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Abstract

We study a two-stage supply chain where the retailer observes two demand streams coming
from two consumer populations. We further assume that each demand sequence is a station-
ary Autoregressive Moving Average (ARMA) process with respect to a Gaussian white noise
sequence (shocks). The shock sequences for the two populations could be contemporaneously
correlated. We show that it is typically optimal for the retailer to construct its order to its
supplier based on forecasts for each demand stream (as opposed to the sum of the streams) and
that doing so is never sub-optimal. We demonstrate that the retailer’s order to its supplier is
ARMA and yet can be constructed as the sum of two ARMA order processes based upon the
two populations. When there is no information sharing, the supplier only observes the retailer’s
order which is the aggregate of the two aforementioned processes. In this paper, we determine
when there is value to sharing the retailer’s individual orders, and when there is additional
value to sharing the retailer’s individual shock sequences. We also determine the supplier’s

mean squared forecast error under no sharing, process sharing, and shock sharing.
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1 Introduction

In this paper we consider a two-stage supply chain where the retailer observes two demand streams
coming from two consumer populations. We further assume that each demand sequence is a sta-
tionary Autoregressive Moving Average (ARMA) process with respect to a Gaussian white noise
sequence (shocks). The shock sequences for the two populations can be contemporaneously cor-
related. We show that in the vast majority of cases it is optimal for the retailer to construct its
order to its supplier based on forecasts for each demand stream (as opposed to the sum of the
streams) and that doing so is never sub-optimal. When there is no information sharing between
the retailer and the supplier, the supplier observes the aggregated order placed by the retailer.
The contribution of our paper is that we determine when there is value to the retailer sharing the
two individual order processes (process sharing) and when there is additional value to the retailer
sharing its two individual shock sequences (shock sharing). We also determine the supplier’s mean
squared forecast error (MSFE) under no sharing, process sharing, and shock sharing.

There has been much research on the value of information sharing in a supply chain. Lee
et al [7] (hereafter referred to as LST), Raghunathan [8], Zhang [11], Gaur et al. [3] (hereafter
referred to as GGS), Giloni et al [4] (hereafter referred to as GHS), and Kovtun et al [6] (hereafter
referred to as KGH) studied the value of information sharing in supply chains under AR and
ARMA demand. Zhang and GGS extend the original work of LST and Raghunathan by studying
the value of information sharing in supply chains where the retailer serves an ARMA (p,q) demand
as opposed to AR(1) demand. In each of these papers, the retailer places orders with a supplier

using a periodic review order-up-to policy. Both the supplier and the retailer know the parameters



of the demand process; however, the retailer may or may not choose to share information about the
actual realizations of demand with the supplier. Zhang studied how the order process propagates
upstream in a supply chain under the assumption that ARMA demand to the retailer and all
upstream players is invertible. In such a case, there would be no value of information sharing to
any of the players.

GGS were first to point out that the retailer’s order to the supplier may not be invertible
(i.e., the current shock cannot be obtained as a linear combination of present and past demand
observations only) even though the retailer’s demand is invertible. In other words, the supplier’s
demand may not be invertible with respect to the retailer’s shocks, even though the retailer’s
demand is invertible with respect to its own shocks. GHS characterized the supplier’s best linear
forecast with and without information sharing from the retailer. They showed that the retailer’s
order to the supplier is QUARMA (quasi-ARMA) and characterized the value of information sharing
when each supply chain player determines its best linear forecast of lead time demand using all of
its available information (depending upon sharing arrangements). KGH studied the propagation
of demand in a supply chain where a supply chain player may share its demand, its shocks, or
nothing at all with the immediate upstream player. They compared the three sharing scenarios
and characterized when demand sharing is superior to no sharing and when shock sharing is superior
to demand sharing.

Overall, there are two key elements to accurately determining the value of information in the
aforementioned research. First, it is essential to determine when the retailer’s order to its supplier
is invertible with respect to its shocks and when it is not. Second, when the retailer’s order is not
invertible with respect to its shocks, it is essential to determine the supplier’s best linear forecast
in this case. GHS appears to have been the first to do so and we utilize and extend the framework

considered by GHS and KGH in this paper.



Our specific research problem is most closely related to a recent paper by Cui et al [2] (hereafter
referred to as Cui) who studied a supply chain where a supplier receives orders that are an aggregate
of two processes due to the retailer placing an order that is generated by a standard inventory policy
coupled with order smoothing and a decision deviation process. In other words, in their paper, the
existence of the two processes is due to the manner in which the planner operates. They concluded
that sharing the demand processes is almost always valuable. Our results match those of Cui when
the retailer’s order or actually retailer’s orders are invertible with respect to its shock sequence(s).
However, when the retailer’s orders are not invertible with respect to its shock sequences, there
exist additional cases where process sharing is not valuable. We further consider when the retailer
may share its shocks with the supplier. Finally, we demonstrate how to compute the one-step
ahead mean squared forecast error (MSFE). In other words, besides describing whether or not
there is value to information sharing, we also quantify this value as determined by the difference
in the MSFE under sharing compared to the no sharing arrangement. We further demonstrate
these differences among the three situations that we study: no sharing, process sharing, and shock
sharing.

The mathematical problem of determining whether there is value of process sharing (in terms
of reducing the MSFE) was considered and solved by Kohn [5] under the key assumptions that
the bivariate system is in its Wold representation and that the univariate aggregated process is
also in its Wold representation. A Wold representation expresses the series as a linear combination
of present and past shocks, where the shocks contain precisely all of the information retrievable
from the linear past of the (univariate or bivariate) series!. We note that a series represented as
a linear combination of present and past shocks is in its Wold representation if and only if it is

invertible with respect to its shocks. Following this methodology, we consider the two demand

We are implicitly assuming that the series is purely nondeterministic as would be the case for any ARMA model



sequences at the retailer and its order to the supplier as a sum of two ARMA sequences which
are bivariate ARMA. In a simpler context without any aggregation, GHS demonstrated that the
retailer’s order can naturally become non-invertible with respect to the retailer’s shocks even though
the retailer’s demand is invertible with respect to its shocks. Thus, one cannot assume that the
retailer’s aggregated order to the supplier nor the bivariate ARMA system representing the retailer’s
order processes is invertible with respect to its shocks and hence Kohn’s key assumptions may not

apply to our problem.

2 Problem Setup

In this section, we describe the mathematical problem at hand. To begin, we assume that the
retailer observes ARMA demand from two populations and hence its demand sequences {D; ;} and
{D3} are ARMA with respect to two (possibly contemporaneously correlated) shock sequences
{€1+} and {&;}. Using the backshift operator B (where BD; = D;_1), the retailer’s two demand

streams are

q)l(B)Dl,t = di+ @T(B)gl,t (1)
@Q(B)Dgﬂg = d2+@§(3)€27t (2)
where ©1(B) = 1 - 61,B —... =07, B", ©3(B) = 1-05,B— ... —05,B%, and ®;(B) =
1— ¢1’1B — ... qbl’pprl, (I)Q(B) =1- ¢27lB — ... ¢2’pQBp2‘ We assume that <I>1(z) and @2(2’)

have all their roots outside the unit circle and that ©3(z) and ©7(z) have all their roots either
outside or on the unit circle. These conditions insure that {D;} and {Dy;} are stationary and
invertible with respect to {€;;} and {é;} respectively. Invertibility insures that {€; .} and {€:}
are observable to the retailer at time ¢, meaning that the retailer can obtain € ; and €;; using
and {Da}!_

elements only in {Dq,}!_ respectively. This model is reasonable under the

—00 —00



assumption that {D;;} does not Granger cause {Ds;} and {Ds;} does not Granger cause {D}.
Furthermore this implies that {(€;¢,€2.)'} are the shocks appearing in the Wold representation of

the bivariate series {(D; 4, D2 )’} which could be expressed using the bivariate ARMA model

®(B) 0 Dy iB) 0 €1t
0  ®(B) Doy 0 5(B) Eas

)

or equivalently using the Wold representation

D1y U3 (B) 0 €1t n
Do 0 5(B) €24
N O7(z N O5(z
where U3 (z) = ‘19152; and ¥3(z) = @zgz;

We note that the retailer’s total demand at time ¢ + 1 is given by D1 141 + D2 ;41. The retailer
could forecast this demand using {D ,, + D2,n};:—oo or it can add the two forecasts of Dj ;11 and

Ds 141 based upon the two individual sequences {D1,,}!_ and {Da,}_ respectively. The

—00 —00

question of whether it is better to use the individual processes for forecasting has been answered

in Theorem 1 of Kohn [5].

Remark 1 The best linear forecast based on {D1,},__ . and {Da,}__ is better than the best
01(z) , ©3(2)
CI>1(Z) (I)Q(Z)
and {Dan}t__.o or on {D1, + Dap}t_

t
n=-—00

linear forecast based on { D1 n,+D2 .}

#+

if and only if for some z € C. Otherwise

the best linear forecasts based on {Din}_ are

—0o0 —00 —0o0

equivalent.

This remark follows directly from the aforementioned theorem, which states (in slightly more

generality) that given a Wold representation of a bivariate system {(x¢,y:)'},

Tt €l,t—j

=>_A) ; ()
7=0

Yt €2.t—j



where the A(j) are 2 x 2 matrices, A(0) = I, the 2 x 2 identity matrix, and {(e1,e2.)} are the
Wold shocks which generate the same linear past as {(z:,y¢)'}, the two best linear forecasts of
T41 + Y1 obtained using {x,, + yn}t__ . or using {x,,} and {y,} will be equivalent if and only if

there exist scalar constants k; such that
A(5) = kj for all j > 1. (6)

Otherwise, the forecast based on {x,} and {y,} will be optimal. Applying this to representation
(2) we obtain Remark 1.

In order to study the value of information sharing to the supplier, we first need to obtain an
expression for the retailer’s order, which we assume is determined by a myopic order-up-to-policy.

The retailer’s demand at time ¢ + 1 is given by
Diy1 = D141 + D21 (7)

In light of Remark 1, we consider m;; and ms, which are the best linear forecasts of leadtime
demand for each demand stream, based on information for the given stream available at time ¢ .
If indeed, the retailer had observed demand from the first demand stream, then its order would be
Xt = D14+ m1s —mi—1 and similarly if the retailer had observed demand from only the second
demand stream, its order would be Y; = Do + mao; — mo—1. Hence my = mq; + maoy is the
best linear forecast of the retailer’s leadtime demand. It can be easily shown that Var((DLtH +
D2)t+1)|./\/lt) = Var(eirs) + Var(ear) + 2Cov(ert, €2+) where M; is all the information available
to the retailer at time ¢. It follows that the retailer’s myopic order-up-to-level determined using

information available at time t is given by

Sy = my+ c\/Var(eLt) + Var(eas) +2Cov(er s, €24)

= mig+moy+ C¢Var(61,t) + Var(ear) +2Cov(€r s, €24).
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where c is the retailer’s required service level given by ¢ = Q_I[Zﬁ] where h and p are holding and

shortage costs and ® is the standard Normal cdf. The resulting order is then
Zy =Dy + S¢ — Si—1 (8)
or simply,
Zy =Dy +my —my—1=Dig+mip—mis—1+ Doy +moy —mo1 =Xy + Y. 9)

We refer to {X;} and {Y;} as the retailer’s order processes. From Theorem 1 of GHS, it follows
that each of {X;} and {Y;} are quasi-ARMA with respect to each of the retailer’s shock sequences
with the same AR polynomials ®;(z) and ®3(z) appearing in (1) and (2). For simplicity in this
paper, we assume that {X;} and {Y;} are ARMA with respect to these shocks. Hence we are

considering the case that the retailer’s order to the supplier is given by Z;, = X; + Y;, where

q)l(B)Xt = d1 =+ @1(B)€1’t, (10)
‘I)Q(B)}/t = dy+ @Q(B)Gg,t, (11)
and ©1(B) =1—-6011B —... —61,4,B% and ©3(B) =1 — 60218 — ... — 03,4, B% are the resulting

MA polynomials based upon the propagation described above with €;; = A€ and €2 = A€oy
for constants A; and Aa. A constructive algorithm for obtaining polynomials ©1(z), ©2(z) and
constants A1, A2 from polynomials ®;(z), ®2(z), ©7(z) and ©3(z) is provided in Theorem 3 of

KGH.

In matrix notation, we represent {(Xy,Y:)'} as a bivariate ARMA process

®,(B) 0 Xt ©1(B) 0 €1t
= , (12)
0  ®y(B) Y; 0  ©3(B) €2t
2
0—1 Jg12
with X. = Cov|(e14,€2¢)'] = , and 0?03 — 0%, > 0, where we have assumed that
2
g12 0'2

d1 = ds = 0 for notational simplicity.



(1)1 (Z) 0
The bivariate process {(X¢, Y;)'} is causal with respect to {(e1 ¢, €2,+)'} if det #

0 (I)Q(Z)
0 for all z such that |z|] < 1. Similarly, {(X¢,Y;)'} is invertible with respect to {(e1+,€e2,)'} if

@1(2) 0
det # 0 for all z such that |z| < 1. Since each of the processes is assumed to

0 @Q(Z)

be causal with respect to each individual shock series, it follows that the bivariate process is also
causal with respect to {(e1¢,€2.)'}.

GHS however note that it is possible for an MA polynomial (such as ©;(z)) to have a root
inside the unit circle. Hence {X;} will not be invertible with respect to {e1}. In this case the
bivariate process will not be invertible with respect to {(e14,€2¢)'} as well. When this is the case,
it means that at time ¢ it is not possible to obtain (€1, €2) from the linear past of {(X¢, Y;)'}.

Nonetheless, in all situations we will consider in this paper, it is possible to represent { (X, Y;)'}
with respect to an observable shock sequence {(e1+, e2+)'}, where (ej 4, e2,)" is the difference between
(X, Y2)" and the best linear forecast of (X, Y;)" at time ¢ — 1 using the infinite past of {(X¢, Y;)'}.
This shock sequence appears in the unique Wold representation of {(X¢, Y;)'}, which exists for any
stationary time series. We thus refer to {(e1,e2¢)'} as the Wold shocks.

We note that {(e1,€2+)'} in equation (12) will not in general be the Wold shocks, specifically
when {(X;,Y;)'} is not invertible with respect to {(e1¢,€2,)'}. GHS explained that the supplier
cannot forecast its demand using shocks that are not observable to the supplier even though they
are observable to the retailer unless the retailer shares its shocks with the supplier. The same
applies here except that like in KGH we contrast the cases of process sharing, shock sharing, and
no sharing.

When {(€14,€2:)'} is not observable to the supplier we consider the Wold representation of the



retailer’s bivariate order system given by

X Uy1(B) ¥i2(B) el

)

= ) (13)
Y; Uy (B) Wa(B) et

Wold shocks which generate the same linear past as {(X¢, Y:)'} and ¥qy(2) = Z l/)njzj, Uig(z) =
§=0

idjlgjzj, Uo1(2) = ii/}gljzj, and Wos(z) = id}ggjzj are (potentially) infinite degree polyno-
— 0 —0
inials, with Uys(2) :j Us1(2z) = 0 when the s;stem is diagonal. Unless specified otherwise, for
polynomials P(z) and Q(z) , the equivalence P(z) = Q(z) should be interpreted to be for all
complex-valued z in this paper.
where {(e1,e2,)'} are the We note that although the bivariate ARMA in (12) has a diagonal
MA matrix?, the Wold representation of the bivariate system need not be diagonal (see Theorem
3). In other words, even though we assume the bivariate system that describes the retailer’s order
to the supplier has a diagonal MA matrix, a nondiagonal Wold representation of this system can
organicadeqully occur. An immediate consequence of this is that it would not be possible to apply
the methodology of GHS and KGH to evaluate information sharing, since univariate representations
cannot accurately describe a non-diagonal bivariate representation.
Similarly, consider the Wold representation of the retailer’s order to the supplier, which is actu-
ally the supplier’s demand (see GHS who discuss the Order-Demand Non-Equivalence Property):
0o
Zy =+ ajvij, (14)
j=1
where {~;} are the univariate Wold shocks, i.e., those shocks that span the linear past of {Z;} and

are thus observable by the supplier when there is no information sharing. If there is no additional

information shared by the retailer, the supplier uses (14) to forecast its leadtime demand.

2Throughout this paper, when expressing the process {(X;,Y;)'} with respect to a set of shocks, we refer to the

matrix of MA coefficients on the right-hand side of the expression as the MA matrix.
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We study when there is value to the supplier for the retailer to share the values of its processes,
X; and Y;. In other words, we study whether this sharing arrangement would lead to a superior
forecast of its demand than the one provided by (14). We also study when there is additional
value to the retailer sharing the values of its shocks, {ei;} and {e2;}. Finally, we describe how
to compute the one step ahead MSFE under the three arrangements, (i) no sharing, (ii) process
sharing, and (iii) shock sharing.

Kohn’s formulation discussed previously can be used to study when the MSFE of the best linear
forecast of Z;11 given the history of {Z;} is equivalent to the MSFE of the best linear forecast of
Zy+1 given the history of {(X¢,Y;)'}. It is important to note that his results are based upon the
knowledge of the polynomials and coefficients therein with respect to the Wold shocks. Thus, in
order to apply Kohn’s results, one needs to first obtain the Wold representation of the bivariate
series {(X¢,Y:)'}. For example, from Theorem 1 of Kohn, it follows that there is no value to sharing

(X¢,Y;)" if and only if there exist scalar constants k; such that

!/

Y115 Y12j 1 1
S =k, for all j > 1. (15)

Pa1j  P22; 1 1

It follows from the same theorem that the constants k; in (15) will be the constants a; in (14). We
note that according to Condition (15), if A(j) is diagonal for all j, then there is no value to sharing
{(X,Y:)'} if and only if 411 = 1)a2; for all j. Using Kohn’s approach where possible, the roadmap

of the remainder of the paper is as follows.

e In Section 3.1, (Invertible Case) we consider the value of information sharing when the re-
tailer’s two processes, {X;} and {Y;} are invertible ARMA processes with respect to the
retailer’s shocks. We provide a necessary and sufficient condition under which there is no

value to process sharing (or shock sharing).

e In Section 3.2, (Noninvertible Case with mutually independent shocks) we consider when at

11



least one of {X;} and/or {Y;}, each ARMA, is not invertible with respect to the retailer’s
shocks and these two shock sequences are mutually independent. We provide a necessary and

sufficient condition under which there is no value to process sharing.

e In Section 3.3, (Noninvertible Case with contemporaneously correlated shocks) we consider
when {(X;,Y;)'} is a bivariate MA(q) such that the series is not invertible with respect to
the retailer’s shocks and these shock are contemporaneously correlated. We show the Wold
representation of a bivariate ARMA (and therefore MA) system is no longer diagonal. Using
the algorithm developed by Tunicliffe-Wilson [10] we find the Wold representation and obtain

several additional examples of no value to process sharing under these conditions.

e In Section 4 (MSFE) we obtain the one-step-ahead forecasts and their corresponding MSFEs

under the three sharing arrangements for the scenarios in Section 3.1 - Section 3.3.

3 The Value of Information Sharing

In this section we study the value of process sharing and shock sharing when {(X¢,Y;)'} can be
modeled as a bivariate ARMA (p, ¢) given by (12), which is a natural consequence of the two ARMA
demand streams observed by the retailer. Evaluating process sharing and comparing its value to
that of shock sharing is dependent on whether {(X¢,Y;)'} is invertible with respect to {(e1, €2,¢)'}
as well as on whether . in (12) is diagonal. Therefore, we proceed by considering these different
cases in the subsections below. Details on how to compute the one-step ahead MSFE for the cases

discussed here can be found in Section 4.
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3.1 Invertible Case

©1(2)
Here we assume that {(X;, Y;)'} is invertible with respect to {(e; ¢, €2¢)'}, meaning that det

0 Oy(2)

0 for all z such that |z| <1 in (12). Since the MA matrix is assumed to be diagonal, this condition
is equivalent to stating that ©1(z) and ©2(z) have no roots inside the unit circle. This means
that we require the individual univariate processes {X;} and {Y;} to be invertible with respect
to {e1,} and {ez+} respectively and do not need to directly consider the bivariate system. It fol-
lows that {(e1,€2+)'} are the Wold shocks of {(X¢,Y;)'}. Furthermore, forecast errors, as well as

corresponding MSFEs are identical under shock sharing and process sharing (see Remark 2 below).

Remark 2 If {(X:,Y;)'} is invertible with respect to {(e14,€2+)'} then forecasts of elements in

nt

{Z, )01 areidentical under process sharing and shock sharing since all elements in {( Xy, Yn) e _ oo

can be recovered from { (€1, €2n)' M=o and vice-versa.

From the remark above we note that the main question posed in this subsection is whether
process sharing (and shock sharing) are valuable when compared with no sharing. This is addressed
in the following theorem which establishes when forecasts of Z;, 1 under no sharing will be equivalent

to forecasts under either of the two sharing arrangements.

Theorem 1 Suppose the retailer observes processes which can be modeled using (12) with det

0 for all z such that |z| < 1. There is no value to sharing {X;} and {Y:} (or {e1:} and {e2+}) if

O1(2)  O2(2)
<I>1(z) - @2(2«’)'

and only if

The proof of Theorem 1, which can be found in the Appendix, is based upon Theorem 1 of
Kohn [5]. Note that Theorem 1 of this paper, which holds under the invertibility of {(X;, Y;)'} with
respect to {(€1¢, €2,+)'}, matches the result described by Cui for this case when considering decision

deviations. In the following subsections we discuss why this equivalence does not hold in general

13
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and only follows from this invertibility assumption. If there are no common roots between 01 (z)

@1(2) . @2(2)
(I>1(z) - (I)Q(Z)

and ®;(z) and no common roots between ©3(z) and ®2(z) then the condition that
amounts to checking whether ©1(2) = O2(z) and ®;(z) = Pa(2).
Although it may appear that the likelihood of there being no value to information sharing is

small, this is not the case as highlighted by the following remark.

Remark 3 If the retailer’s two demand streams {D1+} and {D2;} are MA(1) in (1) and (2) and
the retailer’s leadtime is 0 (orders arrive in the next period), then there is no value to sharing the

individual order processes (or the individual shock sequences).

The assumptions of the remark guarantee that the processes {X;} and {Y;} will be white noise
and therefore the conditions of Theorem 1 will hold. To see this, suppose {D;} is MA(1) with

respect to a white noise sequence {€;} such that

Dy =& — 07&, (16)

From Theorem 3 of KGH, this induces orders {X;} such that

Xi=(1-00)& (17)

which we could rewrite with respect to white noise sequence {¢;} as

Xt = €¢ (18)

where ¢; = (1 — 607)é;.
We provide several examples in the Appendix which illustrate how demand propagates from the
retailer and supplier and how information sharing becomes valuable for the invertible case described

in Theorem 1. In the following subsections we study the non-invertible case.
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3.2 Non-Invertible Case with Mutually Independent Shocks

In this subsection, we study whether information sharing is valuable in the event that the retailer’s

process {(X¢,Y:)'} is noninvertible with respect to {(€14,€2+)’}, meaning that in (12) there exists

©1(20) 0
|z0| < 1 such that det = 0. Since the MA matrix is diagonal, this is equivalent

0 @2(20)

to requiring ©1(z) or ©2(z) to have at least one root inside the unit circle. As indicated by the
previous subsection, one of the determinants of the value of process and shock sharing arrangements
is the ARMA representation of {(X,Y;)'} with respect to the Wold shocks of {(X¢,Y;)'}. By the
assumptions considered here, {(X¢,Y:)'} is not invertible with respect to {(e1, €2,¢)'} and therefore
{(e1¢,€2¢)'} in (12) are not the Wold shocks of {(X¢,Y;)'}. As we will show below, the form of
the Wold shocks depends on whether the shock series {€;;} and {ez;} are mutually independent
or contemporaneously correlated. The former assumption is the basis for this subsection.
Proposition 1 provides the ARMA representation of {(Xy,Y;)'} with respect to their Wold
shocks under the assumption that the shock series are independent, i.e., that o129 = 0 in 3. The

proposition is given below following a necessary definition.

Definition 1 Suppose that O(z) is a polynomial of order q in a complex variable z, with leading

coefficient 1 and roots {ry}. Suppose also that none of the roots ry, are on the unit circle. Then
O(z) ={_,(1 — z/rk).

Let IN denote the set of roots such that |ri| < 1. Let OUT denote the set of roots such that

|ri| > 1. Define

0f(z) = H (1 —zrg) H (1—z/rg).

rr€lN rreOUT

where IN s the list of all roots, ri, of ©(z) with repeated entries to allow for multiplicities, such

that |ri| < 1.

15



We note that ©f(z) has all of its roots outside the unit circle. If ©(z) has no roots inside the unit

circle, then O(z) = O1(2).

Proposition 1 Suppose the retailer’s processes can be modeled by (12), where there exists |zp| < 1

O1(z0) 0
such that det =0 and 012 = 0. An ARMA representation of the retailer’s

0 (“)2(20)

processes with respect to its Wold shocks {(e14,e24)'} is given by

®(B) 0 X, ei(B) 0 €1y
= : (19)
0  ®y(B) Y; 0 ©iB) €.t
ot H ‘TJ|72 0
where ¥, = cov|(e1y,e2:)] = ri€IN where IN1 (and IN2) is the
0 o3 [ IrjI™?

r;€IN2
list of all roots, rj, of ©1(2) (and ©2(z)) with repeated entries to allow for multiplicities, such that

‘Tj’ < 1.

The proof of Proposition 1, along with an instructive lemma can be found in the Appendix.
We note that the mutual independence of the shocks in (12) guarantees that the bivariate ARMA
representation of {(X;,Y;)'} with respect to the Wold shocks {(ej ¢, e2+)'} has a diagonal MA and
AR matrix. Furthermore, determining {(e1+, e2+)'} and the Wold representation of {(Xy,Y;)'} is
equivalent to determining the Wold shocks {e;:} and {ea;} for each univariate series {X;} and
i},

Due to the noninvertibility of {(X¢, Y;)'} with respect to {(e; 4, €2+)'}, shock sharing and process
sharing result in different forecasts and different MSFEs. Extending the results by GHS and KGH
for univariate processes, if either ©1(z) or ©2(z) have at least one root inside the unit circle in (12)
then the MSFE when forecasting Z;;1 at time ¢ is always smaller under shock sharing than under

process sharing. The difference in forecasts stems from the fact that it is possible to recover elements
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in {(X,, Yn)' M —_ o using {(€1,n, €2.n)'},—_o but not vice-versa. Hence {(€1,€2,)'} contains more
information than {(X3, Y3)'}.

Since (19) has the same form as (12) and {(X,Y;)'} is invertible with respect to {(e1 s, €2¢)'}
we can apply Theorem 1 to this representation to assess the value of process sharing. When the

AR and MA matrices in the ARMA representation of {(X3, Y;)'} with respect to the Wold shocks

are diagonal, as in Proposition 1, the value of process sharing (over no sharing) rests on whether

SHONNNCE)
D(z2) Dy (2)

are equivalent as discussed in Theorem 2 below.

Theorem 2 Suppose the retailer observes processes modeled by (12), where the covariance matric

o of 0 . . NG
of (€14, €2,) is given by . There is no value to process sharing if and only if () =
z
0 o3 !
Ol(z).
Po(2)

The proof follows immediately by applying Theorem 1 to model (19) given by Proposition 1.
According to Theorem 2, there is no value to process sharing if ©;(z) = ©3(2) and ®;(z) = Pa(2).
This can be seen by noting that if ©1(z) = ©2(z) then G)];(z) = @g(z). However this is not the only
possibility of there being no value to process sharing as the condition of Theorem 2 can still be

met while ©1(2) # O2(z) but ®;(z) = ®2(z).3 The phenomenon observed here can be explained as

@1(2) @2(2)
<I>1(z) <I>2(Z) ’

the ratios of the AR and MA polynomials in the ARMA representations corresponding to the Wold

follows. Even though the original ARMA representations of X; and Y; are such that

shocks could be equal.
For example suppose ®1(z) = ®2(z) = 1 and {Y;} is invertible with respect to {e2;} and hence
@;(B) = ©3(B). On the other hand, if at least one root of ©;(z) lies inside the unit circle and yet

@];(Z) = 09(z) = @;(z), it follows that there is no value to process sharing. This is demonstrated

3In other words, this demonstrates that Theorem 2 of Cui is incomplete in the sense that there are additional

cases under which there is no value to process sharing.

17



in the example below when {(X,Y};)'} is bivariate MA(1).

Example 1 Suppose {D1.} and {Dz} are each MA(2) with respect to {&:} and {é;} respectively,
given by
Dy; = (1—.2B— 4B%é, (20)
Dyy = (1—1.2B+ .4B%gé,. (21)
We note that D1 and {Da,} are invertible with respect to {€1,:} and {€;} respectively. From
Theorem 3 of KGH, {(X,Y;)'} can be represented as the bivariate ARMA process
X 1—- 5B 0 €1,

- (22)
Y% 0 1-2B €2 ¢

where €14 = (1 — .2)€1; and egy = (1 — 1.2)é&x,. Without loss of generality we assume that Y, =

1 0
0 1
1— .5z
We note that {(X¢, Y;)'} is causal but not invertible with respect to {€; 4, €2+} since det
0

0 for z = .5. By Definition 1, since ©2(z) = 1—2z, it follows that @;(z) = 1—.5z. From Proposition
1, the bivariate ARMA representation of {(X¢, Y;)'}, which is invertible with respect to {e1 s, e},

is given by
Xy 1-.5B 0 el (23)
Y; 0 1—-.5B et

By applying Theorem 2, there is no value to process sharing in this case since ®; = &3 = 1 and
ol = @g = 1, even though it may have seemed like there would be value based on the model in
(22).

It is also possible to find many examples of no value to information sharing when ®; # ®5. For

instance, let ®1(z) = ®2(2)(1—.52) and O;(z) = O2(2)(1 —2z) where O2(z) has all its roots outside

18
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T i
the unit circle. We can note that @J{(z) = O2(2)(1 — .52), @; = O3 and indeed % = % These
1 2

examples are structured such that @I (z) cancels root(s) of ®1(z). As a demonstration, consider

the following.

Example 2 Let {(X,Y;)'} be bivariate ARMA(2,1):

1—.7B + .01B2 0 X, 1-2B 0 €1t
— . (24)
0 1— 2B Y, 0 1 €24
o 0

where Y, is given by

Although at first glance it may appear that there would be value to information sharing in
this case since @1 # P9 and O1 # O2, we note that {(Xy,Y;)'} is not invertible with respect to
{(€1t,€2+)'} and thus proceed to determine the ARMA representation of {(X¢,Y;)'} with respect
to the Wold shocks. From Prop 1, the bivariate ARMA representation of {(X,Y;)'}, which is

invertible with respect to {e1+, ez}, is given by

1—.7B + .01B? 0 X; 1-.5B 0 €1
— : (25)
0 1- 2B Y, 0o 1 et
el(2) 1- 5z 1- 52 1 0l (z2)

Noting that — we use Theorem 2

Di(z) 1— .72+ 0122

(1—22)(1—52z) 1—2z ®s(z)

to determine that there is no value to process sharing.

We now explore the impact of information sharing on the supplier’s MSFE when {(X;,Y;)'} is
not invertible with respect to {(ei+,€2¢)'}. In the discussion below, we make use of Theorem 4,
Corollary 2 and Theorem 5 of Section 4 to compute MSFEs under shock sharing, process sharing

and no sharing respectively.
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Example 3 Suppose {D1.} and {Da} are each MA(2) with respect to {&:} and {é;} respectively,

given by

Dy = (1—.2B— 4B%é, (26)

Dyy = (1-1.2B—05,B)é,. (27)

where —1 < 055 < —.2. We note that this restriction guarantees that {Da.} is invertible with
respect to {€}. It follows from Theorem 3 of KGH, that {(X:,Y;)'} can be represented as the

bivariate ARMA process

X, 1— 5B 0 €1t
= * (28)

2.2
1- 22 p
Yi 0 1-12 €2t

where €14 = (1 — .2)é14 and ey = (1 — 1.2)éx,. Without loss of generality we assume that Y., =

10 1— .5z 0
. The determinant of o has a root inside the unit circle when
2,2
1 0 1-— :
0 1-1.2
105 5] > .2.

In Figure 1, the ratio of MSFE under no sharing to the MSFE under process sharing is shown
when —1 < 63, < —.2. Note that the MSFE under no sharing is equal to the MSFE under process
sharing if and only if 655 = —.4, such that 655 = 2 and 6;(2:) = 1— .5z as is expected due to

Theorem 2.
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Ratio of MSFE of No Sharing to Process Sharing (Non-Invertible Gase)

t=1, 63=1, 012=0, 6,,=05

1.08 1.10
I

1.06
I

snare/ MSFEspare

MSFE,,,
1.04
|

1.00

Figure 1: The one-step ahead MSFE ratio of no sharing to process sharing is shown for the pa-
rameters in (28). We note in this case 61,1 = .5 and that there is no value to process sharing when

51 = —.4, such that 655 = 2.

Comparing this with Figure 2, where the ratio of MSFE under no sharing and MSFE under
shock sharing is shown, one observes that shock sharing is always valuable. In general, the scales
of Figure 1 and 2 indicate that process sharing has much less value than shock sharing. We note
that the larger the modulus of 63, the farther the root of ©2(z) inside the unit circle, making shock

sharing increasingly more valuable.
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Ratio of MSFE of No Sharing to Shock Sharing (Non-Invertible Case)

t=1, 63=1, 012=0, 6,,=05

snare/ MSFEspare

MSFE,,,

Figure 2: The one-step ahead MSFE ratio of no sharing to shock sharing is shown for the parameters

n (28). A horizontal line is drawn at 1, corresponding to no value to shock sharing.

3.3 Bivariate Non-Invertible Diagonal M A (¢q) Process with Contemporaneously

Correlated Shocks

In this subsection we consider the case where {(X},Y;)'} is a noninvertible bivariate MA(q) with
respect to shock sequences, {(€1,,€2:)'}, that are contemporaneously correlated. That is, we now

consider the retailer’s processes where

Xt @1(B) 0 617t
= , (29)
Y; 0 @2(3) 62715
with @1(3) =1 —0171B— - —017qqu1, GQ(B) =1 —92713— - —927(123(]2 such that maw(ql, QQ) =q
@1(2’0) 0
and there exists |z9| < 1 such that det = 0. Here we assume that the shock
0 ©2(z)
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covariance matrix X, (defined under (12)) is non-diagonal and thus o2 # 0. The last assumption
implies that it is no longer sufficient to simply invert each univariate process in order to obtain the
Wold representation.

In Theorem 3 below we show that a bivariate ARMA(p, q) process (see (12)) with (i) diagonal
AR and MA matrices, (ii) a non-diagonal covariance matrix of (€1, €2+)’, (i74) where {(Xy,Y;)'} is
non-invertible with respect to {(€1 ¢, €2,+)'}, has a bivariate ARMA (p, ¢) representation with respect
to the shocks appearing in its Wold representation where the MA matrix is strictly non-diagonal.
We note that in this section we are interested in the value of information sharing only for bivariate
MA(q) processes. Nonetheless Theorem 3 below applies to bivariate MA(q) processes as well as the

more general bivariate ARMA(p, q) case.

Theorem 3 Suppose the retailer’s processes are given by (12) and let IN1 and IN2 be the list
of roots of ©1(z) and Oz(z) inside the unit circle respectively such that |[IN1| + [IN2| > 1. If
IN1 # IN2 and the covariance matrix of the shocks is nondiagonal (o012 # 0), then the MA matriz

in the Wold representation of {(X,Yz)'} is nondiagonal.

Proof. Consider the covariance matrix I'(h) = E((Xyn, Yirn)' (Xt, Y2)) for h € Z. The covari-
o
ance matrix generating function, defined as G(z) = Z T'(h)z", of system (12) is given by (see

h=—o

Brockwell and Davis [1] pp 420, Equation (11.3.17))

d7(2) 0 O1(z) 0 o? oy 01(2) 0 oY) 0

0 @51(2) 0 @2(2) g12 O‘% 0 @2(%) 0 (I);l(%)

71 (2)01(2)0101(2)07 (L) ©71(2)01(2)01202(1)®5 " (1)
®,1(2)02(2)01201 (1)1 (1) @51(2)O2(2)0302(2) 05 (1)

We will now use the fact that the covariance matrix generating function corresponding to the Wold

representation must be equivalent to (31) to present a proof by contradiction. Suppose the Wold
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representation of {(X,Y;)'} is given by

Xt Al (B) 0 617,5
= : (32)
}/t 0 AQ(B) 627,5
00 00 €1t
where A;(z) = Z alykzk and As(z) = Z ag,kzk and the covariance of the Wold shocks
k=0 k=0 eo s
o
is given by . The covariance matrix generating function of this system is given by
By
A1(2) 0 a B Al(%) 0
(33)
0 Ax(z) B~ 0 Axd)
Ar(2)adi(3) Ai(2)BAs(3) 0;1(2)01(2)0101 ()11 (1) B 1(2)01(2)01202(2) 051 (£)
Ag(2)BA1(%)  As(2)7As(3) 0, 1(2)02(2)01201(2)P7 () D51 (2)Oa(2)0302(2)D; ' ()
(34)
The polynomials O;(z) and ©2(z) can be expressed as
O1(z) = H (1-— Ti_lz) H (1-— Tj_lz), (35)
r,€0OUT1 r;€IN1
O2(z) = H (1—r712) H (1— r;lz). (36)
r,€cOUT?2 r;€IN2

Since the MA system is assumed to be non-invertible, [IN1| 4+ |IN2| > 1. From Lemma 1 we have

that ©1(2)0701(2) = ©(2)0201 (1) T[] Irkl ™ and ©s(2)0205(2) = ©f(2)0305(L) T[] Irel ™™
rR€IN1 L €IN2
Considering the diagonal entries of (34) we note that this implies that

Ai2)ad (D) = o7 (el ()e )6l (et [T Ind

rL€IN1

and

Ay Aa(5) = 051 (2)04()05 ()04 )ed [ Il >
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Since Ai(z) and As(z) must have a leading coefficient of 1, it must be that A;(z) = @fl(z)@‘i(z)
and Ay(z) = @5 (2)0L(2).

Now considering the non-diagonal entries of (34) and cross multiplying we obtain

011(:)01(:)0:2(0)8, 1 (3) _ B _ 23 (2)92(2)01(2)%1 ' (3) (37)
A1(2)A2(L) 012 As(2) A1 (D)
It follows that
91(2)92(%) CHOCHS) (38)

oi(=)0l(1) el=eld)
Let {1} and {72 be roots of ©(z) and ©2(z) and OUT1 and OUT2 be the list of roots of ©1(z)

and ©2(z) which are outside the unit circle. We can rewrite (38) as

z z 1 1 z z 1
Il(l——) Il (1,7>H(1, ) H (1 - ) ||(17 ) |I 1 - ) Il(lf ) H (1 —
T1,k T1,k T2,k % T2,k % T2,k T2,k T1,kZ

Tk €EINT R EOUTI rar EIN2 T2k EOUT2 Tk €EIN2 Ty EOUT?2 Tk €EINT T EOUT

1

1
)
kZ

z ok 1 = z T,
II(l—zm) || a--—= ||<1— %) || (- ) ||<1—zm> || a- - Il(l— %) || (-
T,k z T2,k % T2k z T1,kZ

T €EINL ri L EOUT1 ran €EIN2 T2 EOUT2 r2x €IN2 T2 EOUT2 L €INL r L EOUT1

or equivalently,

z 1 z 1
M o-- T a2 [T a--=2) [T a--1
r1ixE€IN1 Lk 4, c€IN2 2,k o k€IN2 2k L€IN1 Lk (39)
T2k Tk
[T Q—zre) I a-—=5) II Q—zrop) J] ——5)
rip€IN1 ron€IN2 z ro R EIN2 r1REINT z

where equality holds if and only if the roots in IN1 including their multiplicities are identical to
those in IN2. Thus, if IN1 # IN2, then equation (38) does not hold and we have a contradiction.
Thus the theorem is proven. O

The Wold representation of {(X¢,Y;)'} is crucial in obtaining best linear forecasts under process
sharing, obtaining their MSFEs and in determining whether process sharing is valuable (see (15)).
Theorem 3 indicates many instances where the Wold representation of {(X;,Y;)'} is a bivariate
model which cannot be obtained from considering the univariate models separately. Therefore it is
not sufficient to consider the retailer’s order process as two univariate systems as in (10) and (11).

Tunicliffe-Wilson [10] provides an iterative algorithm for determining the Wold representation

for the bivariate MA(g) model (29) where {(X;,Y;)'} is not invertible with respect to (e1,€2,.)".
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The algorithm also provides the covariance matrix of the Wold shocks. The following remark is

obtained from the discussion surrounding Equation (3.4) of the aforementioned paper.

Remark 4 The Wold representation of {(X¢, Yz)'} is given by

= 04(B) , (40)

with @i(z) = Mo+ Mz + .. + Myz? where My, = AkAal such that Ay, are the converged quantities

of Arj as obtained from the following iterative system:

q—k q—k
Z(AT+1,j+kAT,j + ArjikAriy) =Tk + Z Ar itk - (41)
§=0 j=0

with A; constrained to be upper-triangular and Ty, = E[(Xy, Y1) (Xetk, Yitr)|. Furthermore cov(ey s, ear) =
AgAy. Convergence of (41) is guaranteed as long as i Ag 2" is nonsingular for |2| < 1. We note
from the definition of ©%(z) that the Wold TepresentS;Zn is MA(q).

In the examples below we utilize the above remark to obtain the Wold representation and
determine the MSFE of the best linear forecast one-step ahead. We also use Equation (8) of
Kohn [5] to determine whether process sharing is valuable. Theorem 4, Corollary 2 and Theorem

5 of Section 4 are used to compute MSFEs under shock sharing, process sharing and no sharing

respectively.

Example 4 Suppose the retailer processes can be modeled as MA(1) given by

X, 1-.5B 0 €1t
_ (42)
Y; 0 1-2B €2t
1 .5
where cov[(€1 4, €24)'] =
R
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We note that {(X¢,Y;)'} is not invertible with respect to {(e1 4, €2¢)'} and the MA matrix in the
Wold representation is non-diagonal. Computing the MSFE of the one-step ahead forecast under
no sharing yields 7.5322. Furthermore we observe that the MSFE under shock sharing is given by
1+1+2-.5 = 3. In order to compute the MSFE under process sharing we use the Tunicliffe-Wilson

algorithm to determine the Wold representation, which is given by

Xt 1-— 5B 0 el,t
= 7 (43)
Y, ~75B 1-2B oy
1 5
where cov|(e1,e24)'] = . Thus the corresponding MSFE of the one-step ahead fore-
b5 3.25
cast under process sharing is 1 + 3.25 + 2 - .5 = 5.25 as per Theorem 4 since {e1,}!,__. and

{ean}__. are observable. We observe that this is significantly lower than the MSFE under no
sharing and significantly higher than the MSFE under shock sharing.

In the following example, we compare the MSFEs under the three sharing arrangements for
different values of the 69 1 coefficient. This is performed in the following example by determining

the Wold representation and using Theorem 4 to find the MSFE under process sharing.

Example 5 Consider the family of models given by

Xt 1—-.5B 0 €1,t
= ) (44)
Y; 0 1—-60:1B €2,
1 .5
where cov[(€e1 4, €24)'] = and —5 < 031 < 5.
R

Varying 62 1 between -5 and 5 and computing the ratios of the MSFE under no sharing to the
MSFE under process sharing as well as the ratios of the MSFE under no sharing to the MSFE

under shock sharing we obtain Figure 3. We note that there are three locations where process
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sharing has no value. As should be expected, process sharing and shock sharing are equivalent in

the invertibility region.

We note that two of the locations (62 = —2.30277 and 631 = 1.30279) are outside the invert-

ibility region, and will result in a non-diagonal MA matrix in the Wold representation as discussed.

We can show that these two locations correspond to condition (8) in Theorem 1 of Kohn [5] . For

instance, if 21 = —2.30277 the Wold representation is given by

Xt 1—- .58 0 €1t
Y, 93425528 1+ .434259618 et
) 0
with A(1) = in (15) and it is easy to verify that A(1)'(1,1)

93426 .43426
The same could be observed if 65 1 = 1.30279.
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MSFE osnare /MSFEprocess (dashed),  MSFEqosnare/MSFEsnock (SOlid)
o2=1, o3=1, 012=05, 6;,=05

Ratio of MSFEs
1.4 1.6 1.8

1.2

1.0

Figure 3: The one-step ahead MSFE ratio of no sharing to process sharing and MSFE ratio of no
sharing to shock sharing is shown for the parameters in (44). Vertical lines are drawn at -1 and 1
to indicate the region of invertibility which lies between them. We include an additional vertical
line at the location where no sharing, process sharing, and shock sharing result in the same MSFE.

A horizontal line is drawn at 1 to indicate instances of no value to process sharing.

As indicated in Figure 3, for any value 611 there are three values of 61 where there is no value
to process sharing. This is shown succinctly in Figure 4, where for each 6 1, a grid search is carried
out for values of 01 such that there is no value to process sharing. Each dot represents a pair of

values for 01,1 and 6> such that there is no value to process sharing.
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observable to the supplier.

15

10

-10

-15

Region of No Value to Process Sharing

612=0.5

-5

30

Figure 4: Region of no value to process sharing. Each dot represents a pair of coefficients ¢; 1 and

62,1 where the forecasts under process sharing and no sharing are the same.

4 Computing Mean Squared Forecast Errors

In this section we discuss how to compute MSFEs for the best linear forecasts of Z; 1 at time ¢t

under shock sharing, process sharing, and no sharing for the various cases as discussed in Section

The next theorem provides the MSFE under the assumptions that the shock sequences are

Theorem 4 Suppose the retailer’s processes can be modeled as in (12). If {€1 n }!

0o and {62771};:—00



are observable then the best linear forecast of Zi11 is given by

€1,t

(L, D)(¥(B) = 1) (46)
€2t
©1(B) 0
where I is a 2 X 2 identity matriz and V(B) = 1 (B) 0(B) |- Its MSFE is 03 + 03 +2- 012,
2
0
®2(B)

which is the sum of the elements of the covariance matriz of (€1, €2+) .

)

The Proof of Theorem 4 can be found in the Appendix. Under shock sharing, the retailer has
provided the supplier with sequences {e1,},__ and {e2,},,__... Hence the best linear forecast
and the MSFE under shock sharing is provided by Theorem 4. There is another situation under
which the shock sequences are observable to the supplier. This occurs if the retailer shares the
processes {X;} and {Y;}, and the bivariate process is invertible with respect to {(e1, €2,¢)'} in (12).

This leads to the following corollary.

@1(2’) 0
Corollary 1 Under process sharing, if det has no roots on or inside the unit

0 @2(2)
circle then the best linear forecast of Zy11 and its MSFE are given by Theorem 4.

@1(2) 0
If det does have a root inside the unit circle however, {(€1n,€2n) oo
0 O2(z)
are not observable to the supplier, even when the retailer shares {X,}!___ and {Y,}{___. In

order to obtain one-step ahead forecasts and MSFEs in this case, we must first obtain the Wold
representation of {(X,Y;)'} with respect to the Wold shocks {(e1+,e2:)'}, or equivalently the
ARMA representation of {(X¢,Y;)'} with respect to {(e1, e2)'} (refer to Sections 3.2 and 3.3). As
highlighted by Proposition 1 and Theorem 3, the Wold shocks and resulting ARMA representation
will be different depending on whether or not the shocks {e;:} and {ez;} are contemporaneously

correlated. The following corollary describes the uncorrelated case.
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@1(2) 0
Corollary 2 Under process sharing, if det does have a root inside the unit

0 @2(2)

circle and o129 = 0, then the best linear forecast of Ziy1 is

€1t
(LD(¥(B) - 1) (47)
€2t
oiB)
where I is a 2x 2 identity matriz and V(B) = 21(B) t . Its MSFE is o3 H Iri| =24
0 ©,(B) r,€IN1
®4(B)

o3 H ;| =2 where IN1 (and IN2) is the list of all roots, ry, of ©1(2) (and Oa(z)) with repeated
rjEIN2
entries to allow for multiplicities, such that |ri| < 1.
The proof of Corollary 2 can be found in the Appendix. As discussed in Section 3.3, if 019 # 0,
the polynomials in the MA matrix appearing in the Wold representation are different from the
polynomials we would observe when inverting the individual univariate processes. The following

corollary discusses how to compute the forecast and MSFE when o135 # 0 when the retailer’s

processes can be modeled as a bivariate MA(q), as in (29).

Corollary 3 Under process sharing, if the retailer’s processes generated by model (29) where

det ©1(2) ! does have a root inside the unit circle and o135 # 0, then the best linear
0 @2(2’)
forecast of Ziy1 is
aneE-n| (18)
€2t

where I is a 2 x 2 identity matriz. Its MSFE is given by the sum of the elements of cov(ey ¢, eat)’.

We note that both ©F and cov(er t, ez,t)’ can be obtained using Remark 4. The proof of Corollary

3 can be found in the Appendix.
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We next consider the no sharing case and forecast Z;1 based on {Z,},__ . Theorem 5
describes how to obtain the variance of the shocks appearing in the Wold representation of Z; in
this case, which is equivalent to the one-step ahead MSFE. We note that this material is stated
without proof in Lemma 1 of Sayed and Kailath [9] . For the sake of completeness and to keep the

material in this paper self contained we provide the proof, along with some additional lemmas in

the Appendix.

Theorem 5 The variance of the shocks appearing in the Wold representation of {Z;} is given by

2 _ Pm H;nzl(ia]')

o
“ Il (b))

(49)

where {aj} and {b;} are the roots of P(z) and Q(z) which are outside the unit circle and py, is the
coefficient of 2™ in P(z) and q, is the coefficient of 2™ in Q(z) such that the covariance matrix
generating function Sz(z) of {Z;} can be expressed as the ratio O(;)(]:)(Z) where O(z), P(z) and
Q(z) are Laurent polynomials*, with O(z) having all its roots on the unit circle and P(z) and Q(z)

having no roots on the unit circle .

We provide technical details on how to obtain the polynomials O(z), P(z) and @Q(z) in the
Appendix. The variance JEZ of the shocks appearing in the Wold representation of {Z,} is equivalent
to the one-step ahead MSFE under no sharing. This exhausts the various MSFE computations

surrounding the different sharing arrangements discussed in this paper.

5 Conclusion

In this paper, we consider the case that the retailer observes demand for an item from two different

demand streams. We show how this demand propagates to two separate order processes and study

4See Definition 2 in the Appendix
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whether there is value to sharing these individual processes with a supplier in a two-stage supply
chain. We also study whether there is additional value to sharing the retailer’s shocks. In order
to do so, we study the retailer’s order components as part of a bivariate ARMA process. The
contribution of our research is determining how to assess whether or not information sharing is
valuable when the retailer’s order is composed of aggregate processes.

Indeed, we have uncovered situations where there is no value to information sharing even though
the existing literature suggested otherwise. Our framework and results are important for future
supply chain research when there are multiple processes incorporated into the retailer’s order to

the supplier.
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Appendix

Proof of Theorem 1: Since we are assuming that {(X;,Y;)'} is invertible with respect to

{(€14,€2¢)'}, we note that {(e;,€e2¢)'} are the Wold shocks and the Wold representation is given

by
Xt \Ifl(B) 0 €1t
= : (50)
Y;j O ‘IJQ(B) 627t
O1(z Os(z
where Uy (z) = q)igzi =1+¥ 2+ \1117222 + ... and Uy(z) = ‘I)EEZ; =1+Vo 2+ \112,222 +....

Theorem 1 of Kohn states that there is no value to observation sharing (and hence also shock
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sharing in this case) if and only if the condition in (15) holds. We have A(j) =

0 Wy,
Hence, Condition (15) becomes equivalent to
Uy k;
N P N T (51)
Vo kj

@1(2) _ @2(2)
(I)l(Z) o @2(2)‘

The following lemma provides a useful factorization of the product of ©(z)0(1/z) using the

|

or equivalently, W ; = Wo ; for all j. This occurs if and only if

polynomial ©f(z). As will be discussed in the proof of Proposition 1, this factorization is helpful

in determining the ARMA representation of {(X;,Y;)'} with respect to their Wold shocks.

Lemma 1 For any polynomial ©(z) with leading coefficient 1 and no roots on the unit circle,
0(2)0(1/2) = ©'(2)01(1/2) [] Irel™?
rr€IN
where IN is the list of all roots, 1y, of ©(z) with repeated entries to allow for multiplicities, such

that |ri| < 1.

Proof of Lemma 1: Let ©(z) be of degree q. For any zy # 0,

(1-2) (1- =) = - 20— /el

20 z 20

where zg is the conjugate of zy. Let I N be the list of roots of © inside the unit circle and OUT be

the list of roots of © outside the unit circle and using this fact in the third line below, we obtain

O(2)0(1/2) = M_, (1 — z/ry) (1 - 1)

ZT
1

= 1I (1—2/7%)(1—;) I1 (1—z/rk)<1—>

re€IN k rr,eOUT ZT'k
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=TI a-ma)-n/an? T a-zm)(1- o)

rhelN r,€OUT Tk
1
= I a-na-n/2n? T a-zn)(1-)
rhEIN rLeOUT “T'k
=01(2)01(1/2) H | 2.0
rr€EIN

The proof of Proposition 1 also requires the use of a covariance matrix generating function
which we describe below. Consider the lag-h covariance matrix I'(h) = E[(X¢tn, Yien) (Xe, Y2)]-
The covariance matrix generating function of (X;,V;) is G(z) = 3 T'(h)z". The covariance
matrix generating function of the bivariate ARMA {(X;,Y:)'} with shocks {(e14,€2+)'} is given by

(see Brockwell and Davis p 420 [1] Equation (11.3.17))

(52)
Proof of Proposition 1: Since it is assumed that the bivariate process in (12) is not invertible
with respect to the given shocks, at least one of {X;} or {Y;} is not invertible with respect to {e1+}
or {eg} respectively.

Define {e1,e2,} as

®1(B) 0 ¥

el _ @J{(B) t (53)
e o 22(B) Y,
" o}(B) t

nt
n=-—00

We first note that (ej4,e2;) is a linear combination of elements in {(X,,,Y,) since @I(z)

and @;(z) have no roots inside the unit circle by definition. Furthermore (X¢,Y;) is a linear

combination of elements in {(e1,e2,) },—_, which can be seen rewriting (53) as
O1(B)
0
®1(B) R X (54)
o &B |, v,
®5(B) ’



and recalling that ®1(z) and ®3(z) have all their roots outside the unit circle. Also from (53) we

observe that
el(B) 0 €1y ®(B) 0 X,
- . (55)
0 ©iB) e 0  ®y(B) Y,

It remains to show that {(e1, e2)'} is a bivariate white noise sequence. Comparing (55) with (12)

we observe that

€1t @J{ B) €1,t
©2(B)
el(B)

(56)

€2t

Based on this and Y, the covariance matrix generating function (see (52) of {(e14,e2+)’'} is given

by
ez 01(1/2)
6l(2) AR B VR (57)
0 90 0 o2 0 O2(1/2)
T 2 T
@2(2) @2(1/Z>
which can be rewritten as
0’%@1(2’)@1(1/2’)
el(z)el(1/z)
T 036,(2)05(1/2) %)
0}(2)05(1/2)

From the factorization in Lemma 1 we can rewrite this covariance matrix generating function as

of I Inl™? 0
(59)

of [T Irjl™ 0

38



Proof of Theorem 4: Let ®(z) and ©(z) be such that &(B) = and ©(B) =
0 ®y(B)
©1(B) 0
n (12). We can then rewrite (12) as
0 ©3(B)

Xy i €1,t
= o 1(B)O(B) (60)

Y: €2t

which is an MA(co) representation of {(X;,Y:)'} with respect to {(e14,€24)'}. (X, Y:). Further-

more this implies that

Xt+1 €1,641

= o 4(B)O(B) (61)
Yi1 €2,t+1
or equivalently
Xtt1 €1,t+1 €1,t+1
= + (@ Y(B)O(B) - 1) . (62)
Yi1 €2,t+1 €2,t+1

where [ is a 2 x 2 identity matrix. Since we are interested in the forecast of Z; 11 = X¢41 + Y1 =

(1,1)(X¢41, Yir1)', we rewrite (62) as

X1 €1,t+1 . €1,t+1
(1,1) =(1,1) + (L, 1)(@7(B)O(B) - I) (63)
Yit1 €2,t+1 €2,t+1
€1,t+1
We note that (1,1)(®~(B)O(B)—1) includes only elements in the series {(€1 5, €2.0)}.
€2,t+1

which are all observable by assumption, and therefore the best linear forecast of X;11 + Y41 is

given by
anws) -n| | (64)

€2,t+1
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To get the MSFE of this best linear forecast note that

MSFE = E[(Xer1+Yier — (L1)(®(B) — D(ers, e24))?] (65)
= Elleri41 + e241)7] (66)
= E[eit-s-l + 5%,1&4—1 +2- 51,t+1€2,t+1] (67)
= ol +03+2 01 (68)

Proof of Theorem 2: From Proposition 1, if 015 = 0 then the ARMA representation of

{(X+,Y;)'} with respect to {(e1, e2,)'} is given by

Xi €1t
®(B) = 0'(B) (69)

Y €2,¢

& (B) 0 ei(B) 0
where ®(B) = and ©f(B) = , with cov[(e1y,e2)] =
0 @y(B) 0 ©yB)
o I1;ernt =2 0
0 o3 [1;erne |2

Since det(©7(z)) has no roots inside the unit circle, from Corollary 1 we obtain the desired
result. O

Proof of Corollary 3: If the retailer observes the bivariate MA(q) model in (29) such that
{(X+,Y;)'} is noninvertible with respect to {(e1 4, €2¢)'} and 012 # 0 then from Remark 4 we obtain

the Wold representation given by:

Xi el

Y; €2t
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where det(©%(z)) has no roots inside the unit circle. From this we observe that

X1 €1,t+1
= 0%(B) (71)
Yi €2,t+1
or equivalently
Xit1 €1t+1 €1,t+1
= + (64(B) — 1) . (72)
Yir €2,t+1 €2,t+1

where [ is a 2 x 2 identity matrix. Since we are interested in the forecast of Z; 11 = X114+ Y41 =

(1,1)(X¢41, Yir1)', we rewrite (72) as

Xit1 €1,t+1 €1,t+1
Yi1 €2,t+1 €2,t+1
€1,t+1
We note that (1,1)(0*(B)—1) includes only elements in the series {(e1n, e20) },—_ oo,
€2 t+1

which are all observable by assumption, and therefore the best linear forecast of Xz11 + Yiy1 is

given by

€1t+1

(1,1)(e}B) —1) . (74)

€2,t+1

To get the MSFE of this best linear forecast note that

MSFE = B[(Xet1+ Y — (1L,1)(01(B) = I)(ers. e20)')] (75)
= El(ert1 + 62,t+1)2] (76)
= E[B%,t—i-l + 6%,t+1 +2-e1 162,641 (77)
= sum of the elements of cov(ey s, eat). (78)
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5.1 Examples Illustrating the Value of Information Sharing

We begin with several examples which illustrate Theorem 1, as well as the propagation discussed
in Section 2. Methods used to compute the MSFEs under shock sharing and no sharing can be

found in Theorem 4 and Theorem 5 of Section 4.

Example 6 Suppose {D1.} and{Dz.} are each MA(2) with respect to {&:} and {é} respectively,

given by
Di; = (1—.2B— 4B%é, (79)
Dyy = (1—.4B—05,B%)éy,. (80)
03,2 , - R
where 1 : 1 < 1. We note that this restriction guarantees that {Dy;} is invertible with respect

to {€a+}. Furthermore this requirement will guarantee the invertibility of {(X,Y:)'} as well. Using

Theorem 3 of KGH, it follows that in this case {(X,Y:)'} can be represented as the bivariate ARMA

process

X, 1- 5B 0 €1t
_ : (81)

1-— ~B
¥ 0 1- 4 t
03
where | —=—| < 1. Furthermore €1 = (1—.2)é1; and ey = (1—.4)é2;. We note that here 1 = .5
o 1 .5

and 022 = % Without loss of generality we assume that ), =

The ratio of MSFEs under no sharing and under information (process or shock) sharing is
plotted in Figure 5 for different value of 65 2 between -.6 and .6.

As Theorem 1 implies (noting that ®;(z) = ®3(2) = 1), the MSFEs are equal only when

*
039

9572 = .3 such that T— 1 o1 = .5 = 01,1. We observe that the ratio of MSFEs is a convex

)

function in 9572 reaching its minimum when 631 = 601 1.
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Ratio of MSFE of No Sharing to Process Sharing (Invertible Gase)

ot=1, oi=1, 0;;=05, 6;,=05

115 1.20
I

snare/ MSFEspare
1.10

MSFE,,,

1.05
I

1.00
I

Figure 5: The one-step ahead MSFE ratio of no sharing to information sharing is shown for the

parameters in (81).

In order to keep the focus strictly on the value of information sharing, we will forgo discussing

propagation in the next example. Instead, we consider the representation of {(X;,Y;)'} directly”.

Example 7 Suppose {(X,Yy)'} is bivariate ARMA(1,1) with respect to {(e14,€2+)'} given by

1-.1B 0 Xt 1—.5B 0 €1t
= : (82)

0 1-.7B Y, 0 1—621B €2t

1 .5
with Y, = where |621| < 1.
D1
We note that {(X;,Y:)'} is causal and invertible with respect to {(e1 ¢, €2,)'} for any such 6 ;.

The ratio of MSFEs under no sharing and under information (process or shock) sharing is plotted

°In general, for any desired model of {(X;,Y;)'} with respect to {(e1,:,€2,+)’}, there exist corresponding model(s)

of {(D1,t, D2,t)’} with respect to {(€1,t,€2,t)'}.
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in Figure 6 as 02 varies between -1 and 1. A horizontal line is drawn at 1, corresponding to the
case that the MSFE under no sharing is equivalent to the MSFE under information sharing. As the

theorem implies the MSFEs can never be equal since the entries of the AR matrix are not equal.

Ratio of MSFE of No Sharing to Process Sharing (Invertible Case)

=1, 65=1, 012=05, 0;;=05 0;,=01, ¢z;=07

nare /MSF Egpare
2

MSFE

Figure 6: The one-step ahead MSFE ratio of no sharing to information sharing is shown for the

parameters in (81)

Obtaining the Variance of the Wold Shocks of Z;

Here we provide the necessary materials for proving Theorem 5, as well as a construction of the
Laurent polynomials P(z), Q(z) and O(z) at the center of the Theorem. We begin with a defi-
nition of Laurent polynomials® and a development of several lemmas which describe how Laurent
polynomials can be factorized. This will be key in obtaining the variance of the shocks appearing

in the Wold representation of {Z;}.

5 Although more general definitions of Laurent polynomials exist in the literature, we consider the more restrictive

one provided here.

44



Definition 2 A function P(z) in a complex variable z is a Laurent polynomial if we can write
P(2) as

m
Z pkzk

k=—m

where p_m, . .., pm are real-valued coefficients and pp, = p_p, for all h. If p,, # 0 then P(z) is said

to be of order m.

Laurent polynomials can be factorized according to the following two Lemmas, which are sep-

arated by whether the Laurent polynomial has roots on the unit circle.

Lemma 2 Let P(z) be a Laurent polynomial of order m with no roots on the unit circle. Then

P(z) can be factorized as
P(z) = G(2)G(1/2)p H (83)
where G(z) is a polynomial with order m, leading coefficient 1, and all roots outside the unit circle

with {r;} being the roots of P(z) that are outside the unit circle.

Proof. Suppose zj is such that P(zp) = 0. Note that

m
P(1/2) = Z ezt =Y przf =0

k=—m k=—m

and hence % is also a root of P(z).

Now consider 2™ P(z) which is a polynomial of degree 2m with a nonzero leading coefficient. Let
r1,...,T2m be its nonzero roots, of which m are outside and m are inside the unit circle. Without
loss of generality let 71, ..., 7, be outside the unit circle. It is possible to factorize 2™ P(z) as

2m
2) = pm [ (1= 2/15)

j=1

where ¢,, # 0 and real. Therefore

P() = L[ = 2/r)(1 = 21y)
j=1
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Proceeding further we observe that

PE) = pn [J0 -2/ (- 2) (34)
j=1
— p L[ =2/ (- m(l;ﬂ) (85)
j=1
= e [T TT0 - 2/ TT 1—; (86)
j=1 j=1 =1 J
(87)
Now let G(z) = ﬁ(l — z/r;j) and the desired result is achieved. O
j=1

Lemma 3 Let O(z) be a Laurent polynomial of order ON with all its roots on the unit circle such

that the coefficient of the highest degree term is 1. Then O(z) can be factorized as

0(2) = R(z)R(1/2)C(2)C(1/>2) (88)

where any root of R(z) is either 1 or —1 and any root of C(z) is complex and on the unit circle.

Furthermore, if 2°NO(z) has ¢ complex roots and re real roots, we can list the roots of C(z) as

T1,...,T¢/2 where each root is above the real axis and list roots of R(z) a$ Teq1y .-y Tetre Such that
Tet+l = Tegre/2415 -+ -5 Tetre/2 = Tetre:
Proof:

Consider 2°NO(z) which is a polynomial of degree 2- ON having all its roots nonzero roots on

the unit circle. It is possible to factorize 29NV O(z) as
2:ON
ONO H (1—2z/ry)

Without loss of generality let r1,...7. be the complex roots of 2ON O(z), and 7¢cq1,-..,7T2.0N
be the re real roots. For each complex root of 2°NO(z), we note that the conjugate is also a root

and therefore we can consider rq,...,7./5 to be those complex roots which are above the real axis.
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Hence it is possible to factorize 29VO(z) as

c/2 ctre
2ONO(z) = [ = 2/rp) (X —zry) [ (1= 2r)).
j=1 j=c+1

Furthermore we note that any real root (-1 or 1) of 29VO(z) must have even multiplicity. This
can be seen by noting that the degree of 2°NO(2) is even and therefore it must have an even
number of real roots. Furthermore since 2°NVO(z) and H;fl(l — z/rj)(1 — zr;) are Palendromic
polynomials, so is Cﬁe (1 — zr;). Since the coefficient of 29 is 1, this implies that the coefficient of

j=c+1
Z"¢ must be 1 andjtlf;rrefore the number of roots at -1 must be even. Hence it is possible to relist

the real roots such that rey1 = Teire/2415 -+ Tepre/2 = Tetre- Thus the previous factorization can

be restated as

c/2 ctre/2
2ONO(z) = [[A—2/r) X —zry) T[] (1= z/ry)(1— zry).
j=1 j=c+1

Dividing by 29N on both sides we obtain

ctre/2

(1 —2rj) (1 —zry)
0() = [J0—=/rp) 2 T (-2 B2
: , z
j=1 Jj=c+1
or equivalently
c/2 1 ctre/2 1
0(z) = [T = 2/rj)(=r)(1 = =) T (0 =2/r)(=r))Q=_-).
j=1 J j=c+1 J
Rearranging yields
c/2 ctre/2 c/2 c/2 1 ctre/2 ctre/2 1
0¢) =1y T Il -2/m [la- o) I -2/ IT -0
j=1 j=c+1 j=1 j=1 T j=c+1 j=c+1 J
c/2 ctre/2
Finally we note that H (—=7j) H (—7;) must be equal to 1 since the coefficient of the highest
j=1 j=c+1
c/2 ctre/2
degree term of O(z) is 1 and conclude by letting C(z) = H(l —z/r;) and R(z) = H (1—2z/r;).
j=1 j=c+1

a
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The next lemma shows that we can decompose the covariance matrix generating function of
{Z;} into a ratio of Laurent polynomials. This combined with the previous two lemmas will be

used to obtain the variance of the shocks appearing in the Wold representation of {Z;}.

Lemma 4 The covariance matriz generating function Sz(z) of {Zi} can be expressed as the ratio
O(z)P(z)
Q(2)

the unit circle and P(z) and Q(z) having no roots on the unit circle.

where O(z), P(z) and Q(z) are Laurent polynomials, with O(z) having all its roots on

Proof: Consider the spectral density fz(\) of {Z;} which can be shown to be
f2(N) = fx(N) + fr(N) + fxy (X)) + fxy (M) (89)

where fx(A) is the spectral density of {X;}, fy(\) is the spectral density of {Y;}, and fxy () is
1 0 —iA

the cross-spectrum defined by fxy(\) = 5- 2272 e "exy(r) where cxy (r) = E[X¢ Y] is the

cross-covariance sequence. For the bivariate ARMA process in (12),

feby = gL (90
oy = gloe o1)
For(y = GEOUE DO (92)
R )

oo
We note that Sz(z) = Z R.(j)2’ where R.(j) = E(Z;Z;—;) and therefore we observe the

j=—o00

equivalence Sz(e~™) = 27 fz(\). As such, Sz(z) can be obtained as

_02@1(2)@1(2_1) 2@2(2)@2(2_1)+0 01(2)02(z @1 (27 1) Pa(2) + O1(271)O2(2)P1(2) Do (27 1)
T ()1 (7)) R (zT) 01 (2)@a(2~1) 1 (2~ 1) D2(2) '

Sz(2)

(94)
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Each of the additive terms is a ratio of two Laurent polynomials 7 (defined in Definition 2) and
as such Sz(z) is the ratio of two Laurent polynomials. Without loss of generality, this ratio can be

expressed as

Sz(2) = —575— (95)

where O(z) has all roots on the unit circle with the coefficient of the highest-degree term equal to 1
and P(z), Q(z) have orders m and n respectively and no roots on the unit circle. The fact that the
denominator of S(z), which is equal to ®1(2)®2(z~1)®1(271)®2(2) has no roots on the unit circle
comes from the fact that ®;(z) and ®2(z) have no roots on the unit circle by assumption O.

We note that (94) and (95) provide the construction of the Laurent polynomials O(z), P(z)
and Q(z) in Theorem 5. This, along with their factorizations, allows us to establish the variance
of the shocks appearing in the Wold representation of {Z;} in the proof of Theorem 5 below.
Proof of Theorem 5: By Lemma 4 we observe that the covariance matrix generating function
Sz(z) of {Z;} can be expressed as the ratio O2)P(z) where P(z) and Q(z) have order m and n

Q(2)

and roots {a;} and {b;} which are outside the unit circle. Using Lemma 2, we can factorize P(z)

and Q(z) as
P() = po [[(-apLy@)L() (96)
j=1
Q) = 4 [0 Lg(2) () (97)
j=1

such that L,(z) and L4(z) have leading coefficient 1 and roots {a;} and {b;} respectively. From

the proof of Lemma 2 we observe that

Ly(=) = [[(1 - =/ay)
j=1

"This comes from the fact that for any Laurent polynomial P(z), both P(z)P(z™") and P(z) + P(z™") will be
Laurent polynomials. Furthermore if Pi(z) and P»(z) are Laurent polynomials then Pi(z)P2(z) and Pi(z) + Pa2(2)

will be Laurent polynomials as well.
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L) = [1 1 - 2/by)

Using Lemma 3 and its proof, we can factorize O(z) as
O(z) = R(2)R(1/2)C(2)C(1/z) (98)

such that

c/2

Clz) = [ —z/ry) (99)

Jj=1
ct+re/2

R(z) = [ (t=z/r)) (100)

j=c+1

Letting vy = p, [[72;(—ay) and vy = ¢, [I7=;(—b;), the spectral density of {Z;} can be expressed

as
» L(e_M)z . 2 » 2
) = Sz(e?) = =2 | 22281 R(e= )| |C (e 101
F20) = 827 = 52| P | [RE)] |0t (101)
By Kolmogorov’s Formula, the variance of the shocks in the Wold representation (a?z) is given
by
2 Lo
o = 2mexp 2—/ Infz(N)dA (102)
™ J—m
Since
™ T v ™ L(e—z‘)\)Q T - 2 » 2
— 1 p / 1 p A / 1 iA ‘ iA 1
/_Wlnfz()\) /_W n(zm)q)d)\+ || A [ mRE | o™ ax (03)

we will handle each of the three additive terms on the right-hand side separately. First note that

/ In ( Up )d)\ =27mln 2vp (104)

. Mg TVq
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Next we note that

| Lp(e) RS )\ iX = S X ix
Lln L = L [Zln[a_e Jag)(1 = e/a)] = Y Inf(1 = €)1 - b )]]
Jj=1 j=1
= Z/ In[(1 — e */a;)(1 — e /a;)]d\ — Z/ In[(1 — e ®/b;)(1 — e /b))]
j=17m
m . oo aflkefik/\ o @Lkeik/\ n - o b%efzk)\ 0o B%ezkk
— J J J J
- (e ()
j=1 k=1 k=1 J=1 k=1 k=1
=0 (105)
where we note that the Taylor-series expansions hold since P < 1 and < 1 for all j.
J j
Since any root r; on the unit circle can be expressed as e, such that Aj € [-m, 7] and
c/2
Ce™) = H(l — e+ we observe that
j=1
2 c/2 2
‘C’(e’)‘) = H [1 — (cos(A+ Nj) —isin(\ + /\j)}
j=1
c/2 .
= H [1— (cos(A + M\j)]2 + sin? (A + )\j)}
j=1"
c/2 .
= H 1 —2cos(A+ Aj) + cos® (A + \j) + sin®(\ + )\j)}
j=1t
c/2 .
= H 2 — 2cos(A + )\j)}
j=1"
c/2
A+
= H 4sin® ( i ) (106)
Therefore
r 2 2
/ In|R(e=™)| [C(e™)| dr =

o rec/2 ctre/2
= /_Tr [Zln {4sin2<>\—;>\ )] Z In[(1—e ™ /a;)(1 — e Pa;)]|d)
J=1 j=c+1
c/2 - ctre/2
= Z/ In [4sm ( )]d)\—i— Z / (1 —e™/a;)(1 — e a;)]dA
j=17-7 j=c+1
= 04+0=0 (107)
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where we use the fact that [7_In(1—e~")d\ = 0 and that for any \;, In {431’712 <)\]2+)\>} d\ =

0. The latter equality is obtained from:

n A A " A+ A
L/ ln{4mn?( J;’ >}dA - 2W1nM]+l/ ln{ﬂn?( J;’ )]dA
A

A oA
= 2min[4] +/ In {sm
o 2

dA

N
| I

U
<

= 27 In[4] +/ In [sin2

/N N

AN N R

0
= 2mln[4] +/ In [sz’nQ

<
\—/ | IS R S
Q
N
+
o\:‘
—
=
| — |
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Thus using (103) we have
& v
Infz(\) = 2mIn - 1
/_7r nfz(\) T n27rvq (109)
and from (102) we obtain
ol = 27Te:1:p{2— 27 In 2:_1;(1} (110)
= 2mexp{ln %I;q} (111)
v
= 2r-> 112
7T2m)q (112)
Yp
= £ 113
o (13)
_ pellin(ze) (114)
an ?:1(_bj)
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