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Abstract

This paper contains an analysis of incomplete market models with finitely but arbitrar-
ily many heterogeneous agents. We discuss the mathematical foundation for equilibrium
conditions which leads to two findings. First, we establish existence of equilibria for small
and large risks. Second, we develop a simple but general solution technique which handles
many state and choice variables for each agent and thus an extremely high-dimensional
state space. The method is based on perturbations around a point at which the solution
is known. The novel idea is to exploit the symmetry of the problem to overcome the
curse of dimensionality. We use the analysis to demonstrate the impact of heterogeneity
on macroeconomic quantities and the pricing of risk. Furthermore, we set our technique
apart from the standard method used in the literature.
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1 Introduction

A large body of literature in finance and macroeconomics makes the simplifying assumption
that aggregate variables are determined by the behavior of a representative agent. In reality,
different people earn different incomes, have different talents, and hold different expectations.
For this heterogeneity to be reflected in economic outcomes, incompleteness of asset markets
is essential. In reality, substantial amounts of idiosyncratic risk can only be partially insured.
Labor income risk serves as one of the prime examples. Modeling this type of idiosyncratic
risk permits a more stringent test of our current economic theory since we can use information

about the entire distribution of economic variables across the population.

This paper provides a formal analysis of a broad range of incomplete markets models with
substantial heterogeneity, i.e. an economy with finitely but arbitrarily many different agents.
This analysis leads to two findings. First, we prove existence of equilibria for an incomplete
markets economy. We discuss the relevant theory for local and global existence to make the
technique for proofs as portable as possible. Second, we find a simple but general solution
method for economies in which the state space is very large. A multitude of state variables

arises from heterogeneity but might increase if there are several variables for each individual.

As a leading example of the paper, we analyze a dynamic stochastic general equilibrium
model with aggregate risk in production and an endogenous capital stock. A firm produces a
single consumption good which households consume according to a Cobb-Douglas production
function. Future total factor productivity is uncertain due to aggregate shocks. Households
maximize expected discounted utility given by a utility function featuring constant relative
risk aversion in consumption. We add a cost of deviating from a target level of capital. This
cost serves two purposes. First, it makes borrowing costly and thus serves as an endogenous
borrowing constraint. Second, it facilitates the solution method as it determines the distri-
bution of capital in the deterministic steady-state. Given their utility function and budget

constraint, each household decides how much to consume and save each period.

We add idiosyncratic shocks to labor income which agents cannot insure against. Households
only trade claims to capital which renders markets incomplete. As a result, equilibrium
outcomes feature idiosyncratic components. Households hold different levels of capital which

translates into inequality of wealth and consumption.

The analysis of this model presents a difficult problem. Ultimately, we want to be able to
study the interaction of choices and prices with the distribution of assets. In particular, we
need a solution method that solves for individual behavior and aggregate variables including

asset prices as a function of the entire distribution of economic conditions. But, in turn, this



distribution is affected by all individuals’ behavior. In other words, the state space might

contain several distributions of variables across the population.

We lay out the mathematical structure of equilibrium conditions. In the case where we
eliminate all uncertainty, the optimality conditions define the solution to the deterministic
economy, a collection of consumption and investment functions and prices. We discuss the
properties of the equilibrium operator which is comprised of the equilibrium conditions. It
maps functions from a Banach space to a Banach space where the equilibrium operator
itsself is differentiable. We discuss the appropriate notion of Freéchet differentiability in
detail. Differentiability is a key aspect of the operator since we want to apply methods from

nonlinear functional analysis.

We show how to use this mathematical foundation to establish existence of equilibria. We
demonstrate two different sets of results for our example economy. First, we establish local
existence, i.e. the case of small risk, and uniqueness. We obtain these implications from the
Implicit Function Theorem for operators in Banach spaces. Second, we establish existence for
the economy with large risks as well. The proof is based on the Leray-Schauder Continuation
Theorem which extends the range of the Implicit Function Theorem. This theorem lays out
sufficient conditions under which the local solution can be extended once we increase the risk

in the economy.

To compute the equilibrium of our economy, we develop a solution technique for models
with many heterogeneous agents and incomplete markets based on perturbation methods.
Perturbation methods build an approximation of the optimal policies as functions of the state
variables based on Taylor expansions. The first step is to find a special case of the model in
which the solution is known. Our model possesses a well-defined deterministic steady-state
around which we expand optimal policies with respect to all state variables. At the point of
expansion, all agents are identical in all respects and thus we have a degenerate distribution
of capital. Having pinned down the deterministic steady-state, we build an expansion with
respect to all state variables. We know that equilibrium outcomes are functions of the state
space. Thus we expand the deterministic economy in all state variables. But since we allow

for arbitrarily many agents, we might also have arbitrarily many state variables.

The novel idea lies in exploiting the symmetry of decision rules across agents. If two agents
are identical in their objectives, they respond identically in the same economic situation. For
example, starting out from a case where both agents live under the same economic condition,
a marginal increase in agent one’s wealth will impact the decision of agent two the same
way that agent one’s decision would have been impacted by the same change in agent two’s

wealth. Exploiting the symmetry, we solve for the decision rules of all agents as a function of



the entire distribution of individual states. In a second step, we also incorporate differences

in individuals’ objectives.

The last step makes the transition from the deterministic to the stochastic economy. Since
shocks are part of the state space, the previous expansion delivers equilibrium reactions to
known, deterministic changes in shocks. For example, the previous expansion would compute
the asset price reaction if next period’s productivity was above its steady-state level. To move
to the stochastic economy, we integrate over all possible realizations of the shocks and weight
them by their probability. From this logic it follows immediately that we need a higher-order
expansion. If we were to resort to a first-order approximation, integrating over the first-order
approximation would not affect equilibrium behavior since a linear solution is certainty-
equivalent. Higher-order expansions bring in the effects of uncertainty. A second-order
approximation reflects the effect of the variance of shocks, a cubic approximation additionally

takes the skewness into account, and so on.

Our solution method is asymptotically valid and converges to the true solution. By adding
higher moments, we can eventually recover the true policy function. In practice, of course,
convergence is not complete. However, we have a means of testing the accuracy of our

solution. We plug our approximation into the equilibrium conditions to check its optimality.

The solution method is applicable to a wide range of applications. It applies whenever
equilibrium or optimality conditions for a competitive equilibrium or dynamic programming
problems imply that the choice variables are smooth functions of state variables. The dynamic
programming problem or competitive equilibrium can feature arbitrarily many state variables
and is thus interesting for a large set of economic applications. The implementation of
constraints invalidates the smoothness of choices. However, for our method to apply, there
are two ways to fix it. Either, one can smooth out the constraint such that there is no kink, or
one can implement an endogenous borrowing constraint. Our economy provides an example
for the latter.

We demonstrate the results from our solution method. First, we confirm previous research in
finding that the impact of heterogeneity has an effect on the steady-state level of capital. Since
agents face idiosyncratic risk, they respond by building up a buffer stock of precautionary
savings. With aggregate risk this channel is enforced. Due the utility specification featuring
constant relative risk aversion, agents increase their capital holdings further due to uncertain

returns to capital.

Furthermore, we show the risk factors for this incomplete markets economy. Therefore, we

present the expansion of a stochastic discount factor in closed form up to a given order. The



expansion consists of standard risk factors such as total factor productivity and, if stochastic,
its variance but also risk due to incompleteness of markets such as the variance of idiosyncratic
labor income risk. This last factor only appears because there is a missing market that lets

agents insure against their idiosyncratic conditions.

Lastly, we compare our solution method to a standard technique which replaces the actual
law of motion to a linearized version. We solve an asset pricing economy in closed form,
using the linearized law of motion, and the solution method of this paper. We find superior

performance of our technique.

This paper contributes to a growing literature on introducing heterogeneity into economic
models. Therefore, we relate to several strands of research. After the seminal works of 7 and
?, the literature has focused on idiosyncratic risk with aggregate shocks. First, in special
cases one might be able to find closed-form solutions as in ? and ?. Another promising idea
is to use a multiplier approach to characterize features of the distribution of state variables
across the population as in ? and 7. Other papers make simplifying assumptions on the
number of agents and the number of possible shocks, as in ?. Special cases with closed-form

solution can be used as a starting point for the expansion.

Most of the literature, however, is concerned with approximations. One idea is to replace the
distribution of wealth by aggregate wealth only when calculating the equation of motion for
aggregate variables. This method was developed in 7 and inspired methods in the subsequent
literature, for example in 7, 7, and 7 where aggregate states and prices might influence the
equation of motion. Alternatively, one might work with a limited history of shocks as in
?. Since we are particularly interested in the effect of distributions on equity prices and
the effect on new financial securities, this approximation method is not appropriate for this

research project.

Recently, alternative solution method for models with heterogeneous agents have been de-
veloped in 7, 7, 7, and 7. 7 and ? parameterize the distribution of state variables. ?
approximate the equilibrium on a lower-dimensional space. This paper develops a technique
that does not require the specification of a class of distributions. Compared to 7 and ?,
the method in this paper has the advantages that we can study as many agents as desired
whereas the number of agents is limited in their method. Furthermore, our method applies
to models with many state variables and choices for each individual. Furthermore, the usual
differences between perturbation and projection apply: our method returns quasi-analytical
expressions, allows to prove theorems, get intuition for the impact of parameter changes, and

is fast and simple.



Our method builds on perturbation methods. These methods have been used in 7, 7, 7, 7, 7,
7, 7. Most recently, ? uses perturbation methods to study heterogeneity induced by private
information. This solution method was also applied in 7. This paper, however, is not the
first paper that attempts to use perturbation methods to analyze general equilibrium models
with substantial heterogeneity. An alternative idea to the one in this paper has been explored
by ? and 7. This work starts by restricting the state space from the outset. Instead, this
paper is the first to recognize the symmetry of the problem and build a solution method that

exploits it. No limitations on the state spae are required.

We also relate to the literature on the existence of equilibria. 7 establish generic existence
of equilibria by constructing a correspondence for expectations. In our economy, the rank of
the span of assets cannot drop and, as a result, we obtain existence. ? and ? show conditions
under which equilibria might fail to exist. 7 establishes the existence of sequential equilibria
for an economy with a continuum of agents with incomplete markets, aggregate risk, and hard
borrowing constraints. ? proved existence of a recursive equilibrium for such an economy.
Instead, we focus on endogenous borrowing constraints and smooth solutions and provide a

recipe for proving existence in a broad class of economies. The reason why we can focus on

2 Example: An economy with heterogeneous agents

This section introduces our leading example, a standard dynamic stochastic general equilib-

rium model with idiosyncratic and aggregate risk.

2.1 Households

A finite number of I households lives for an infinite number of periods indexed by ¢. House-
holds are each endowed with one unit of time which they devote towards labor inelastically.
While they are identical in their preferences, households differ in their productivity. Each
period, a household receives an idiosyncratic shock to their productivity and thus their labor
income. There is no asset available that lets households insure against their individual pro-
ductivity. Therefore, agents can only partially insure against this shock by holding saving
to buffer the shocks. A tradable contract consists of claims to capital which is risky due to

aggregate productivity shocks. A second tradable contract is a bond with a risk-free payoff.

Each household builds rational expectations and chooses streams of consumption, labor sup-



ply, and capital holdings to maximize expected discounted utility

max > BBy [uc(d) —up(ki, b)) i=1,...,1 (1)

ceokip1ibi t=0

where 3 is the time discount factor, ¢! is household i’s consumption choice in period t,
ki are household i’s capital and b% bond holdings. The utility function is comprised of two
additively separable parts. The first part is a standard utility function defined over individual
consumption. To pin down the functional form, we impose constant relative risk aversion over

consumption.

The second term in the utility specification incorporates a penalty function which serves two
purposes. First, it incorporates an endogenous borrowing constraint. Second, it pins down
the distribution of capital and bond holdings in the deterministic steady-state.! We choose

penalty functions for savings greater than some lower bound of the form

1 L . . .
5+ valki — k) + w3 (b)) + va (ki + b)) (2)

up(ky, by) = R b — k)2

where k denotes the target level of capital, k a lower bound on savings, and v. > 0 parameters

for the penalty function. We impose the ristriction vy = Vlﬁ to ensure that the penalty
function has its global minimum at k. Its derivative with resgect to capital vanishes at its

target level k. For savings ki 4 bl < k, we set the penalty to infinity.

The first part of the penalty function imposes the asymmetry between borrowing and saving.
Borrowing is penalized in order to build in an endogenous borrowing constraint.? Note that
the penalty function only takes effect when going to higher expansions. A singularity appears
in the penalty function while any Taylor series approximation will not have this feature. The

singularity ensures though that higher-order approximations deliver stronger penalties.

The remaining three terms represent technical matters that should have negligible effects on
choices. We will see later that the coefficients on these terms can be arbitrarily small. The
second term is responsible for fixing the steady-state distribution of capital while the third
part determines portfolio choice at the steady-state. The last term merely ensures that the

choice between capital and bonds is well defined in the deterministic steady-state.

!The same goal can be achieved by endogenizing the interest rate or discount factor.

2 An alternative approach would be to fix the budget constraint through an exogenous borrowing constraint
which would result in a Lagrangian that takes a similar form. We do not pursue this approach because hard
constraints can induce non-differentiability at certain points. A hard constraint can, however, be reformulated
as a limiting sequence of penalty functions (see appendix ?7).



Households maximize utility subject to their budget constraint

o ‘ ¥

e
c)+ kipq + i, = (1+rf)kt+bt+wt?t. (3)
The rate of return on capital is denoted by rf, the price of bonds by pi’, and wages by
wy. To keep a concise notation, we introduce capital case letters for aggregate quantities of

consumption, capital, bonds, and labor productivity
I I I I .
Ct:ZC% Kt:Zk% Bt:Zb; \I/tzzew%.
i=1 i=1 i=1 i=1

There is a shock to individual productivity denoted by ¢ which is independent and identically

distributed across households. It follows a stochastic process of the form

1/1§+1 = ¢y + ¢¢¢§ + %(1&%)09&1‘ (4)

The parameter ¢, governs the degree of persistence in the evolution of the shock. éw adjusts
the long-run mean and ¢y (1) governs the standard deviation of the shock which we allow
to be a function of ¥{. 6 is white noise with unit variance. Agents cannot directly insure
against this shock since there is no tradable asset contingent on individual labor productivity.
Since we work with a finite number of households, the law of large numbers does not kick
in and shocks might not be purely idiosyncratic. To circumvent this problem, we normalize

productivity by average individual productivity ¥; which ensures that markets clear.

2.2 Technology

Aggregate capital and labor enter the production process for the single consumption good
which is characterized by a Cobb-Douglas production function. The parameter for the pro-
duction function « leads to a functional form for output given by Y = f(K, L, z) = e K*L'~®
where e* denotes the shock to total factor productivity, K aggregate capital and L aggregate
labor demand. The logarithm of total factor productivity follows an AR(1) process

Zt4+1 = &z + ¢zt + P (5)

where the parameter ¢, determines the degree of mean reversion in total factor productivity.

Firms maximize output net of costs for capital and labor. Given the constant returns to scale



of the production function, wages and dividends pay their marginal product

k _ zt ra—1lrl—a
ry = o KL,

Z ar—« (6)
we = (1—a)e®*K;'L;

Due to the shocks to total factor productivity, the returns to capital and wages are risky.
Only one shock is driving the uncertainty of proceeds for both factor inputs. As a result,

labor income and returns to capital are conditionally positively correlated.

We specify all shocks to z and v to have a uniform distribution on a compact support which
means that there are bounds € and £ resp. 6 and #. The support increases with the scaling
of the standard deviations 0. We use ¢, and ggd, to adjust the mean of the random variables

e* and e¥ by setting ¢, = log((€ — g)/(e — €£)), analogously for .

2.3 Definition of equilibrium
The aggregate resource constraint is given by the following equation
Ci+ K1 —(1-0)K, =Y, (7)

which shows how current output and depreciated capital can be used for consumption or next
period’s capital stock. The derivation follows from the households’ budget constraints and

the two market clearing conditions for capital

I
Z ki = K, (8)
=1

and bonds being in zero net supply
I
> b =0. (9)
i=1

Optimal choices obey the first-order conditions

ut(e) = BB [(1+ rfi)uielin) — ufl) (g, bl (10)

and
1)) = BE [(1+ rul(chyy) — ul (K, b 11
ull(el) = BE [(1+rDul(chn) = (ki Vi) (1)

where u,gl) denotes the derivative with respect to the I-th argument and r? = 1/p? — 1 the



return on bonds. If we set all parameters v. to zero in the utility function, these optimality
conditions result in standard Euler equations. With the parameters v being non-zero, we
impose an endogenous borrowing constraint. Since the penalty function, which imposes
the borrowing constraint in the following period, depends on next period’s capital stock, a

marginal unit of consumption today marginally increases the expected penalty.

The state space of this economy consists of the set of individidual capital holdings of each
of the I households, their bond holdings, and the level of their individual productivity. Fur-
thermore, we keep track of aggregate productivity. To define the state space in a concise
manner, we introduce the following notational convention. We denote vectors by a small case
bold letter and a matrix by an upper case bold font letter. Furthermore, we clarify whether
the state space belongs to a stochastic or deterministic economy by making each function
dependent on o € [0,1], a variable that scales the standard deviation of all shocks propor-
tionately. When the standard deviation of shocks o equals one, we refer to the stochastic
economy. The deterministic counterpart is denoted by o = 0. An element of the state space
is denoted by (Xy,z¢) € R3*1. An equilibrium consists of price, choice, and transition func-
tions. We denote transition functions by X(Xy, z;,0) and z(Xy, z¢, 0) or, in a slight abuse of

notation, by X(o) resp. z(o). And to simplify the notation further, we denote an element
(X(2),2(0), C(0), p(a)) by B(0).

We collect all equilibrium conditions in a single operator G

(12)
X(Xt, Zy, 0') - 92(Xt7 Zt, C: p)

C(B(0),0)(Xe20) = ( Ei[91(X¢, 2, X (0),2(0), C(0). p(0))] ) |
The operator takes the state variables as its inputs along with the collection of choice variables
C, price functions p, and transitions for state variables and shocks as functions of the state
space. The operator g! consists of all 2 x I Euler equations stacked in one large vector along
with the budget constraints. g stacks the equation of motion for aggregate capital (?7), its
definition, market clearing for bonds, the stochastic processes for z and v, and the conditions

for wages and returns paying their marginal products.

Definition 1 (Definition of Equilibrium for Economy)

An equilibrium of the economy is a collection of consumption functions and portfolio choice de-
cision C and price functions p together with the law of motion such that G(B(0),0)(X¢,2z¢) =
0.

If we find such a function, all agents are at their optimum. There is one point in the state

space which is of particular interest.

10



Definition 2 (Deterministic Steady-State)
A deterministic steady-state is a point in the state space (Xo, zg,0) such that each household’s

first-order conditions are satisfied, consumption is constant, and capital does not change.

3 Existence

This section discusses existence and uniqueness of equilibria for the economy of the previous
sections. Since the method for proving these results is more general than the particular
application, we lay out the mathematical foundations that should make the methodology for
proofs as portable as possible. We demonstrate existence and uniqueness results in two parts.
First, we deal with existence locally around the deterministic case. Second, we deal with the

case of large risk.

3.1 Local existence

We exploit the differentiability of equilibrium conditions to show existence of equilibria for
our economy with small risks. We determine optimal policy functions for the stochastic case
using the implicit function theorem around the deterministic case. The solution consists of
functions of the state space. Hence we need to build derivatives with respect to a function.

We review the necessary concepts in this section.

The starting point for our analysis is the solution to the deterministic economy, i.e. o = 0.
The existence of the solution is known for this case and we obtain differentiability of optimal
policies for this case. For example, the analysis in ? shows that the optimal policy will
be infinitely often differentiable, i.e. it lies in the space C*°. Furthermore, by applying the
contraction mapping theorem for this case, the optimal policy is unique. We stick to the

class of continuously differentiable functions and thus rule out L1, Lo, and L., spaces.

Our economy has an infinitely often differentiable solution to the deterministic economy.
Once we introduce risk, we have to make sure that there are no unit roots and nobody can
run a Ponzi scheme. These conditions are insured by the endogenous borrowing constraint
n (??). Furthermore, our economy does not run the risk that the span of the assets can ever

collapse since prices are constant and dividends risky.

The operator G in equation (??) defines the equilibrium operates on a Banach space (i.e.
a complete normed vector space) if we define the choice, transition, and price functions on

an appropriately chosen compact domain €. We can thus write G : By x R — By where

11



By = C*[Q]%"*3 and By are Banach spaces. The Banach space B consists of elements B(o)
defined above equation (??). The domain €2 is a compact subset of R3/*! (the exact choice is
presented in appendix ?7). We define €, = Q x [—1, 1] which is a combination of elements in
the state space and scaling of standard deviations w, = (w, o). The Banach space possesses
the norm

B@ls, = Y Z<sup Uwan) (13)

U€e{X,z,C,p} k=0 \wo

where the superscript £ indicates the order of the derivative. To investigate the behavior
close to a solution, we define derivatives of the operator GG. Since the operator is defined over

functions, we define the Fréchet derivative of the operator.

Definition 3 (Fréchet derivative)
A bounded linear map DG(B*,0*) : By X R — By is called Fréchet derivative of G at (B*,0%)
if
GB"+e€,0") =GB, 0")+ DG(B*,0%)e + o(||€||5,)
o(llells,)

llells,

where o(||€||3,) means — 0 for |l€lls, — 0.

We define higher-order derivatives, as long as they exist, by induction.

Definition 4 (Higher-order derivatives)
A higher-order derivative is a bounded linear map D™G(B*,0%) : By x R — By defined as
D™G = D(D™ Q).

Equipped with derivatives, we can now make use of the fact that the Implicit Function
Theorem carries over to Banach spaces. The idea will be that we parameterize our economy
with the standard deviation of shocks such that a value of zero represents the deterministic
economy and a value of one the stochastic economy. For the local results, we simply focus on
a ball around the deterministic economy. We denote the Fréchet derivative of G with respect

to the element in the Banach space B1 by D1G. Then the following theorem holds.

Theorem 1 (Implicit Function Theorem for Banach Spaces)

Suppose G : B x R — By is continuously differentiable in a neighborhood of the point (B*,0)
and that G(B*,0) = 0. Further suppose that the map DG is a linear homeomorphism of By
onto Ba. Then there exist open subsets around B* and 0 such that G(B(c),0) = 0.

The assumption of the Fréchet derivative being a linear homeomorphism simply states that

the derivative and its inverse at the point of expansion exist and constitute linear mappings

12



between the two Banach spaces. The proof of the theorem is an application of the Contraction

Mapping Theorem and can be found in standard nonlinear analysis textbooks, for example
2

Proposition 1 (Existence of local solutions)
The equilibrium of the incomplete markets economy of section 7?7 exists for small amounts of
risk. Furthermore, the consumption and savings functions are infinitely often differentiable,

i.e. elements of C*°.

The proof is essentially given by the Implicit Function theorem. Further details are discussed

in appendix ?7?. As corollary to our proposition, we find that the solution is unique.

Corollary 1 (Uniqueness) The solution of the economy with small risk is unique.

3.2 Global existence

We now establish existence of equilibria for an economy with large risks. As in the previous
section, the scaling variable for the standard deviations o delivers a mapping between the
deterministic and the stochastic economy. We show that the solution can be extended beyond
the domain of the Implicit Function Theorem. Extending from a simpler case to the desired
solution is generally referred to as a homotopy method and these ideas have been used to
prove existence of partial differential equations. We adapt the theory to make it available for

our purposes.

We define a bounded open subset U C B; x [0,1] and let U(o) : {u € Bi|(u,0) € U} be
the subset of B; corresponding to a particular o. We study the map G : By x [0,1] — Bs

introduced in equation (??) to establish solutions to the equation G(B, o) = 0.

To prove existence, we apply the Leray-Schauder continuation theorem for which we follow
the discussion in ?. Therefore, we define the operator G(B, o) = G(B, o) + B such that the
equation to solve becomes G(B,0) = G(B,0) — B = 0. If we show that the operator G is
completely continuous on the closure of U, U, and furthermore G(B, ) # 0 for all o € [0, 1]
and B on the boundary of U(c), OU (o), then we can trace the solution all the way from the
deterministic (o = 0) to the stochastic (¢ = 1) economy. For a more detailed discussion of

the underlying theory, see 7.

Theorem 2 (Leray-Schauder Continuation)
If G is completely continuous and G(B,0) # 0 for all o € [0,1] and all B on the boundary

13



of U(0), then there exists a continuum C C {(B,0) € U|G(B, o) = 0} such that C NU(0) #
D+CNU().

Once we apply this theorem to our economy, we get the existence for the economy with large
risks. The challenge here is to define the subsets in such a way that we are able to show the

assumptions necessary to apply the Leray-Schauder continuation theorem.

Proposition 2 (Existence of Equilibria with Large Risks)
The equilibrium of our incomplete markets economy with standard deviations o, < &, and

constant standard deviation oy, < 0. also ewists for large risks o = 1.

A proof can be found in appendix ?7?7. Essentially, the proof amounts to defining the operator
on the right subset U on which we can show complete continuity. The subset needs to be

designed in a way that keeps all the solutions within the set.

4 Numerical method

This section uses the previous analysis to develop a solution method for incomplete market
models with substantial heterogeneity. We apply perturbation methods to derive a higher-
order approximation to the solution. As in the previous section, we first shut down all
uncertainty and find the deterministic steady-state of the economy. Then we exploit the

symmetry of the model to keep the high-dimensionality of the model tractable.

4.1 General Setup

This paper’s solution method handles competitive equilibria as well as dynamic programming
problems. To demonstrate the generality of the solution method, we define a matrix of
individual state variables X; € R¢*! and a vector of aggregate shocks z; € R? where C
denotes the number of individual state variables and Z the number of aggregate shocks. We
write the first-order conditions (resp. Bellman equation) along with the equation of motions,
market clearing conditions, and budget constraints in the general form given in (??). To

apply our method, we require three main assumptions for the models.

First, we require the model to feature smooth policy functions. We apply perturbation
methods to the problem which build a Taylor series expansion of the optimal policies around
a deterministic steady-state. In many economic problems, optimal policies are analytic which

implies they possess all derivatives. If policies are smooth, the Taylor series converges within

14



a radius and we obtain a global approximation within that region. Second, we require the
economy to have a well-defined ergodic distribution to avoid unit roots. And third, we require

the existence of a deterministic steady-state at which all agents are identical.?

For most purposes, we impose complete symmetry on the functional g!. For example, in our
competitive equilibrium all agents’ first-order conditions are the same. If we denote X#<J
the matrix of state variables where we exchange the state variables of agent ¢ with agent j
and vice versa and the same for policy functions P/, then we can express the symmetry

requirement as

6L(X0, 2, X(0),2(0), C(0), p(0)) = GL(Xi™, 20, X(0)°7, 2(0), C(0)"7  p(0)) b =1,2,
(14)
As a consequence, we can restrict ourselves to building an approximate solution for only one

agent.

4.2 Deterministic steady-state

To solve for the deterministic steady-state, we set the standard deviation of all shocks to zero.
Since agents are heterogeneous only with respect to their idiosyncratic labor income shocks
in our model, the deterministic steady-state features identical agents and no heterogeneity.
At this point, the penalty function approach we used for our example comes in. Without any
penalty, the steady-state distribution of capital would be indeterminate. To see this, we look

at the steady-state condition

1
1—5+fK(Kt,Lt,0):B:1+rf; (15)
which only depends on aggregate capital and not on the distribution of wealth. In our setup,
however, agents obtain small disutility from deviating from a target level of capital. This
penalty function implies that there is a unique distribution of capital in the deterministic

steady-state, irrespective of how small the penalty from deviating from the target is.

Due to the portfolio choice problem, a second penalty term is needed to avoid indeterminacies.
arises. As equation (??) shows, the return to capital and bonds must be identical to rule
out arbitrage opportunities. The perfect substitutability implies an indeterminacy of the

portfolio in the deterministic steady-state. The introduction of a small penalty for deviating

3Imposing identical agents in that steady-state does not mean that we cannot allow for heterogeneity. We
can expand in the dimension in which agents are heterogeneous, for example with respect to their risk aversion.
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from identical portfolios across agents circumvents this problem.*

4.3 Higher-order expansion

Computing a higher-order Taylor series for the equilibrium policy functions, quantities, and
prices is essential to our solution method. There are two reasons for it. First, heterogeneity
manifests its impact only in higher-order terms and second, so does stochasticity. To compute

high-order derivatives, a high precision arithmetic might be necessary as ? points out.

A Taylor series expansion of high order serves as a good approximation to equilibrium out-
comes. For analytic functions, the approximation will converge within the radius of conver-
gence when we increase the order of the expansion. In practice, of course, we have to truncate
the Taylor series at a finite level. But the stage at which we stop can be endogenous to the

accuracy of the solution.

Taylor expansions are at the heart of perturbation methods and we state them using the
standard multi-index notation. For a reference, see, for example, ? (p. 3-16). We denote
a C-tuple of integers by ¢; = (ti1,ti2,---,tic) to index individual states for agent i. Let
I = {e1,...,t1} be the collection of such indices for all agents. Furthermore, j is a Z-
tuple of integers to index all aggregate shocks. The order of differentiation is then given by
||| + || + & where |[T|| = 321, Zg 1 L and |j| = Z? 1J¢- We also define the product of all
entries I! = HZ 1 Hx 1 Liy and j! = ]_[é 1J¢- A concise notation for a derivative of choice C

reads

z
CcLik)(x0 H H O, | [ T] 2 | 2xC(X°,2%,0) (16)
i=1x=1 &=1
where 0,, = 0%x/ GXL’X O = 0 8z , and O, = 9%/dc*. Lastly, we define the monomials
in the Taylor series accordlngly. Let (X XN = I—L-I:1 HS:l(Xi7X - XgX)LiX and analogously
(z —20) = TTE_, (2¢ — 29)e.
Once we know the derivatives at a specific point, we can recover the choice variable of the

w’s choice of agent ¢ from the Taylor series

1 . .
C' (X,z,0) Z > mcﬂd”f)(xojzo,oxx—XO)I(Z—zo)Jak. (17)
o=0 [T+ ]l +k=0 "

4A penalty term might not be necessary for a stochastic economy since the risk premium guarantees a
unique portfolio allocation. For the existence, however, we would have to work with the Bifurcation Theorem
instead of the Implicit Function Theorem.
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Note that equation (??) displays a function over the state space.

To obtain derivatives at the deterministic steady-state, we employ perturbation methods.
Ultimately, we are interested in a solution to equation (?7). Perturbation methods tell
us to take derivatives of each equation with respect to all state variables successively and
evaluating the resulting equations at the deterministic steady-state. By the chain rule, we
obtain equations for the derivatives of the policy function at the deterministic steady-state
which we can then solve for. Plugging them into equation (?7?) results in an approximation
of the policy function. To give an example, take a first-order condition of the form (?7). We

take the derivative with respect to the first individual state variable 1

7

» Oc;
c 1
Oz

érllfj / (1 b)
—U + + 7 )u u
8m% ¢ ¢ ¢ d.’]?% k (9113%

dct Ok ob:

.y nZHL 127722 attl —0 (18)
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where arguments of the utility function are suppressed. The derivative dc}, ,/dz] is a long

object since ct 41 is a function of X;;1 and z;1 for which we have to apply the chain rule.

More generally, we need to take derivatives of every equilibrium equation g} or g?

dg; _ 9y; n dg; 0C, | 9g; Opt dg; 0Xyy1 , 0g; 0zyq1 dg; dCiyq dg; dpiy1
dei Ozt O0C; 9zl = Opy Oxi  0Xyyq Oxd 0741 Oxi 0Ciy1 dai Opi+1 dxl

(19)

and plug in steady-state values.

Now we use the fact that all the partial derivatives of g! are known. They are simply the
derivatives of the equilibrium conditions (in the example of the Euler equation, these deriva-
tives entail differentiating marginal utilities). When evaluating them at the deterministic
steady-state, the only remaining variables in the differentiated equilibrium conditions are the
derivatives of the optimal policies C and prices p at the deterministic steady-state. These

are the coefficients in the Taylor series of the optimal policies.

The key innovation of this paper lies in recognizing the symmetry of the problem. In principle,
we would have to start with agent one, differentiate his first-order conditions with respect to
each agent’s state variables, move to agent two and so on. However, we do not have to go
through this entire process. There are two crucial ways in which the problem is symmetric.
First, all derivatives with respect to state variables of other agents than the one whose
policy we approximate are identical. For example, when differentiating agent one’s first-
order condition, there are only two different coefficients in the first-order expansion: The
derivative with respect to the agent’s own state varaibles and those of any other agent. These

two numbers are sufficient because the coefficients on other agents’ state variables have to
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be the same since they are all given the same fundamentals. Second, we only have to take
all derivatives of first-order conditions for agent one. Agent two’s first-order conditions look
identical and thus lead to the same result. The symmetry here is that agent one’s response
to a marginal increase in agent two’s state variable is the same as agent two’s response to a

marginal increase in agent one’s state variable. This carries over to all derivatives.

Exploiting this symmetry, a first-order approximation requires two coefficients to be computed
for each state variable. One coefficient returns the change in policy of an agent in response to
a change in her own wealth. The second coefficient asks for this agent’s reaction in response
to a change in the state variable by somebody else. For the second order term, the system
becomes slightly more complex. For each state variable, we have to compute four values:
an agent’s change in response to a change in her state variable to a change in response to
her wealth, an agent’s change in response to a change in her state variable to a change
in response to somebody else’s state variable, an agent’s change in response to a change
in somebody else’s state variable to a change in response this person’s state variable, and
an agent’s change in response to a change in somebody else’s state variable to a change in
response to a third person’s state variable. Increasing the order, we have quadratic growth
in the number of coefficients which stays manageable. Although the economic interpretation
is tedious, solving the system of equations is straightforward. From the second order on, the

system of equations for the unknown coefficients is linear.

A first-order approximation implements standard linearization which is not sufficient for
our purposes. Due to linearity, heterogeneity does not affect equilibrium outcomes because
under these rules, the average choice is the choice of the average person. Heterogeneity only
enters through higher-order terms, starting with a second-order approximation. For the same
reason, stochasticity impacts equilibrium only through higher-order terms. The first-order
approximation is certainty equivalent while higher-order terms add the effects of variance,

skewness, and higher moments.

4.4 Uncertainty

Having obtained a high order approximation of the deterministic economy, we move towards
its stochastic counterpart. We accomplish the transition by varying the scaling variable for

the standard deviation of shocks o.

Taking a first-order expansion with respect to the scaling of the standard deviation produces
coefficients which are all zero. The reason lies in the fact that the first-order expansion of the

standard deviation introduces shocks only into the linearized, and thus certainty equivalent,

18



economy. Hence, uncertainty does not play a role. Only through second- and higher-order
terms do we recover the solution to the stochastic system. The second-order term introduces
shocks into the quadratic economy. This approximation is no longer certainty equivalent and
uncertainty takes effect. To be more precise, the second-order term introduces a constant
effect due to the variance of shocks, the third-order term recovers the reaction to skewness

and time-variation in the variance of shocks, and so on.

We can interpret the way uncertainty enters the equilibrium as effectively altering the coeffi-
cients in the Taylor series. Building the expansion with respect to the standard deviation of
shocks effectively alters the coefficients to the Taylor series of the deterministic system. To

see this, we truncate equation (??) after O terms and rewrite it in the form

i = I-j .
CL(X,z,0) Z Z (Z 3l I’J’k)(XO,ZO,O)0k> (X — X0z — 20%))

0=0 |[T||+lj|=0 L

The rearrangement demonstrates that the expansion of the stochastic system looks just like
the deterministic system except that the coefficients (in brackets) contain a “correction term”

for the stochasticity of the function.

We can see this term graphically as depicted in figure ?77. In the second-order, the function
shifts while the third-order term would also tilt the function while even higher orders change

its curvature.

Figure 1: Perturbation methods build an approximation in state variables around the deter-
ministic steady-state (thick solid line). The expansion with respect to the standard deviation
shifts (second order) and tilts this line (third order).
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4.5 The Law of Motion

Perturbation methods deliver a polynomial representation of the approxmation. The law of
motion is no exception to this rule. In our approximate solution, the equation of motion is not
only a function of an aggregate statistic of state variables but the entire distribution as the
theory would tell us. With every increase in the order of approximation, our solution method
includes the corresponding moments from the distribution of state variables. In this sense,
the solution method proposes a set of approximating statistics with which to approximate
policy functions. As an additional feature, a better approximation adds moments to the

previous approximation without the necessity to recompute previous approximations.

The first-order expansion results in a law of motion of the form

1 i < i %
7He+1 ko + (kxy, = kxo, + TR, ) (X1 = Xa1) + (kxy, — kxy, + Thk,,) (X2 — Xao)

+ Iky (21 — 21) + Iky, (20 — Z2) + Tky, (23 — Z3) + ...

where X; = %Zi[:l Xij, X. is the value of the state variable at the deterministic steady-

1 _ 9kt i 90 . .
state, and kx = 3%, See appendix ?? for a derivation.

The second-order approximation depends both on the cross-sectional variance of individual
state variables as well as a quadratic term in aggregate state variable. It thus depends
not only on the cross-section but also nonlinearly on the time-series variation of aggregate

quantities.

The above expression is not particular to the law of motion. Any function which depends
identically on agents’ choices, will be approximated in this fashion. Appendix ?? contains
details.

4.6 Distribution of Equilibrium Variables

Given our approximation method, we compute the distribution of any equilibrium outcomes
or nonlinear functions thereof. We therefore combine perturbation methods with a non-linear
change of variables.® For example, from capital and bond holdings we compute portfolio

weights or Sharpe ratios of individual portfolios.

Suppose we have some economic variable of interest which is a nonlinear function h(X, z, P)

of the state variables and choices which we approximate with a Taylor series. The coeflicients

52,7, and ? explain nonlinear changes of variables in conjunction with perturbation methods.
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can be computed as follows

dh _ OhOX  OCOX  Op OX
dri  0X dx!  0X ozt 0X Ot

(20)

and analogously for other state variables. All partial derivatives of h are given through its
functional form while the derivatives of state variables, choices, and prices were previously

computed through perturbation methods.

The computation of the coefficient is trivial once we make the observation that the first term
is given by the derivative of H (which is given) and the second one has already been computed
in the previous approximation. Thus, computing the distribution of any variable of interest

within the economy is not more intricate than computing the distribution of capital.

4.7 Accuracy

The solution method comes with a natural way to check for its accuracy. The equilibrium
conditions are satisfied when the functional G in equation (??) returns zero values for all
of its components. Since we have asymptotic validity of the solution method, we specify a
tolerance as a threshold for the error. Once the error is below the tolerance in some norm,

we terminate the approximation process.

To get a meaningful measurement for the error, it makes sense to normalize the optimality
conditions such that they are unit-free. For example, we rewrite the Euler equation (??) in

the form "
ul(c, ) up (ki g, bl )
B (1 ok yMelCrr) M i1 %) | 91
i R E) w(c) 2y

to avoid the error scaling with marginal utility. This measurement provides a way to check for

accuracy after adding an order of approximation. Thus one can decide at each step whether
the approximation suffices the criteria or not. As an additional benefit, there is no need
to recompute previous orders after each step. The approximation method keeps previous

coefficients unaltered when refining the solution.

5 Results

This section summarizes the findings for the particular economy of section ?7. We first
discuss the choice of functional forms and parameter values. Then we show the accuracy

of the solution method before discussing findings with respect to the two versions of the
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economy.

5.1 Calibration

Most of the parameters and functional forms are standard in the literature. In large parts,
there is a concensus on how to calibrate a real business cycle model. And the introduction
of heterogeneity has predecessors in the literature. For comparability of our results, we aim

at matching the same parameter combination.

We choose constant relative risk aversion as functional form for our utility specification defined
over consumption. We set the coefficient of relative risk aversion to 2. The time preference

factor is chosen to be 0.95.

We implement the penalty function for deviations from steady-state capital and bond holdings
that imposes an endogenous borrowing constraint. Therefore, we set the parameter v1 = 3 to
ensure that the borrowing constraint receives a lot of weight. The parameter vo = 0.01 is set
to a small number since it merely ensures that the steady-state is defined for the deterministic
economy. Finally, we set v3 = 0.00001 for the deterministic economy and to zero once we
move to the stochastic version. To implement the borrowing constraint, we set k = —0.1. As
a consequence, for almost all cases, borrowing becomes prohibitively costly. The parameter
k corresponds to the steady-state value of capital which is set such that the return on capital

equals the reciprocal of the time preference factor in the deterministic steady-state.

The parameters governing the macreconomic considerations do not vary much across different
works in the literature. We set the capital share of output to a to 1/3 and the parameter for

depreciation to 0.1.

For the shocks to aggregate productivity and shocks to individual labor productivity, we
follow the calibration in ? via 7. We set the stochastic process for aggregate uncertainty to
be

zi+1 = 0.25 + 0.752; + 0.00661e44 1.

Idiosyncratic shocks to labor income evolve according to
Vi1 = 0.4+ 0.555551; + (0.48989 — 0.28381%;)6;

We set upper and lower bounds for innovations to £0.1.

The question remaining question concerns the number of agents in the economy. As demon-

strated when describing the solution method, the computing power required is the same for
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any number of individuals. To generate the results of this section, we set this number to 100.

5.2 Convergence

As mentioned in section 77, the numerical method leads to a natural check of the accuracy of
the solution. We normalize the Euler equation by dividing by marginal utility on both sides

as in equation (?7).

Figure 77 plots the logarithm of the Euler equation error as a function of one agent’s capital

stock. This check for accuracy corresponds to the deterministic version of the economy.

Equation Error Euler

log(Error)
0.01

Level

0.001

2Leve
1074

3Leve
107°

25 30 35

Figure 2: Euler equation error for the deterministic version of our economy.

The deterministic steady-state satisfies the deterministic optimality conditions. Thus the

Fuler equation error is zero at this point and its logarithm at negative infinity.

Two observations stand out from this graph. First, we see convergence. The Euler equation
error decreases for the interval. And second, the result approximates the solution not just

locally but globally on a sizeable interval.

5.3 Impact of heterogeneity

Heterogeneity with aggregate risk increases the steady-state level of capital. This result is
known from the previous literature. There are two reasons for it. First, idiosyncratic risk
leads to precautionary savings on the part of households. Since households cannot trade
claims contingent on their labor income, they try to partially insure against these shocks by

building up a buffer stock of savings. Second, due to aggregate productivity shocks, holding
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capital is risky. There are two opposing forces. On the one hand, agents are risk averse
and demand a higher risk premium for holding risky capital. Each unit should thus return a
higher dividend which implies a higher marginal product of capital and thus a lower steady-
state level of capital. On the other hand though, since returns to capital are risky, agents
again respond by building up savings which implies a higher steady-state level of capital.
With our utility specification of constant relative risk aversion, the latter effect dominates.

Thus, heterogeneity with aggregate risk increases the steady-state level of capital.

With respect to the pricing of assets, we study the impact of heterogeneity on the stochastic
discount factor. We see that an aggregate stochastic discount factor defined as the average

of all individual discount factors is approximated by

I ,
? Z ué(ci%l) = (X, z¢, Xey1) + (cgl)ez’“rl + Pvar(e?+1) + .. > + (cq(i)var(wi) +.. >
— ul(c})

(22)
The derivation of this expression can be found in appendix ?77. The first term as well as all
coefficients in the expansion are known at time ¢. The approximation thus tells us directly
which assets demand a risk premium. Every security that comoves with total factor produc-
tivity, its variance (which we kept constant in our example), and higher moments will carry

a risk premium.

But heterogeneity also enters the pricing of securities. The variance of individual labor income
shocks is a risk factor. A time- or state-dependent variance will induce a risk premium for

all assets that comove with this variance.

6 Comparison between Methods for an Asset Pricing Problem

We demonstrate the performance of our solution method in comparison with an approach
that has been used frequently in the literature where you replace the law of motion by a

linear function in the state variables.

To see the difference, we study a particularly simple asset pricing problem.® We move to this
particular economy because we obtain a closed-form solution which is not available for the

previous example.

A representative agent prices a stochastic stream of endowments C according to the following

5We borrow this problem from Stavros Panageas who introduced it to show that the linear law of motion
can lead to erroneous results.
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stochastic process
log Ciy1 =log Cy + p + €141 (23)

where the innovation e is distributed ¢ ~ N ((),Jg). The representative agent’s expected
utility is given by the discounted stream of per-period utilities that feature constant relative

risk aversion and two preference shocks A and B

(o]
Up=E; | Y B ABC,™ (24)
t=0
The preference shocks evolve according to the stochastic processes
log Ary1 = palog Ay + o anit1 (25)
log Byy1 = pplog By + opniy1- (26)
where the innovations are standard normally distributed.
6.1 A closed-form solution
To determine the value of the tree, we use the representative agent’s Euler equation
PyA0ByC; " = BE, [AlBlCl_”(Pl +C) (27)
and iterate forward to get
_ 2t 1- 2t 1—pt, pt
Py = ¢t o2y =1 ol 1 %[U%I,pé top— B +20a051=,4 B}
60 _ 25 e~ TH ) AOA BOB e 1=p% 1-rp PAPB | (28)

t=1
The derivation of this equation might not be immediate. Appendix ?? contains a derivation.

We can evaluate the quasi-closed-form solution with arbitrary accuracy by forward iteration
given by equation (??). This reference solution serves as a benchmark for two approximation
methods. First, we can assume a linear law of motion. Second, we can use the approximation

method described in this paper to solve for the pricing.
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6.2 Approximation with linear and quadratic laws of motion

We re-write Euler equation (??) in terms of the price-dividend ratios

P, A B, (C\'"T7 (P
R [ e L), (29)
Co Ay By \ Cy Ch
A linear law of motion now describes the process for the price-dividend ratio
Py Py
= — 4+ . 30
Ct+1 o+ pp Ct + Ni+1 ( )

Using this linear law of motion, we arrive at a closed-form expression for the price dividend
ratio given by
_ _i_"/Qgg oa—1ppp—1 l(U +o )2
Py pe T ARYTBRE e AT (Lt a) + 0(0a + 0B))
Co

L (31)
L= pyBe W+ TE AgA ppn et oator)

Details on the derivation of this closed-form expression and on the quadratic law of motion

are in appendix ?77.

The coefficients in the linear law are chosen to maximize the fit with the dynamic evolution
under this law of motion. Therefore, fix some coefficients, solve, and simulate the economy.
Run a linear regression of next period’s price-consumption ratio on this period’s ratio. Use

the resulting coefficients as a new law of motion and iterate until a fixed point is found.

6.3 Approximation with our solution technique

This problem features only a very mild level of heterogeneity. There are only two different
taste shocks that enter the economy. The purpose of this section is to show that even for this
mild level of heterogeneity, standard solution techniques might fail to provide an accurate

solution.

We apply the solution method of this paper to Euler equation (?7). The price-dividend
ratio is a function of the two state variables A; and B;. We start with the deterministic
steady-state around which we approximate the price-dividend ratio. Then we procede in the
standard fashion by building a high-order perturbation in the two state variables. Finally,
we take the derivatives (and cross-derivatives with the two state variables) with respect to

the standard deviation of the shocks.
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This is a particularly hard problem for the solution technique because the price-consumption
ratios in the stochastic economy are in a different range from their deterministic counterparts
which lies at a price consumption ratio of roughly 15. If we set the standard deviations in
equation (??) to zero, the deterministic price-consumption ration will be far smaller. In our
later calibration, the stochastic price-consumption ratios will be more than ten times larger

than the deterministic steady-state.

6.4 Comparison

We solve the economy for a particular parameter combination taken from Panageas. For this
parameter combination, the R? criterion for the linear law of motion provides values above
98%. Specifically, these paramters are a growth rate u = 1.4%, risk aversion at v = 8, and
the time discount factor § = 1.05. The persistence of the two shocks is set to p4 = 0.98 and
pB = 0.8. The standard deviations are fixed at 0. = 0.04, 04 = 0.1, and op = 0.04.

P-Cratio P-Cratio

0 0
[ — Closed form [ — Closed form

80 —  Linearlaw 80—  Linearlaw | |
F— uadratic law [~ Perturbation il

of Q A of NI
\ ‘ I \ A TR

60 | | ¥ b 60 ‘ (% 4tk }w
r L || 1 r | | 1 AL
t ‘ I [ \ iv‘ i .

N /) L |

50l 1
af | ! |k

30F

q
/
' Timet
500 100 200 300 500

f ”'W i

|
)
s
100 200 300

Figure 3: Comparison between the true solution and approximation methods using a linear
law of motion and the perturbation approach of this paper.

Figure 7?7 compares the true solution to the approximations using a linear law of motion and
the solution method of this paper. For the perturbation method, we choose an approximation
of order 5. We see that it fits the true solution closely while a linear law of motion deviates
substantially although the R? diagnostic indicates a good fit. The implementation for the
quadratic law of motion is numerically unstable the iteration only terminated when a high
tolerance for the fixed point was chosen. Compared to the closed-form expression, the linear

law of motion does not capture the variance of the time series.

This example was chosen to demonstrate difficulties when assuming a linear or quadratic law

of motion. A linear/quadratic law of motion might deliver a poor approximation when the
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model is either highly nonlinear or when it is comprised of several state variables with different
persistence. In the latter case, the sum of the state variables is not a good approximation to

the joint distribution of the two variables.

7 Conclusion

In this paper, we presented the mathematical foundations for a class of incomplete market
models with substantial heterogeneity. The analysis resulted in a proof of existence of equi-
libria both for small and large risks as well as a solution method. This method builds on
perturbation methods which use Taylor series expansions around a deterministic steady-state.
This solution method is particularly useful for models with many state and choice variables.
Generally, this idea can be employed not only to competitive equilibria but also to dynamic
programming problems. This feature suggests that the analysis can be applied to settings
with recursive preferences. As a first example, we solved a dynamic stochastic general equi-
librium model with idiosyncratic shocks to labor income. We demonstrated the convergence
properties for this particular example. Furthermore, we showed that heterogeneity impacts

macroeconomic quantities as well as the pricing of risk.
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A Penalty Functions

For an optimization problem of the form
max f(x) subject to ¢;(z) >0 (32)
xr
where ¢ serves as an index for constraints ¢;, we can write a smooth version as

max f(z) ~ py Blei(a)) (33)

where B(-) is continuously differentiable and lim,_,o B(z) = co. Take a sequence of penalty
parameters {s;} which leads to a sequence of solutions {z}} to (??). Then every limit point
x* of the sequence of solutions {z}} is a global solution to the constrained optimization

problem (?7?). For details, e.g. see 7.

B Proofs for section ?7?

B.1 Construction of Compact Domain

The compact domain 2 has to be chosen such that the equilibrium conditions are non-singular
on this domain. For example, we need to rule out combinations of capital that lead aggregate

capital to be negative while still allowing for short-selling of capital by individuals.

We define the domain through the boundaries in all directions in the 3I14+1-dimensional space.
To facilitate the definition of €2, we make it symmetric across individuals. Thus we only
specify upper and lower bounds for the combination of state variables ki, ko, b1, ba, 11, 1o,
and z. All other restrictions follow by symmetry: for example, the restrictions on k3 and k4

are identical to those between k1 and k.

We define restriction on shocks independent on where we are at the state space. We specify

shocks to be on a compact support which increases with the perturbation variable o. We

thus calculate upper and lower bounds such that the shock in the following period always

remains in the same domain. For the productivity shock, we achieve lower and upper bounds
1 1

1_¢Z§ and zZ = 1_¢Zs. (34)

g:
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Analogously, we obtain lower and upper bounds for individual labor income shocks via

¢ + %6 6 and ¢ = ¢ + i 0. (35)

T 19y 10y 1—¢y 1oy

()

We specify the domain for the remaining variables k1, ks, b1, and by via the four combinations.
After invoking symmetry, we are left with four upper and lower bounds. In the direction of

k1 and ko, we impose

1 1
 ki>k+dand > ki <Tk (36)
=1 1=1

The first constraint ensures positive levels of aggregate capital while allowing for short selling.
The second level puts an upper bound on aggregate capital which is chosen large enough to
ensure that at this point, agents chose to consume enough to decrease next period’s capital

stock.

Individual capital, however, has an upper bound given by the borrowing constraint
ki+bi>k+(5andki+bi§/}. (37)

To pin down upper bounds on each variable, we use bounds such that the borrowing constraint
cannot be violated even with zero consumption. We take
1(TE, L,2)ki > fu(Ik, L, 1)b; + €L fo(Ik, L,2)

i (38)
— A(IK, L, 2)k; < fu(k, L, )b+ €L fo(IK, L, 2)

The first constraint ensures that long positions in capital do not lead to large violations of
the endogenous borrowing constraint, the second is for short positions. Optimal choices will

always obey these boundaries of the domain.

In the direction of bonds, we allow for small band

I
—5< ) b <6 (39)
i=1

which is sufficient due to market clearing. The market clearing condition and the borrow-

ing/leverage constraint also bound the domain in the k;-k; direction.
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B.2 Local Existence

First, we need to make sure that a solution close to the deterministic steady-state stays within
the same Banach space. Therefore, the solution cannot leave the domain €2 defined in ?77. By
construction, the shocks will remain within 2 for all o € [0, 1]. For the deterministic economy,
the solution is such that over time you converge towards the deterministic steady-state, i.e.
it is asymptotically stable. For the stochastic economy, the penalty function imposes a force
towards the steady-state. By choosing § small enough, we can increase the domain so far
that the endogenous borrowing constraint induces more saving and assures that we remain

on the domain.

Second, the equilibrium operator G(B(c), o) is differentiable at the deterministic steady-state
since every first-order condition, budget constraint, and market clearing condition is differ-
entiable on the domain. If we choose a slightly different choice or price function, the norm in
the Banach space is bounded by the sum of the largest derivatives. Due to differentiability,
this is a finite number. Thus we can derive the Fréchet derivative and the following lemma

applies.

Lemma 1 If the operator G lies in C™ as does the solution to the deterministic economy B.
Then we get, for a sufficiently small r > 0 defining a ball B" = {B € B}|||B — BHBIf} such
that G : B" x [—a,a] for some 7.

Proof: Due to the construction of the domain {2 and the fact that the deterministic solution
is asymptotically stable, G(B(c), o) exists and consumption is positive for all w € Q. As long
as operator and solution are part of C¥, the order k derivatives of G with respect to X, z,
and o exist. Therefore, for a solution B with ||B — B]| gy sufficiently small, G(B(0),0) exists
and, by the chain rule, inherits differentiability. O

Third, and last, we need invertibility of the derivative. We aim at a constructive proof and dif-
ferentiate the equilibrium mapping with respect to o to arrive at the equation Gg(B(0),0)B,+
G+(B(0),0). When solving for choices and prices, we realize that invertibility is a crucial
property of equilibrium operators: B, = —Gpg(B(0),0) G, (B(0),0). We aim at obtaining

solutions of the form

2
B(o) = BO) + 90 (0)0 + 2 2 2 0)0% +

do (40)

Now we study the effects of the first-order term.

Lemma 2 The deterministic solution does not solve any economy with small risks o €
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[~&,3].

Proof: Plugging in the deterministic solution into the Euler equation with small risks leads

to Euler equations of the form
u'(cf) = B(L+ ) Eufu/ ()] (41)
and
u'(cf) = BE[L + 1§ Eyfu (1)) + BCou(1+ 7§,/ (¢ 44))- (42)

Both equations cannot be satisfied simultaneously for the solution to the deterministic econ-

omy when the return to capital is risky. (I

Hence, the equilibrium operator produces locally separate solutions. For the deterministic
economy, we had a unique solution. The operator being bijective implies invertibility of

equilibrium conditions.

Lemma 3 The inverse operator DG~*(B(0),0) exists as a continuous linear operator if and
only if the partial Fréchet derivative DG(B(0),0) is bijective.

For a proof, see 7. Putting steps one to three together, we satisfy the conditions for the

Implicit Function Theorem which guarantees local existence of equilibria.

B.3 Proof of Proposition 77

To prove the proposition, we first revisit the underlying structure behind the Leray-Schauder
continuation theorem. The previous section dealt with the local nature of the problem using
the Implicit Function Theorem. To analyze the global nature, we revisit degree theory. A
degree indicates whether a function has a solution to the equation f(w) = 0 on a certain
domain Q with a boundary 9€2. We start by defining the degree for finite-dimensional maps
from Q C RY to RY. For a mapping f which satisfies the properties

(1) 0¢ f(09)
(2) f is continuously differentiable on

(3) If w € Q such that f(w) =0, then det Df(w) # 0.
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For these mappings, one can define the Brower degree via

d(f,9Q,0)= Y signdet Df(w). (43)

wef=1(0)

As a result, if the degree takes on a value of —1, it means that the mapping crossed zero at
least once from a positive value to a negative value over the domain. A value of zero indicates
no or an equal number of crossings and a value of one suggests one or an uneven number of

crossings from negative to positive. The Brouwer degree has several useful properties:

Normalization The degree of the identity map I is

1, 0€9Q
ame:{O’OZQ

Solution Property If d(f,2,0) # 0, then there exists w € § such that f(w) = 0.

Homotopy Invariance If H : [0,1] x  — RY is continuous, with H(o,w) # 0 for all
w € 0N and o € [0,1], then d(H(o,-),$2,0) is constant (i.e. independent of o).

Excision If U is a closed subset of 2 and f has no zeros in U, then d(f,,0) = d(f,Q2\U,0).

As described in ?, the definition of Brouwer degrees allows for a direct proof of the Brouwer

Fixed Point Theorem which allows to show the existence of solutions.

Schauder achieved a generalization of the Brouwer degree to infinite-dimensionsal mappings.
The difficulty lies in the fact that the closed unit ball in infinite-dimensional spaces is not
compact and will, in general, not have a fixed point property. The important ingredient in

making progress is some kind of compactness in Banach spaces B.

Definition 5 (Compact mapping)

A mapping G : B — B is compact if for each bounded set B C B, the set G(B) is compact.

Using compactness, we define complete continuity which is one of the pillars of the Leray-

Schauder principle.

Definition 6 (Completely continuous)

A mapping G : B — B is completely continuous if it is compact and continuous.
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Definition 7 (Completely continuous perturbation of the identity)
A mapping of the form G=1- G, where G is completely continuous is called a completely

continuous perturbation of the identity.

It turns out that compact sets in Banach spaces are nearly finite dimensional in the sense

that one can approximate compact sets with finite dimensional sets.

Lemma 4 (Schauder projection)
Let IC be a compact subset of the Banach space B. Given € > 0, there exists a finite dimen-

stonal convex set Y C B and a map P. : K — Y such that
| P:(x) —z|| < e forallz e K
The map P. is called Schauder projection.

Since the Schauder projection is arbitrarily close to the identity, compact subsets can be
shown to be nearly finite-dimensional. For completely continuous mappings, the Brouwer
degree can be generalized as the Leray-Schauder degree. Then for every completely continuous
map G : Q — B such that w — G(w) # 0 for all w € 99, there exists a unique integer
d(I — G,Q,0) with similar properties to the ones above.

Normalization The degree of the identity map I is

1, 0€Q

d(I,Q,O):{ 0 020

Solution Property If d(I — G,9Q,0) # 0, then there exists w € 2 such that G(w) = w.

Homotopy Invariance If H : [0,1] x Q@ — R is completely continuous, with w # H (o, w)
for all w € 9Q and o € [0, 1], then d(H (o, -),2,0) is constant.

Excision If K is a closed subset of  and F' has no fixed points in K, then d(I — G,Q,0) =
d(I - G,Q\ K,0).

Theorem 3 (Schauder fixed point theorem)
If K is a closed, bounded, and convex subset of B and G : K — K is completely continuous,
then G has a fized point in K.

Leray and Schauder developed a method to continue solutions based on the ideas underlying

the fixed point theorem. Therefore, we let O denote a bounded open subset of By X [g, 7]
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and let O, = {B € By : (B,0) € O} denote the projection onto B;. We define G by

~

G(B,0) =B - G(B,0) (44)
where G : U — By is completely continuous and
G(B,o) #0 for all o € [g,5] and B € 00. (45)

Then the following lemma holds.

Lemma 5 (Generalized Homotopy)
If G is defined by (??) and satisfies (77 ), then d(é(-,a),(’)g,()) 18 independent of o.

Theorem 4 (Leray-Schauder Continuation)
Let G be defined by (7?) and satisfy (2?). If d(G,Og,0) # 0, then there exists a continuum
C such that CN Og # 0 # CN Os.

The Leray-Schauder continuation theorem gives conditions under which we can continue the
local solution to the case of larger risk. Therefore, we need to make sure that the domain is
large enough for the solution to map elements of the domain into it. Hence we set €1 > 0
small enough in the definition of the domain 2. We define the compact interval for the
solution as k = 1 and k = 2k* —e; where k* denotes the amount of capital in the symmetric

deterministic steady-state. Then we choose €2 < €1 to define the subset of our Banach space
B, ={(c,k)|ci(k, v, z,0) > ea Vk,1p,z,0 Viand || <2f(2k1)} (46)

This allows us to define a subset of the space By via B =1 x B,,.

The major step in the proof of the proposition remains to show that the operator G is
completely continuous on the subset B. Therefore, we need to show that, taken an arbitrary
bounded subset of B, the image under the operator G(B) is compact, i.e. the closure of the

image is compact.

Lemma 6 (Boundedness of the operator)

A bounded subset B C Q has a bounded image under the operator G.

Proof: To get an upper and lower bound, we go to the boundary of B and map it using
the operator G. We know that marginal utility will be high and the discrepancy from 0 the
highest if we set consumption to its lowest level. However, since we are bounded away from

zero, we will have a bounded image. O
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Lemma 7 (Convergence of sequences)
An arbitrary bounded sequence in B is mapped into a sequence {yn}nen in G(B). The se-

quence {Yn}nen has a convergent subsequence.

Proof: Since the operator G maps into a Banach space, we can measure the norm of the
sequence. Our image G(B) is bounded and so will be the norms of all the elements in the
image. Since the sequence {||Gs| }nen is bounded as well, we can find a subsequence whose
norm converges. Take that subsequence. Its norms converge in By and the limiting element

will lie in the closure of the image. ([l

From the previous two lemmas, we get that the image is compact which implies that G is
completely continuous on B. We now need to establish the behavior of the operator on the

boundary.

Lemma 8 (Absence of solutions on the boundary)

The operator G does not possess solutions on the boundary of B x [0, 1], i.e.

G(w,0) #0 Yw € 0. (47)

Proof: We set up the set B in a way that agents either overconsume on one side of the
boundary and underconsume on the other. On one side of the boundary, consumption is
very close to zero for all levels of capital and on the other side of the boundary consumption

equals or exceeds wealth. These elements are suboptimal and do not represent solutions. [

We are now in the position to apply the Leray Schauder continuation theorem. Thus we can

now transform the deterministic solution into a solution for the large case of risk. O
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C Approximation of the Law of Motion

C.1 The Linear Law of Motion

Next period’s average capital as %Kt+1 = %Zijzl ki, 1(X¢,z¢,0). Using equation (?7), we
get a first-order approximation of the form

1
—Ki1 =~k
7 e+1 ~Ro

I
+ Z k&ll(Xll — Xll) + k&zl (X21 — le) + k%m (X31 — Xgl) + k%(“ (X41 — X41) + ...
i=1

I
+ Z ké{u (Xlg — Xlz) + k%n (ng — ng) + k%w (ng — X32) + k%u (X42 — X42) +
=1
+ ...

+Zk V) + kL, (20 — Zo) + ki, (23 — 23) + . ..

where X.; is the deterministic steady-state value.

With the assumptions on symmetry, coefficients on expansions as well as steady-state values

are identical and summarize to

1
K1 ~k
711 Ao

+ (k%(u B k%(zl)(Xl - Xll) + Ik%(m (Xl — XH)
(k%(u - k%(zz)(XQ - XlQ) + Ik%(22 (X.Q — XlQ)

+ka 1) + kL, (22 — 29) + kL, (23 — Z3) + . ..
where Xj = %Z{:l XZ]

C.2 The Quadratic Law of Motion

For the second-order terms, we again build an expansion for one policy and sum up over all

agents. Thereby, we invoke symmetry in the analogous fashion. Simply regrouping the terms
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from equation (?7)

kY(X, z) ~kq + first-order terms

1 1 1 1 v _ \2
+ (kx117x11 - szl,Xm - 2kX11,X21 + kX217X31)(X11 - Xl)
I

+ (k%(zhle - k%(m,Xgl) Z(le - Xl)z
=1

+(2k%,, Xy — kg xay) (X1 — X1) (X1 — X4)
+ k3, xq (X1 — Xq)?

To get to average capital, we average across all agents and invoke symmetry

I

1 ,

7 g k'(X, z) kg + first-order terms
i=1

~

+ (k%(u,xu - 2k%§11,x21 Z il Xl + 2k%§11,X21 (Xl - Xl)Z

=1

C.3 Approximation of any symmetric variable

The previous logic goes through for every approximation of a variable f(k) where

of  of

ok ok

The first-order expansion

F(X) = f(X) + fx,, (X) (X1 = X1) + fx,, (X) (X2 — X2) +

The symmetry conditions are simply

N dPf _ dPf
) &z = &2
N
(11) dxidx; d:rldzz for 7& j

Using these conditions, we can simplify the expansion of f analogously to before. We get

. AT 8%

first-order t 1
f(X) & fo + first-order terms + (Cm1 dz1dzs dzydzs
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D Approximation of a Stochastic Discount Factor

One stochastic discount factor is given by the average individual stochastic discount factor.
We use the technique of a nonlinear change of variables to approximate it with pertubation
methods. Therefore, we recognize that the marginal utility of next period’s consumption is
a function of Xy41 and z;4; while the marginal utility of consumption today is a function
of today’s state variables. Together, we build one Taylor expansion with respect to all these

state variables. Applying the logic from equation (?7), we arrive at

I
c 1
?Z ) oS Y L Kem) g (Kezen) (49

- &
G T ST k=0

where h.1;5(X¢,z:) = UTIHF) (X0 20 0)(X. — X0)!(z. — 20)io*. The function U is represents
marginal utility of consumption for period ¢ 4+ 1 and the inverse thereof for period t. The
derivatives at the deterministic steady-state are computed using the nonlinear change of

variables.

Given this expansion, collect all monomial terms merely depending on state variables known
in period t, i.e. Xy, z;, and X;y1. The collection of those terms is denoted by ¢(Xy, z;, Xy41)
in equation (??). Next, collect all terms in which total factor productivity appears linearly.
These terms are the first-order term in the expansion of productivity and all cross-terms
with variables known at time ¢. Collect those in a term c,(zl)(Xt, zy, X¢41) where we drop the
arguments in equation (??). We similarly collect the terms for second-order expansions with

respect to total factor and individual productivity and arrive at equation (77?).

E Asset Pricing Example — Derivations

E.1 Derivation of the Closed Form Solution for the Asset Pricing Economy

We start from the Euler equation of the tree (?7) which we rewrite in the following form

Py A B[O\ (P
o _ “ LR 4
Co BAO By <Co> Ch * (49)
and iterate to get
P, > A B (ct>1—7
V_F S . 50
Co ! ;6 Ao By \ Co (50)
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Now we plug in the stochastic processes which we iterate to get

At pt —1 o tv—l 7 .
" — AOA e AZJ:OPA% J (51)
and
By Pe=1 o St2l plm_,
—0 = B,” e7B 2«j=0PBt—j (52)

As a result, the expectation over the product of these ratios reads

At Bt p —1 p —1 Z (
B | 222t A A B B -0 UAPA-HTBPB)m j
' [Ao Bo} o

1 1-p% 1-p% —ol ot (53)
t o —02_A+02 B 42040 A'B
_ aPa—150p 12|:A17p2 B1-,3 ABl PAPB
=Ay* B, A :
We plug this equation in our iterated Euler equation
1—
B_Sp | pG| g [A D
= t
Co ol Ag By
t=1 0 54)
1 pA 1— pB 1— PfthB (
O'A +0'B =2, +20'AUBW

_Zﬁt —yut+2 5t14/’A BPtB_le2
t=1

which yields our result in equation (?7).

E.2 Linear Law of Motion

From the linear law of motion (?7) and the Euler equation (?7), we receive an equation

A1 By (Ci\'T7 By
bl 1 -0
; 0<Co> —i—a—i—ppco—i—&m (55)

Py
S _F
Cy, °

that we need to solve. We rearrange it to

p, Pe 0 {%%(1 +a+5771)}
Co 222 (56)
0 1— ppﬁe—wur 3
and solve for the different parts. First note that
A B _
" [AéBﬂ = AP Bl esloaton) (57)
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which simplifies the denominator. For the numerator, we make use of the fact that consump-
tion growth and growth of taste shocks are independent. Thus, we can treat the terms in the
expectation separately. For the preference shocks, we get

(ca+op)?

ABig oy (56771)] = ATyt <e§<m+03)2(1 +a)+d(oatople 2

Ag By

Eq
(58)

where the first part comes from a standard iteration as before. The second part follows from

By |2 85y | = ant g5, [e<"A+"B>mn1 : (59)
A[) B()

The last expectation can be computed by solving the integral

/OO = IL‘B_%(I—(O’A-FUB))Ze_édl' = e(UAJrng)2 /OO L re~3(@—(0atoB))? 7.,
—o V2T —oo V2T (60)

(catop)?
=(oa+op)e 2

E.3 Quadratic law of motion

Agents perceive the equation of motion to be

Py P, (Pt > ?
=a+ppr~ +pep2| =) T

Plug the equation of motion into the Euler equation to get
Pt At—‘rl Bt+1 Ct+1 1= Pt Pt 2
— — | +9 +1
4 B, \ G @t T, T

- FE
c,

or simplified as

P, P\?
\I/t(Oé + 1) + (,Opl\pt — 1)5 + \Iltppl 5 + E;
t t

where

U, =E; |3

At By (Crn '
At By Ct

The formula for quadratic equations delivers two solutions, one of which is the desired one.
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