 � 4,O> zlwk suredelolw| t

+D17,

Iurp +D16, dqg +D17,/ wkh h{shfwhg ihh HI
L

+�> e�> e2, lv vhhq wr eh HI
L

+�> e�> e2, @ e�Q�.e2Q2/
zkhuh Q� @ �f . +�� . �2,+t . },+K . O, dqg Q2 @ �f . +�� . �2 � 4,+t . },+K . O,1 Vlqfh
+t . },+K . O, A 4/ lw iroorzv lpphgldwho| qrz wkdw dq| yhfwru ri wkh irup +4 � d>p> d �p, iru
p 5 ^3> d` frqvwlwxwhv dq rswlpdo sruwirolr iru wkh dgylvhu1 �

��2 �hLLu Lu �hLTLt�|�L? e��

Frqvlghu wkh lqiruphg dgylvhu �uvw/ dqg dvvxph zlwkrxw orvv wkdw vwdwh 4 zloo rffxu1 Jlyhq dq|
sruwirolr +�f> ��> �2,/ wkh glvwulexwlrq ri rxwfrphv �u

R

rq wkh dgylvhu*v sruwirolr lv

�u
R

@

;AA?
AA=

�f . +�� . �2,K> z1s1 t
�f . ��K . �2O> z1s1 s
�f . ��O. �2K> z1s1 u
�f . +�� . �2,O> z1s1 t

+D18,

zkloh wkh glvwulexwlrq ri wkh gl�huhqfh +�u
R

� �u
K

, lv jlyhq e|

�u
R

� �u
K

@

;AA?
AA=

�f+4�K,> z1s1 t
�f . +�� � 4@5,K . +�2 � 4@5,O> z1s1 s
�f . +�� � 4@5,O. +�2 � 4@5,K> z1s1 u
�f+4� O,> z1s1 t

+D19,

Xqghu wkh lqfhqwlyh ihh +e�> e2,/ wkh lqiruphg dgylvhu*v h{shfwhg ihh H^J
U

+e�> e2,` lv jlyhq e|
H^J

U

+e�> e2,` @ e�H^�u
R

` . e2H^pd{i3> �u
R

� �u
K

j`1 D vlpsoh fdofxodwlrq vkrzv wkdw iru dq| e� A 3/
wkh �uvw whup e� � H^�u

R

` lv pd{lpl}hg e| fkrrvlqj wkh sruwirolr +4� d> d> 3,/ wkdw lv/ e| sxwwlqj wkh
pd{lpxp srvvleoh lqwr wkh �uvw ulvn| vhfxulw|1 Vlqfh e2 lv qrq0qhjdwlyh/ lw vx�fhv wr vkrz wkdw wkh
vdph lv wuxh ri wkh whup H^pd{i3> �u

R

��u
K

j` dovr1 Wr wklv hqg/ zh �uvw lghqwli| wkh whupv rq wkh uljkw0
kdqg vlgh ri +D19, wkdw duh qrq0qhjdwlyh1 Reylrxvo|/ wklv zloo ghshqg rq wkh uhodwlyh pdjqlwxghv ri
wkh txdqwlwlhv �f/ �� dqg �21

Frqvlghu �uvw wkh fdvh zkhuh �f � 3 dqg �� � �2 +vr �� � +4 � �f,@5,1 Lq wklv fdvh/ wkh �uvw
whup �f++4�K, lv qrq0qhjdwlyh/ zkloh wkh odvw whup �f+4� O, lv dozd|v qrq0srvlwlyh1 Wkh vhfrqg
whup lv dovr dozd|v qrq0qhjdwlyh vlqfh/ xvlqj �2 @ 4� �f � �� dqg K . O A 5/ zh kdyh

�f . +�� � 4@5,K . +�2 � 4@5,O @ �f+4� O, . +�� � 4@5,+K � O,
� �f+4� O,� �f+K � O,@5
@ �f+4� +K . O,@5,>
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zklfk lv qrq0qhjdwlyh1 Wklv ohdyhv wkh wklug whup lq +D19,1 D vwudljkwiruzdug fdofxodwlrq vkrzv
wkdw wkhuh lv �W 5 ++4� �f,@5> 4 � �f, vxfk wkdw wkh whup lv srvlwlyh iru �� ? �W dqg qhjdwlyh iru
�� A �W1 Vxpplqj xs/ wkhuhiruh/ li �� 5 ++4� �f,@5> �

W`/ wkhq

H^u
R

� u
K

` @ �f+t+4�K, . s. u, . ��+sK . uO,
.�2+sO. uK,� +sK . sO. uO. uK,@5

zkloh/ li �� 5 +�W> 4 � �f`/ wkhq H^u
R

� u
K

` @ �f+t+4 � K, . s, . ��sK . �2sO � s+K . O,@51
D frpsdulvrq ri wkhvh whupv hvwdeolvkhv diwhu d olwwoh frpsxwdwlrq wkdw H^u

R

� u
K

` lv pd{lpl}hg
zkhq �f @ 4 � d/ �� @ d/ dqg �2 @ 31 D vhfrqg/ dqg hdvlhu vhw ri frpsxwdwlrqv/ vkrzv wkdw wklv
grplqdwhv wkh ehvw srvvleoh rxwfrph li �f A 3/ wkdw lv/ zkhq wkhuh lv d srvlwlyh dprxqw lqyhvwhg
lq wkh ulvnohvv dvvhw1 +Wklv lv lqwxlwlyh1 Vlqfh wkh h{shfwhg uhwxuq rq wkh �uvw ulvn| dvvhw h{fhhgv
wkdw rq wkh ulvnohvv dvvhw lq vwdwh 4/ wkh ulvn0qhxwudo dgylvhu zrxog qhyhu zdqw wr lqyhvw d srvlwlyh
iudfwlrq ri klv sruwirolr lq wkh ulvn0iuhh dvvhw1, Wklv hvwdeolvkhv wkh �uvw sduw ri Sursrvlwlrq 7161

Wr vhh wkh vhfrqg sduw/ qrwh wkdw wkh h{0dqwh rxwfrphv iru wkh xqlqiruphg dgylvhu duh h{dfwo|
wkrvh lq +D18, dqg +D19,/ exw zlwk wkh suredelolwlhv ri wkh irxu rxwfrphv ehlqj t/ }/ }/ dqg t/
uhvshfwlyho|/ zkhuh } @ +s. u,@51 Vxssrvh wkh xqlqiruphg dgylvhu fkrrvhv d sruwirolr +�f> ��> �2,1
Uxqqlqj wkurxjk wkh vdph vhw ri frpsxwdwlrqv dv iru wkh lqiruphg dgylvhu +exw xvlqj wkh qhz vhw
ri suredelolwlhv, hdvlo| hvwdeolvkhv wkdw wkh rswlpdo sruwirolr iru wkh xqlqiruphg dgylvhu lv wr lqyhvw
dv pxfk dv srvvleoh lqwr rqh ri wkh wzr ulvn| vwrfnv1 Wklv frpsohwhv wkh surri1 �

� �hLLut uLh 5iU|�L? D

��� �hLLu Lu �hLTLt�|�L? D��

Zh suryh wkh uhvxow e| ghulylqj wkh htxloleulxp sd|r�v xqghu d ixofuxp ihh uhjlph1 Ohw HI W

U

ghqrwh
wkh lqiruphg dgylvhu*v h{shfwhg ihh lq htxloleulxp/ HXW

U

ghqrwh wkh lqyhvwru*v h{shfwhg xwlolw| lq wklv
htxloleulxp/ dqg HXW

�

wkh lqyhvwru*v _uhvhuydwlrq% xwlolw| gh�qhg yld +71:,1 Ohwwlqj HW+�, ghqrwh
wkh lqiruphg dgylvhu*v h{shfwdwlrqv/ zh zloo vkrz wkdw li ��

�

? W�/ zh kdyh

HI W

U

@
HW+U

U

�U
�

,

H+U
�

�U
�

,
��
�

+E14,

HXW

U

@ HW+U
U

,�HI W

U

+E15,

zkloh li ��
�

� W�/ zh kdyh

HI W

U

@ HW+U
U

�U
�

, . ��
�

+E16,

HXW

U

@ H+U
�

,� ��
�

+E17,

dqg wkdw lq doo fdvhv zh kdyh

HXW

�

@ H+U
�

,� ��
�

= +E18,
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Revhuyh �uvw ri doo wkdw zkhq wkh lqyhvwru lv ulvn0qhxwudo/ zh pxvw kdyh H+X
�

,.H+I
�

, @ H+U
�

,
dqg HW+X

U

,.HW+I
U

, @ HW+U
U

,1 Xvlqj wkh �uvw ri wkhvh h{suhvvlrqv/ lw lv lpphgldwh wkdw dq| vroxwlrq
wr wkh lqyhvwru*v _uhvhuydwlrq xwlolw|% sureohp +71:, uhvxowv lq HXW

�

@ H+U
�

, � ��
�

/ zkhqfh +E18,
iroorzv1 Wr vhh wkh uhvw ri wkh sursrvlwlrq/ zh vxevwlwxwh wkhvh h{suhvvlrqv lqwr wkh vhsdudwlrq
sureohp +71;,/ dqg xvh wkh ixoo irupv iru wkh h{shfwhg ihhv HI

U

@ e�H
W+U

U

, . e2H
W+U

U

�U
�

, dqg
HI

�

@ e�H+U
�

, . e2H+U
�

� U
�

,1 Diwhu vrph uhduudqjlqj/ wkh vhsdudwlrq sureohp +71;, qrz
ehfrphv

Pd{lpl}h e�H
W+U

U

, . e2H
W+U

U

�U
�

,

vxemhfw wr e�H+U
�

, . e2H+U
�

�U
�

, � ��
�

e�H
W+U

U

, . e2H
W+U

U

�U
�

, � ��
�

.HW+U
U

,�H+U
�

,
e�> e2 � 3

+E19,

Zkhq e2 @ 3/ wkh �uvw frqvwudlqw lpsrvhv dq xsshu erxqg rq e� ri ���@H+U
�

,/ zkloh wkh vhfrqg
frqvwudlqw lpsrvhv dq xsshu0erxqg rq e� ri ^��

�

.HW+U
U

,�H+U
�

,`@HW+U
U

,1 D vlpsoh fdofxodwlrq
vkrzv wkdw wkh �uvw ri wkhvh erxqgv lv dozd|v vpdoohu wkdq wkh vhfrqg zkhqhyhu ��

�

� H+U
�

,1 Wklv
odwwhu lqhtxdolw| pxvw krog lq dq| vhqvleoh gh�qlwlrq ri wkh sureohp= wkh uhvhuydwlrq ihh fdqqrw eh
juhdwhu wkdq wkh wrwdo h{shfwhg uhwxuqv1 Wkxv/ dw e2 @ 3/ wkh vhfrqg frqvwudlqw lv dozd|v vodfn1

Zkhq e� @ 3/ wkh �uvw frqvwudlqw lpsrvhv dq xsshu0erxqg rq e2 ri ��
�

@H+U
�

�U
�

,/ zkloh wkh
vhfrqg frqvwudlqw lpsrvhv dq xsshu0erxqg ri ^��

�

. HW+U
U

, � H+U
�

,`@HW+U
U

� U
�

,1 Wkh �uvw ri
wkhvh erxqgv lv vpdoohu li/ dqg rqo| li/ ��

�

? H+U
�

�U
�

,/ zklfk pd| ru pd| qrw krog1

Vxpplqj xs/ wkhuhiruh/ wkhuh duh wzr srvvlelolwlhv1 Li ��
�

? H+U
�

�U
�

,/ wkh vhfrqg frqvwudlqw
lv dozd|v vodfn1 Dq hdv| frpsxwdwlrq vkrzv wkdw wkh pd{lpxp lq sureohp +E19, rffxuv lq wklv
fdvh zkhq e� @ 3 dqg e2 @ ��

�

@H+U
�

�U
�

,1 Wklv ohdgv wr wkh htxloleulxp sd|r�v +E14,~+E15,1 Lq
wkh vhfrqg fdvh/ zkhq ��

�

� H+U
�

� U
�

,/ wkh vhfrqg frqvwudlqw lv elqglqj dw d pd{lpxp1 Rqh
vroxwlrq wr wkh sureohp +wkhuh duh pdq|, lv e� @ ^��

�

�H+U
�

�U
�

,`@H+U
�

, dqg e2 @ 4� e�1 Wklv
ohdgv +dv gr doo vroxwlrqv, wr wkh sd|r�v +E16,~+E17,1 �

��2 �hLLu Lu �hLTLt�|�L? D�2

Rqfh djdlq/ zh ghulyh wkh uhohydqw htxloleulxp sd|r�v1 Ohw HJW

U

ghqrwh wkh lqiruphg dgylvhu*v
h{shfwhg ihh lq htxloleulxp lq dq lqfhqwlyh ihh uhjlph/ HY W

U

ghqrwh wkh lqyhvwru*v h{shfwhg xwlolw| lq
wklv htxloleulxp/ dqg HY W

�

wkh lqyhvwru*v _uhvhuydwlrq% xwlolw| gh�qhg yld +71:,1 Zh zloo vkrz wkdw
li ��

�

? W2/ wkhq htxloleulxp sd|r�v duh jlyhq e|

HJW

U

@
HW^+U

U

�U
�

,n`

H^+U
�

�U
�

,n`
+E1:,

HY W

U

@ HW+U
U

,�HI W

U

+E1;,

zkloh li ��
�

� W2/ wkhq wkh rxwfrphv duh

HJW

U

@ HW+U
U

,�H+U
�

, . ��
�

+E1<,
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HY W

U

@ H+U
�

,� ��
�

+E143,

dqg wkdw/ lq doo fdvhv/

HY W

�

@ H+U
�

,� ��
�

= +E144,

Qrwh �uvw wkdw wkh _uhvhuydwlrq xwlolw|% HY W

�

lv htxdo wr H+U
�

,� ��
�

iru wkh vdph uhdvrq dv lq
Sursrvlwlrq 8141 Wkxv/ zh rqo| kdyh wr vkrz wkdw wkh uhpdlqlqj ydoxhv iroorz iurp wkh vhsdudwlrq
sureohp +7149,1 Wr wklv hqg/ qrwh wkdw wkh vhsdudwlrq sureohp lq wklv fdvh pd| eh uhzulwwhq dv

Pd{lpl}h e�H
W+U

U

, . e2H
W^+U

U

�U
�

,n`

vxemhfw wr e�H+U
�

, . e2H^+U
�

�U
�

,n` � ��
�

e�H
W+U

U

, . e2H
W^+U

U

�U
�

,n` � ��
�

.HW+U
U

,�H+U
�

,
e�> e2 � 3

+E145,

Zkhq e2 @ 3/ wkh �uvw frqvwudlqw lpsolhv dq xsshu erxqg rq e� ri ��
�

@H^U
�

`/ zkloh wkh vhfrqg
frqvwudlqw lpsolhv dq xsshu0erxqg ri ^��

�

. HW+U
U

, � H+U
�

,`@HW^U
U

`1 Wkh �uvw ri wkhvh erxqgv
lv vpdoohu wkdq wkh vhfrqg li dqg rqo| li ��

�

� H^U
�

`/ zklfk pxvw krog lq dq| vhqvleoh gh�qlwlrq ri
wkh sureohp1 Frqvhtxhqwo|/ wkh vhfrqg frqvwudlqw lv dozd|v vodfn zkhq e2 @ 31

Zkhq e� @ 3/ wkh �uvw frqvwudlqw lpsolhv dq xsshu erxqg rq e2 ri ��
�

@H^+U
�

�U
�

,n`/ zkloh
wkh vhfrqg frqvwudlqw lpsolhv dq xsshu erxqg ri ^��

�

. HW+U
U

, � H+U
�

,`@HW^+U
U

�U
�

,n`1 Lw lv
hdvlo| fkhfnhg wkdw wkh �uvw ri wkhvh erxqgv lv vpdoohu wkdq wkh vhfrqg li dqg rqo| li ��

�

� W21

Frpelqlqj wkhvh revhuydwlrqv/ zh kdyh wkh iroorzlqj1 Li ��
�

� W2/ wkh vhfrqg frqvwudlqw lv dozd|v
vodfn lq wkh rswlpl}dwlrq sureohp +E145,1 Jlyhq wkh olqhdu remhfwlyh ixqfwlrq/ wkh vroxwlrq pxvw olh
rq wkh �uvw frqvwudlqw dw e� @ 3 ru dw e2 @ 3/ dqg dq hdv| frpsxwdwlrq vkrzv wkdw wkh vroxwlrq lv
dw e� @ 3 zlwk wkh sd|r�v jlyhq e| +E1:,~+E1;,1 Rq wkh rwkhu kdqg/ li ��

�

A W2/ wkhq wkh vhfrqg
frqvwudlqw lv dovr elqglqj lq htxloleulxp/ dqg rqh vroxwlrq wr wkh sureohp +wkhuh duh pdq|, ohdgv wr
wkh htxloleulxp sd|r�v jlyhq lq +E1<,~+E143,1 �

��� �hLLu Lu �hLTLt�|�L? D��

Wkh vwhsv ri wkh surri zhuh rxwolqhg lq wkh wh{w iroorzlqj wkh vwdwhphqw ri wkh sursrvlwlrq1 Zh �oo
lq wkh ghwdlov khuh1 Vrph qhz qrwdwlrq zloo vlpsoli| wklv surfhvv1 Iru d jlyhq ydoxh ri d/ ohw

|
�

@ dK . 4� d {
�

@ K
|
�,

@ d+K . O,@5 . 4� d {
�,

@ +K . O,@5
|
,

@ dO. 4� d {
,

@ O
+E146,

Qrwh wkdw |
�

dqg |
,

duh vlpso| wkh srvvleoh uhdol}hg uhwxuqv li wkh dgylvhu fkrrvhv dq h{wuhph
sruwirolr> zkloh |

�

/ |
�,

/ dqg |
,

duh wkh srvvleoh rxwfrphv li wkh dgylvhu slfnv wkh _plggoh% sruwirolr
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+4 � d> d@5> d@5,1 Vlploduo|/ {
�

/ {
�,

/ dqg {
,

duh wkh srvvleoh rxwfrphv rq wkh ehqfkpdun sruwirolr1
Lq wklv qrwdwlrq/ lw lv hdvlo| yhul�hg wkdw

W� @
4

5
+d� 4,+{

�

. {
,

� 5,= +E147,

W2 @ ^t+|
�

� {
�

, . }+|
�

� {
�,

,` �
�

|
�

� |
,

|
�

� {
�,

�
= +E148,

Vrph dojheud wkxv vkrzv wkdw W� � W2 li/ dqg rqo| li/

+d� 4,+{
�

. {
,

� 5,+{
�

� {
�,

, � +|
�

� 5t{
�

� 5}{
�,

,+|
�

� |
,

,= +E149,

Xvlqj +|
�

� |
,

, @ d+{
�

� {
,

, dqg t . } @ 4@5/ wkh lqhtxdolw| lq +E149, lv vhhq wr krog zkhqhyhu
+d� 4,+{

�

� {
�,

, � 5d^t+|
�

� {
�

, . }+|
�

� {
�,

,`/ ru zkdw lv wkh vdph wklqj/ zkhqhyhu

+d� 4,+{
�

� {
�,

,� 5d}+|
�

� {
�,

, � 5dt+|
�

� {
�

,= +E14:,

Iru +E14:, wr krog/ lw vx�fhv wkdw +d�4�5d},+|
�

�{
�,

, � 5dt+|
�

�{
�

,1 Exw +d�4�5d}, @ 5dt�4/
vr vrph voljkw uhduudqjlqj vkrzv wkdw wklv frqglwlrq krogv surylghg lq wxuq wkdw 5dt+{

�

� {
�,

, �
+|

�

� {
�,

,1 Wklv odvw lqhtxdolw| dozd|v krogv e| t ? 4@5 vlqfh

5dt+{
�

� {
�,

, ? d+{
�

� {
�,

, ? d{
�

� {
�,

@ |
�

� {
�,

=

Wklv hvwdeolvkhv Vwhs 4 wkdw W� � W21 Zh wxuq wr Vwhs 51 Vlqfh wkh wrwdo h{shfwhg uhwxuqv iurp
wkh lqiruphg dgylvhu frlqflghv xqghu wkh wzr uhjlphv/ wr vkrz wkdw wkh lqyhvwru lv vwulfwo| ehwwhu
r� xqghu lqfhqwlyh ihhv zkhqhyhu ��

�

� W� lv wkh vdph dv vkrzlqj wkdw wkh lqiruphg dgylvhu*v ihh
lv orzhu lq wklv fdvh1 Xvlqj wkh qrwdwlrq +E146, lq wkh htxloleulxp ihh ohyhov ri wkh lqiruphg dgylvhu
xqghu wkh wzr uhjlphv/ zh rewdlq

HI W

U

@
+s. t,|

�

. +t . u,|
,

� +{
�

. {
,

,@5

+d� 4,+{
�

. {
,

� 5,@5
��
�

= +E14;,

HJW

U

@
t+|

�

� {
�

, . s+|
�

� {
�,

,

t+|
�

� {
�

, . }+|
�

� {
�,

,
��
�

= +E14<,

Wkxv/ zh duh wr vkrz wkdw wkh UKV ri +E14;, lv odujhu wkdq wkh UKV ri +E14<,1 Xvlqj t . } @ 4@5/
furvv0pxowlso|lqj dqg uhduudqjlqj/ wkh uhtxluhg lqhtxdolw| krogv li dqg rqo| li

+|
�

� |
,

,^t+|
�

� {
�

, . }+|
�

� {
�,

,` A
4

5
+d� 4,+|

�

� {
�,

,+{
�

. {
,

� 5,=
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Xvlqj t.} @ 4@5 djdlq/ zh kdyh t+|
�

�{
�

,.}+|
�

�{
�,

, @ ^+|
�

�{
�,

,�t+{
�

�{
,

,`@51 Vrph ixuwkhu
uhduudqjhphqw qrz vkrzv wkdw wkh uhtxluhg lqhtxdolw| krogv li/ dqg rqo| li/

+|
�

� {
�,

,^|
�

� |
,

� +d� 4,+{
�

. {
,

� 5,` A t+|
�

� |
,

,+{
�

� {
,

,= +E153,

Qrz/ +|
�

� |
,

, @ d+{
�

� {
,

, dqg +{
�

. {
,

� 5, ? +{
�

� {
,

,/ vr ^+|
�

� |
,

,� +d� 4,+{
�

. {
,

� 5,` A
^d+{

�

� {
,

, � +d � 4,+{
�

� {
,

,` @ +{
�

� {
,

,1 Wkhuhiruh/ wkh OKV ri +E153, lv dozd|v vwulfwo| odujhu
wkdq +|

�

�{
�,

,+{
�

�{
,

,1 Vlqfh {
�,

@ +{
�

.{
,

,@5 dqg t ? 4@5/ d ixuwkhu frpsxwdwlrq dovr hvwdeolvkhv
wkdw +|

�

� {
�,

, A t+|
�

� |
,

,1 Wklv frpsohwhv Vwhs 5 dqg suryhv wkh sursrvlwlrq1 �

��e �hLLu Lu �hLTLt�|�L? D�e

Sursrvlwlrq 817 lv suryhg lq wzr vwhsv1 Iluvw/ zh vkrz wkdw wkh lqyhvwru uhflyhv rqo| klv _uhvhuydwlrq%
xwlolw| ohyho HXW

�

lq dq| vhsdudwlqj htxloleulxp xqghu ixofuxp ihhv +wklv lv wuxh uhjdugohvv ri ��
�

,1
Wkhq/ zh vkrz wkdw HXW

�

lv qhyhu odujhu wkdq HY W

�

/ wkh hqgrjhqhrxvo|0ghwhuplqhg _uhvhuydwlrq%
ohyho xqghu lqfhqwlyh ihhv1 Wklv zloo frpsohwh wkh surri vlqfh wkh lqyhvwru pxvw qhfhvvdulo| uhfhlyh
dw ohdvw wkh uhvhuydwlrq ohyho HY W

�

lq dq| vhsdudwlqj htxloleulxp xqghu lqfhqwlyh ihhv1

Htxloleulxp xqghu Ixofuxp Ihhv

Zkhq d @ 4/ wkh shuirupdqfh0dgmxvwphqw frpsrqhqw e2 lq wkh ixofuxp ihh lv luuhohydqw wr wkh xqlq0
iruphg dgylvhu/ vlqfh klv sruwirolr khuh frlqflghv zlwk wkh ehqfkpdun sruwirolr1 Dv d frqvhtxhqfh/
wkh _uhvhuydwlrq xwlolw|% sureohp +71:, lv vlpso| rqh ri fkrrvlqj e� � 3 wr pd{lpl}h wkh lqyhvwru*v
xwlolw| vxemhfw wr wkh h{shfwhg ihh ri wkh xqlqiruphg ehlqj dw ohdvw ��

�

1 Wkh vroxwlrq hylghqwo| olhv
dw e� @ ��

�

@H+U
�

,1�e Wklv uhvxowv lq wkh lqyhvwru*v uhvhuydwlrq xwlolw| ehlqj

HXW

�

@ +4� e�,H^U
�

`� 4

5
�+4� e�,

2Y ^U
�

`> +E154,

zkhuh H^U
�

` @ +K . O,@5 dqg Y ^U
�

` @ t+K � O,2@51

Wxuqlqj qrz wr wkh vhsdudwlrq sureohp +71;,/ zh fodlp wkdw wkh lqyhvwru*v xwlolw| lq dq| vroxwlrq
wr wklv sureohp zloo eh htxdo wr HXW

�

1 Wr vhh wklv/ qrwh �uvw wkdw vlqfh e2 grhv qrw d�hfw wkh
h{shfwhg ihh ri wkh xqlqiruphg dgylvhu/ lwv ydoxh fdq eh dowhuhg zlwkrxw uhjdug wr wkh qrq0plplfnlqj
frqvwudlqw1 Pruhryhu/ wkh h{shfwhg ihh ri wkh lqiruphg dgylvhu lqfuhdvhv olqhduo| lq e2/ vr lw lv rswlpdo
iru wkh lqiruphg dglyvhu wr fkrrvh wkh kljkhvw srvvleoh e2 vxemhfw wr wkh lqyhvwru*v xwlolw| ehlqj dw
ohdvw HXW

�

1 Qrz/ wkh h{shfwhg uhwxuq wr wkh lqyhvwru ghfuhdvhv olqhduo| lq e2/ dqg/ iru odujh hqrxjk
e2/ wkh yduldqfh ri wkh lqyhvwru*v uhwxuqv lqfuhdvhv lq e21 Lw hdvlo| iroorzv iurp wklv wkdw wkhuh lv d
pd{lpxp ydoxh ae2 dw zklfk wkh lqyhvwru uhfhlyhv h{dfwo| klv uhvhuydwlrq HXW

�

dqg vxfk wkdw dw dq|
kljkhu ydoxh/ wkh lqyhvwru*v xwlolw| gursv ehorz HXW

�

1 Wklv hvwdeolvkhv wkh fodlp1

�e5|h�U|*) tTi@!�?}c @t � }i|t @hM�|h@h�*) *@h}ic |�i �?�it|Lh MiUL4it tL �@h�@?Ui�@�ihti |�@| �i �t ��**�?} |L }��i �T
@ T@h| Lu |�i hi|�h?t ��t| |L @�L�_ |��t �?Uih|@�?|)� EW? |�i *�4�| @t � < "c |�i �?�it|Lh �L�*_ h@|�ih }��i �T @** |�i
hi|�h?t @?_ @�L�_ �?Uih|@�?|) @*|L}i|�ih�� ì �}?Lhi t�U� �4T*@�t�M*i tUi?@h�Lt �ihi @?_ i*ti��ihi �? |��t ThLLuc @?_
@tt�4i |�@| � |@!it L? L?*) hi@tL?@M*i �@*�it� A�i hi*i�@?| ML�?_t @hi i@t�*) UL4T�|i_�
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Htxloleulxp xqghu Lqfhqwlyh Ihhv

Lq wkh uhvhuydwlrq xwlolw| sureohp +7148, xqghu lqfhqwlyh ihhv/ rqh dowhuqdwlyh dydlodeoh lv wr vhw e2
htxdo wr }hur1 Lq wklv fdvh/ wkh xqlqiruphg dgylvhu fdq fuhgleo| frpplw wr fkrrvlqj wkh ehqfkpdun
sruwirolr/ dqg wkh vroxwlrq wr wkh sureohp xqghu wklv uhvhwulfwlrq zloo eh h{dfwo| htxdo wr HXW

�

jlyhq
e| +E154,1 Vlqfh wkh ryhudoo vroxwlrq wr wkh sureohp +7148, pxvw gr dw ohdvw dv zhoo dv wklv vroxwlrq
xqghu wkh uhvwulfwlrq rq e2/ lw iroorzv wkdw zh pxvw kdyh HY W

�

� HXW

�

1

Ilqdoo|/ revhuyh wkdw lq dq| vroxwlrq wr wkh vhsdudwlrq sureohp +7149, xqghu lqfhqwlyh ihhv/ wkh
lqyhvwru pxvw rewdlq d xwlolw| ohyho ri dw ohdvw HY W

�

1 Lw iroorzv wkdw wkh lqyhvwru lv qhyhu zruvh r�
xqghu lqfhqwlyh ihhv wkdq xqghu ixofuxp ihhv1 �

� �LL*�?} ,^��*�Mh��4

Wklv vhfwlrq ghvfulehv srrolqj htxloleuld xqghu hlwkhu ihh uhjlph1 Vhfwlrq F14 glvfxvvhv wkh ixofuxp
ihh fdvh/ zkloh Vhfwlrq F15 orrnv dw lqfhqwlyh ihhv1 Wkh qrwdwlrq xvhg lq wkh wzr fdvhv lv wkh vdph
dv wkdw lqwurgxfhg lq Vhfwlrqv 714 dqg 716/ uhvshfwlyho|1 Zh vkrz wkdw srrolqj htxloleuld qhyhu h{lvw
xqghu lqfhqwlyh ihhv/ dqg/ lq jhqhudo/ gr qrw h{lvw xqghu ixofuxp ihhv hlwkhu1

��� �LL*�?} ,^��*�Mh��4 �?_ih 6�*Uh�4 6iit

Li d sur�oh ri ihh vwuxfwxuhv lv srrolqj/ wkhq wkh lqyhvwru suhvxphv wkdw hdfk dgylvhu lv lqiruphg
zlwk suredelolw| 425 dqg xqlqiruphg zlwk suredelolw| 4251 Wkxv/ wkh lqyhvwru*v h{shfwhg xwlolw|
iurp lqyhvwlqj zlwk dq dgylvhu zkr kdv dqqrxqfhg wkh vwuxfwxuh +e�> e2, lv

Z +e�> e2, @
4

5
HX

U

+e�> e2, .
4

5
HX

�

+e�> e2,> +F14,

Wkh lqyhvwru frpsduhv klv h{shfwhg xwlolw| xqghu hdfk dqqrxqfhg ihh vwuxfwxuh xvlqj +F14,/ dqg
fkrrvhv wkh dgylvhu zkr r�huv wkh kljkhu h{shfwhg xwlolw|1 Li wkh h{shfwhg xwlolw| iurp wkh wzr
dgylvhuv lv wkh vdph/ wkh lqyhvwru fkrrvhv hdfk dgylvhu zlwk suredelolw| 4251

Iru d sur�oh ri ihh vwuxfwxuhv wr frqvwlwxwh d srrolqj htxloleulxp/ lw lv qhfhvvdu| wkdw qhlwkhu
dgylvhu fdq sur�w iurp d xqlodwhudo fkdqjh ri vwudwhj|1 Iru wklv wr eh wkh fdvh/ lw lv qhfhvvdu| wkdw
wkh lqyhvwru eh lqgl�huhqw ehwzhhq wkh wzr fkrvhq ihh vwuxfwxuhv1 Rwkhuzlvh/ rqh ri wkh dgylvhuv
zrxog eh ehwwhu r� xvlqj dqrwkhu ihh vwuxfwxuh +ru hyhq zlwkgudzlqj iurp wkh pdunhw,1 Dv d
frqvhtxhqfh/ lw pxvw eh wkh fdvh wkdw hdfk dgylvhu uhfhlyhv wkh prqh| zlwk suredelolw| 425 lq d
srrolqj htxloleulxp1 Wr phhw wkh uhvhuydwlrq xwlolw| frqvwudlqw/ wkhuhiruh/ frqglwlrqdo rq uhfhlylqj
wkh groodu/ hdfk ri wkh fdqglgdwh ihh vwuxfwxuhv pxvw jxdudqwhh hdfk dgylvhu dq h{shfwhg ihh ri dw
ohdvw wzlfh klv uhvhuydwlrq ohyho1

Wkhvh frqglwlrqv vhyhuho| uhvwulfw wkh fdqglgdwh ihh vwuxfwxuhv wkdw frxog frqvwlwxwh srrolqj
htxloleuld1 Lq sduwlfxodu/ qhlwkhu dgylvhu fdq vhw e� A 3> hovh wkh rwkhu dgylvhu frxog plplf wkh
ihh vwuxfwxuh/ exw uhgxfh e� voljkwo|/ wkhuhe| pdnlqj lw vwulfwo| pruh dwwudfwlyh wr wkh lqyhvwru dqg
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uhfhlylqj wkh groodu zlwk suredelolw| rqh1 Dqdorjrxvo|/ wkh ydoxh ri e2 wkdw lv fkrvhq pxvw dovr eh
_xqlpsurydeoh/% dqg vr pxvw vroyh

pd{
K2Df

Z +3> e2, +F15,

zkhuh Z +�, lv gh�qhg lq +F14,1 Lw lv hdv| wr vkrz wkdw Z +3> e2, lv d vwulfwo| frqfdyh ixqfwlrq ri e2
dqg vr kdv d xqltxh pd{lpxp eW

2
rq e2 � 31 Qrwh wkdw wklv pd{lpxp qhhg qrw dozd|v rffxu dw

e2 @ 31 Wkh ixofuxp wudqvihuv zhljkw iurp wkh wdlov wr wkh fhqwhu ri wkh uhzdug glvwulexwlrq/ dqg
iru vpdoo ydoxhv ri e2/ wklv frxog ehqh�w wkh yduldqfh0dyhuvh lqyhvwru1 Ri frxuvh/ li wkh lqyhvwru lv
ulvn0qhxwudo +� @ 3,/ wkhq e2 @ 3 lv wkh rqo| vroxwlrq1

Wkxv/ wkh rqo| fdqglgdwh srrolqj htxloleulxp xqghu ixofuxp ihhv lv zkhuh erwk dgylvhuv r�hu
wkh ihh vwuxfwxuh +3> eW

2
,1 Iru wklv fdqglgdwh vwuxfwxuh wr dfwxdoo| frqvwlwxwh d srrolqj htxloleulxp/

wzr dgglwlrqdo frqglwlrqv pxvw eh phw= +l, xqghu +3> eW
2
,/ hdfk dgylvhu uhfhlyhv dq h{shfwhg ihh ri

dw ohdvw wzlfh klv uhvhuydwlrq xwlolw|/ frqglwlrqdo rq uhfhlylqj wkh lqyhvwphqw/ dqg +ll, wkhuh lv qr
vhsdudwlqj htxloleulxp ihh sur�oh zklfk wkh lqiruphg dgylvhu �qgv suhihudeoh1 Frqglwlrq +l, uxohv
rxw wkh h{lvwhqfh ri srrolqj htxloleulxp li wkh lqyhvwru lv ulvn0dyhuvh h{fhsw lq wkh xqlqwhuvwlqj
fdvh zkhuh erwk dgylvhuv kdyh uhvhuydwlrq xwlolwlhv ri }hur1 Lqghhg/ xqvxusulvlqjo|/ wkh frpelqhg
frqglwlrqv dsshdu yhu| gl�fxow wr vdwlvi| lq jhqhudo1 Zh wulhg d ydvw udqjh ri sdudphwul}dwlrqv/ exw
zhuh qrw deoh wr xqhduwk d vlqjoh fdvh zkhuh wkh| zhuh vdwlv�hg vlpxowdqhrxvo|1

��2 �LL*�?} ,^��*�Mh��4 �?_ih W?Ui?|��i 6iit

Xqolnh zlwk ixofuxp ihhv/ lw lv hdv| wr vkrz wkdw qr srrolqj htxloleuld fdq h{lvw xqghu lqfhqwlyh
ihhv1 Dujxlqj dorqj dqdorjrxv olqhv dv deryh/ lw lv vhhq wkdw dq| fdqglgdwh srrolqj htxloleulxp pxvw
vdwlvi| e� @ 3 dqg kdyh e2 htxdo wr wkh vroxwlrq wr +F15,1 Krzhyhu/ xqghu lqfhqwlyh ihhv/ wkh vroxwlrq
wr +F15, lv dozd|v e2 @ 3 +wkhuh lv qr dqdorjrxv wudqvihu ri zhljkw iurp wkh wdlov wr wkh fhqwhu lq
wklv fdvh,1 Wkxv/ srrolqj htxloleuld fdqqrw h{lvw h{fhsw lq wkh wulyldo fdvh zkhuh ��

U

@ ��
�

@ 31
Lq wklv odwwhu fdvh/ vhsdudwlqj htxloleuld gr qrw h{lvw +dq| fkrlfh ri qrq0qhjdwlyh +e�> e2, e| wkh
lqiruphg dgylvhu fdq eh frvwohvvo| dqg sur�wdeo| plplfnhg e| wkh xqlqiruphg dgylvhu,> vr wkh rqo|
htxloleulxp xqghu lqfhqwlyh ihhv lv/ lq idfw/ d srrolqj htxloleulxp zkhuh e� @ e2 @ 31
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^4` Dgpdwl/ D1 dqg S1 S�hlghuhu +4<<:, Grhv Lw Doo Dgg XsB Ehqfkpdunv dqg wkh Frpshqvdwlrq
ri Dfwlyh Sruwirolr Pdqdjhuv/ Mrxuqdo ri Exvlqhvv :3+6,/ 656~6831

^5` Edxpro/ Z1> V1 Jrogihog/ O1 Jrugrq/ dqg P1 Nrhkq +4<<3, Wkh Hfrqrplfv ri Pxwxdo Ixqg
Pdunhwv= Frpshwlwlrq yhuvxv Uhjxodwlrq/ Noxzhu Dfdghplf Sxeolvkhuv/ Qruzhoo/ PD1

^6` Gdv/ V1 dqg U1 Vxqgdudp +4<<;, Rq wkh Uhjxodwlrq ri Pxwxdo Ixqg Ihh Vwuxfwxuhv/ Zrunlqj
Sdshu/ Vwhuq Vfkrro ri Exvlqhvv1

^7` Gdydq}r/ O1 dqg V1 Qhvelw +4<;:, Shuirupdqfh Ihhv iru Lqyhvwphqw Pdqdjhphqw/ Ilqdqfldo
Dqdo|vwv Mrxuqdo +Mdqxdu|0Iheuxdu|,/ 47~531

^8` Ihujxvrq/ U1/ dqg G1 Ohlvwlnrz +4<<:, Lqyhvwphqw Pdqdjhphqw Ihhv= Orqj Uxq Lqfhqwlyhv/
Mrxuqdo ri Ilqdqfldo Hqjlqhhulqj/ y9+4,/ 40631

^9` Jrhw}pdqq/ P1/ M1 Lqjhuvroo/ dqg V1 Urvv +4<<;, Kljk Zdwhu Pdunv/ QEHU Zrunlqj Sdshu
9746/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Fdpeulgjh/ PD1

^:` Jrohf/ M1 +4<;;, Gr Pxwxdo Ixqg Pdqdjhuv zkr xvh Lqfhqwlyh Frpshqvdwlrq Rxwshuirup
Wkrvh Zkr Grq*wB Ilqdqfldo Dqdo|vwv Mrxuqdo +Qryhpehu~Ghfhpehu,/ :80::1

^;` Jrohf/ M1 +4<<5, Hpslulfdo Whvwv ri d Sulqflsdo2Djhqw Prgho ri wkh Lqyhvwru2Lqyhvwphqw Dgylvru
Uhodwlrqvkls/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 5:/ ;4~<81

^<` Julqeodww/ P1 dqg V1 Wlwpdq +4<;<, Dgyhuvh Ulvn Lqfhqwlyhv dqg wkh Ghvljq ri Shuirupdqfh0
Edvhg Frqwudfwv/ Pdqdjhphqw Vflhqfh 68/ ;3:~;551

^43` Julqrog/ U1 dqg D1 Uxgg +4<;:, Lqfhqwlyh Ihhv= Zkr ZlqvB Zkr OrvhvB/ Ilqdqfldo Dqdo|vwv
Mrxuqdo +Mdqxdu|~Iheuxdu|,/ 5:~6;1

^44` Khlqnho/ U1 dqg Q1 Vwrxjkwrq +4<<7, Wkh G|qdplfv ri Sruwirolr Pdqdjhphqw Frqwudfwv/ Uhylhz
ri Ilqdqfldo Vwxglhv :+5,/ 684~6;:1

^45` Kxehupdq/ J1 dqg V1 Ndqgho +4<<6, Rq wkh Lqfhqwlyhv iru Prqh| Pdqdjhuv= D Vljqdoolqj
Dssurdfk/ Hxurshdq Hfrqrplf Uhylhz 6:/ 4398~43;41

^46` Kxggduw/ V1 +4<<8, Uhsxwdwlrq dqg Shuirupdqfh Ihh H�hfwv rq Sruwirolr Fkrlfh e| Lqyhvwphqwv/
plphr/ Gxnh Xqlyhuvlw|1

^47` Nulw}pdq/ P1 +4<;:, Lqfhqwlyh Ihhv= Vrph Sureohpv dqg Vrph Vroxwlrqv/ Ilqdqfldo Dqdo|vwv
Mrxuqdo +Mdqxdu|~Iheuxdu|,/ 54~591

^48` Odnrqlvkrn/ M1/ D1 Vkohlihu/ dqg U1 Ylvkq| +4<<5, Wkh Vwuxfwxuh dqg Shuirupdqfh ri wkh Prqh|
Pdqdjhphqw Lqgxvwu|/ Eurrnlqjv Sdshuv= Plfurhfrqrplfv 4<<5/ 66<~6<41

^49` Ohodqg/ K1 dqg G1 S|oh +4<::, Lqirupdwlrqdo Dv|pphwulhv/ Ilqdqfldo Vwuxfwxuh/ dqg Ilqdqfldo
Lqwhuphgldwlrq/ Mrxuqdo ri Ilqdqfh 65+5,/ 6:4~6;:1
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^4:` Olq/ Kxehuw +4<<6, Wkh Fduurw/ Wkh Vwlfn/ dqg wkh Pxwxdo Ixqg Pdqdjhu/ Xqghujudgxdwh
Wkhvlv/ Ghsduwphqw ri Hfrqrplfv/ Kduydug Froohjh1

^4;` O|qfk/ Dqwkrq| dqg Gdylg Pxvwr +4<<:, Xqghuvwdqglqj Ihh Vwuxfwxuhv lq wkh Dvvhw Pdqdjh0
phqw Exvlqhvv/ plphr/ Vwhuq Vfkrro ri Exvlqhvv/ Qhz \run Xqlyhuvlw|1


