When are Options Overpriced? The
Black-Scholes Model and Alternative
Characterisations of the Pricing Kernel.
Gilnlar Franke®

Richard . SLaplalont
Marli G. Subrahman yam_ ¥

Thin drafh: Desamber 21, 1405

*Traknltat fir Wirbuw haftwwisenw-hadten noed E‘I:d:':lnl.i:i]r.I TInnemity ot Ermutans
Emmi: gnenterfranlkedinn i-kom ks e

HMInnvemity of Strathelywle
Emnl: owimiaplet demom cnonk

e tern Shnn] of Brsin e, Mew Yook [nvendty
Emmil: muwnhrahmiisdern nym edn



Abatract

An lmportant, determinant of cptloo prices 1s the Aastlcdty of the
prking kermel nesd to price all clatme o the snncmy. In thls paper, we
frzt cheww that for & glven forwand price of the 1mederly g azset, optlon
prkez are higher when the elastiddty of the priche kerme] 1s declindme
than when It 1 comstant. We then lnwestizate the lmpllcatlnme of the
elastlidty of the pridine kermel for the stochastls process fnllowed by
the imderlylme azset. Glwen that the 1mderlylye Informatlon process
Inllewe & germetry Brownlan motlho, we demonetrats that, comstant
elastldty of the priclne kernel 1z aqulwalent tn 2 Brownlan metlon for
the fnrwand price of the mderlylog aszet, en that the Blark-Seheles
Inronla oerrectly prices cpilone co the aszet, In coofrast, declindng
elasticty lmpllas that, the frward price preoses 1z e longer 8 Broswnlan
metlen: 1t kas higher wolatllty amd ewhlblte amtoecrrelatlon. In this
rase, the Blark-Frheles fnrmnla imderprlioes all optlone.



1 Introduction

Following Black and Scholes (1973), the traditfional approach to the pricing
of Eurnpaan-atyle options en an underlying amak amumes that the ameaet
prica fllomm A given, AxngennuR proses and prices the optinne ueing A no-
arhitrage, hedging argument. An alternative equilibrivm approach, followeerd
by Kuhinstan (1974) and Brannan (197). amumen that the aseet prics and
the walue of the market portfnlio at the and of & singla pariod bare a. given
joint probahility distributicn and that A representati w imrmtor eodeta, aith
A given utility funetinn for end of pariod wealth, It has bean shown thak
hath theee approaches can lead fo the same rigk-neutral saluakion relalkion-
ghip for the option prica A third appreach, following Harrieon and Koapa
(1970, amumen A no-arbitrage eeonomy which in turn implies the s banca
af A priring larnel. Thin pricing kerne variable has the imparkant proparty
that the ophicn foremod price equals the ecpected value of the product of
the optinn payaff and the pridng barnel. Thin thivd appresch in eoneistent
with the equilibrium approach, sinee the Brennan -Bubinstein asmmptions
imply & pricing barnd which aquals the rdakive manginal uhility of the oep-
repentakive investor.

In thin papar. wa adopt the more ganeral pricing kernel framewerk A
muming that the aseet-apecific pricing lernel exchibita constant alaskicity
yields tha Black-Scholes asrmumption of A geometric Brownian motion of the
ammet price Amuming A representative inwestor edete with constant reative
rink axerainn, impliea the Hrannan-Rubinebain world. Heweser, the ganaeal
framewnrk parmite the pridng of aptinns under lees

reetrictive asmumptinns. In parficular, it furns cut that the cureature of
the pricing karnel i eritical for the pridng of options. Albernatioe charae-
tarizatirme of the alanticity of the pricing karnel with repect to the prica
af the underlying aseet lead to diffarent option prices. In ander to inweati-
gata the afert of altarnative pricing kernels, we shart with an asmmption
ragarnding the price of the nnderlying amet. Option pricing models typically
talva an given aithar the prics of the underlying amek and the risk-fres raba of
intarest, ar albernakivaly, the amet forward price. In this papar, we asmmea
throughout that the mrrent fhraasd price, for delivery at a fixwl tecminal
data, ingiven. Thus, when we cnmpara the affert on option prices of differet
charantarizatinns of the pricing karnel, we dn B asmming that tha diffeeest
pricing kernaln leard to the same cumredh forwansd price of the aneet.

We firet inventigabe the relatim pricdng of optione in A genaral aakting,
whera the forward price of the amet in given and the amet-epecfic pricing



barnel exchibite aither eenAtant or declining alasticity. We find thatk the prices
af all optinne are higher in the ermomy with declining dasticity than in
the eermomy with snetant alarticity. Thea highar prices are the remlt
af the inereared enweedty of the pricing barnel. Ar A special cane, whera
amAat pricm oo the tarminal dake are lgnormal, all opinn prices exreed the
Hlark-Schnlea prices, when the pricing barnel han declining alasticity.

Hemr can it be, then, that the Blade-Scholes model underprices all op-
tinne, when we know thal if the aseat forwsed prics follows A geanmetric Brow-
nian motion, an-arbitrage arguments can be used to eatablish the Blad-
Scholen prices? We investigate the answer fo this puzsle and find that, in &
dedining alasticty pricing karnal emnomy, the amet forward prics does not
follow . gaomeatric Brownian motion, even though the informakion process
does. We first establish the sonditicons under arhich the asset forasard price
frllemm A genmeatric Brownian motion. We then inwatigate the affect on the
prica procems of the albanative asmumplione regarding the dasticty of tha

Tha nrganizaticm of thin papar in as followm. In the following sention we
rerviewr poeviee ralaberd workk Then, in section I, we establish our principal
rerilt: all optinne hase higher pricem in the declining alasticity sennomy than
in the rnrtant dasticdty eenomy In section 4, weennsider . Black-Scholes
wnrld in which the terminal aseet price in lngnormal. and we establirh the
arqui valenes of twn altarnative amumptione: aonetant alasticity of the pricing
barnal, and a geometric Boowmnian motion af the amet foraard

price. Sectinn & then inveatigaten the affect oo the shochastic process of
the aseet. fnramod price, of the altarnative asmumptinn of declining elasticity
In pectinn @, wa amumea A more fraditional, representakive agent eemommy,
and estahlish mifficiant mnditions for declining alasticity of the pricing barne
in aAn eannmy in which the ameet price and Aggregabe coommption Ae re-
latenl by A lng-linear regresrion . Section T summarizes the main eomelusions
af aur analyrin.

2 Recemt Literature on the Miepricing of Options
by the Black-Scholes MModel

Empirical resaarch in the last fewr years has mggested that opticons are un-
derpriced by the Black-Scholes meodel. ia., the implisd mlafility of ophione
typically eormerdn the historieal volatdlity of the prics of the nunderlying aseet
(pea, for example Canina and Figlewski (19%1)]. Thin avidemens is eormob-



arated by Atudies that estimate the acpected walue of the implied pricing
barnel and the parametas of the risk-nentral distribution, ueing indee op-
tirne data. (for eommple, ses Longetaf (1995]. Branner and Eam [ 1995), and
Buranchi and Jackwerth (1%]]. Although many albarnative acplanationg
hamm been proposed for thees findings, ranging fiom jumpa in the prics poo-
e tn the exdrbance of ® faf taile® in the return distribution of the underlying,
amat, mont of the eplanations ralate cne way or annther to the stochastic
proceen followed by the pries of the underlying aseet. 'We mggest an alter-
nalkive ecplanatbion. We derive a model in which all ophicme are under priced
by the Blan-Scholen modal,

aren though the underlying amat price han & lngnormal distribution om
the terminal dabe. Alsn, the prics process exhibita eoeees wilatlity, awen
though the information prosess fnr the underlying aseet follows 4 gaometric
Brownian motiem. In our medel, itinthe charaeteristio of the pricing lernel,
ia of tha rink adjustment, that produsm the aoees-pricing of tha nptions.

In a cloealy related recent paper, Mathur and Ritchlen {105) mnsider
the priceof options on the market partfolin, in A ringle pariad, tepresmtative
agent model. Betricting their analyein to agente with declining abaclota rink
amemion, thay mnelude that the price of An opfinrn given cooAtant propor-
tinnal rink avermon (CPRA), in the minimum option prics. The implication
in that declining proportinnal riek aseminn will prodwes higher option prices.
In the sperial case of 4 lngnormal marke: partfolin pagni, the Black-Scholes
price, reulting from CPRA. i the minimum aphinn pries. Qur remlts, cast
in tarme of the charAcherinticn of the areat-apencific pricdng bernel rather than
rink athitudes, ganeralize and

acplain this mnelurion in several waym. Fimt, we ooneider options on as-
patA in & multi-aseet seonomy. In the rpecial cane whera we moAider ophinne
em the market portfolin, our results are cemeisbent with those of Mathur and
HRitchlken, The seand generalivaficm in thak we dn oot assume A represen-
tative agant aonomy. In enotrant, wa asmme in pection J, that the pricing
karnal han dedining Aasticdty. Thia i conmisbent with, but does not requira,
dedining propartismal risk arerrion of the representative a.gﬂnt.j Thirdly,
aur ermelurions hold in A ganeral, multd- period esonomy rather than cnly in
the ringle-pariod senomy. Our sondusicne in eection &, eagasding the of-

TAnother wet of crmeitinos in which GIRA investoos act as F they b decBoing
prrportimmal ik semsdm ik prrndded by Mol Stapketon and Snhrahemnyen [10998).
They whrer that if inwewtrow fae nnnehevgrable hakgmnnd oula, they act 13ke investom
wnith deBning pmpordnoal ruk merdrm and demand opbiroe to hevpe the maketahls
Tikkw that they far



fert of declining Aasticty oo the sochastic procemns foll owed by asset forweacd
prices alan help to ecplain Mathur and Ritchlen's resulta. Although they
amuma A Angla pariod asnnomy, the quetion ariees as to how thar reulta
ara romAirtent with theatochastic process folloeed by prices hAwem the tan
daten. Tha answer in cur mevdd is that underpricing by the Black-Scholes
madeal in eonAisbant with an eomeen Tolatility process for the forward prica

Benninga and Magsahar (1997] analysa a modd in which heterozenenus
investom with diffecent; lewals of CPRA act liloe A representhalive investor with
dedining proparticnal riek asemion. They also find that ertain optinos are
underpriced by the Hlack-Scholes model. Our paper in alsn elosely related fo
the priar wark of Bid: [(1987) and (1990]], Franka [ 1984] and Stapleton and
Subrahmanyam (194]]. Bick inwstigabel the cosisteney of wrious aseet
PrirA PIOOAABRA in A cofimoun fima Asnomy with & represantaiive investard
Our analywrin, in pectinn 4, on the squivalenss of constant alasticity of the
pricing karnal and A random walk in the amet forwsed prics, parallee that
af Bick Again, our analysis hera in somewhat more geoeral, relying cn the
axinteneh of A pricing barnel, rather than a represecfakive investor who in
limiterl tn puchaning elaima on the market portfolio.

3 Comtingent Claime Prices Given Declining Elae-
ticity of the Pricing Kernel

In thin pectinn, weanslyze the prices of eomobingent elaime in a perfect capital
markat, whera a.rl'ufrﬂgn pemribilitien do not et WHdanhym.mmmg
the properties of the pricing kernel, a variabla which can e ueed to prica
any rlaim in this Aonomy.

Crmmider & date ¢ in the imterwal [(0, T] where (] i the current: date and T
in e tarminal date. Lat Smy e the pries of the aseet. § at time T. The
farward price at dabe £, for delivery of the aseet ah date T' in denoted Fop .

We anpart the axirbenes of A pricing kernel, 4x s 1. Auch that for any aseet
ar elaim on An ameek, §.

Fomg = ElE1r gt 1] (1]

mnke (19841 medl Stapleinn and Snhmhmammm (190901 e & wmewhat diferent
appmach to chamuteds the pekrrurs that spuot & grometoc modnm salk They
wart with a ponrrss o the cash new, the findarental oogronme wriahle sned dedwe
the rwiricmmu reqniesd fnr the meess e b Ao to he tmodhmed inn & gometcs:
mnsdnm walk fir retnme




whers By in the empectalion operator aomditiomal en the information seh
af timez. k4, 18 & posifive random variahle. Sinee & risk-free claim on a
dnllar to ba paid ak data T alwags has a foraard pricaof one dollar, it folloam
from the no-arbitrage eondition in equation (1) that the pricing kearnal han
an excpentation of unity, ia By 1) = 1. Now, defining the pricing kernel
cver the intereal from & o T as

hr = e 1% 100 WP 1

it fallemm by meseeriva mibstitution and ueing the unhiased] acpectationg
property af aonditinnal ecpectatinne, that the amet forwaod pries in

Fom, g = Eal fr ¥l (2)
Anea Fpog = Sp g Ale, it folloms that B (g p) = 1.
The pricing kernel, ykr. prices any date T claim. If wa now eonsider
elaimn ezntingent cn A single aneet, . with price Sp ¢, we can define and use
A pricing ernal unique to amet §. Dafining

dr g = B[y |8 ]

and uring the property of ennditinnal ecpectatinng we can re-write equation
(2] an

Frry = B[ s my] (4]
whers the repectation in ower staben of Sry and ¢ery is atima T mesrurabla
ranvdom variable, unique o amee: . Clearly, dyr g is & funetion of S a

Binea wa ara wmesrnal hara with the pricing of eontingent claime on
(any) mingle amet. wa drop the mbeeript § in equation (3] and arite the
banin pridng equation as Aimply

Fir = B [Grdur] (4)

We anmume that ¢y in faics differentiable in Sp. Having described the
baRin Aonommy, wa cAn now procee] o price eaotingent daime.

*The nraing kernel, gisn, tan alo he derived nwing the it omler crme#on for the
optizml portindo chnz e of the inwstor n arepoesentative ageot comomy. Thin el B
m more cetadl in werbm § helee



Pricing of Earcpean Options: Tha Genaral Casa

A pimilar no-arhitrage pricing argument can e used to emloabe the forwaed
prica of A European-atyle antingent elaim on the ridky aseet. If the pagoff
cn the erotingent claim ab time T i g(&p). then the forward pries of the
rrntingent claim at time &, for delivery af T, denobed Cyp. is given by

Cur = Efa(Sr)inr] (5]

In optinn pricing, wa gamaally tala the price of the underlying aaeet an
given . and ennmider only the refndive pricing of the optinn. W tals animilar
appreach hare, By p in asmumed to be ak a given lawel

Fur = Fip = BxfSrdar]. )

We than ask the fallowing question. How does the forwaod pries of the option
Cur depend on the pricing berne. ¢or . given that For = Flp? Clearly.
amuming anly that #yp = F'p leases mom for several altearnative shapes of
the pricing kernel ¢ p, fines thera in an infinite numbar of poarible pricing
barneln that ratinfy the eonAtraint in equakion (6], We now establish 4 remlt
which characerizen the ¢yp funetinne which satisfy equakion [6).

Binea option prices are dependant on the jaint relabionehi pof the pricing,
kernel, gy p, and the prics of the anest oo the tarminal dake, we can analyme
apiinn prices by inveatigating the efarficiiy of the pricing bearnel, ¢, with
rerpact fio the aseet prics cn the tarminal date. Tha elarticity in defined in

the momntismal mannar a8

_ _O¢r fdbr
wen = - [ )

Wa dafina the alasticity of tan different pricng karnals, bath of which

mahinfy equation () as follows. The firet pricing kernal ger, writhen
hencefcrth a8 ¢ . han eonstant elasticity 74, 18, 75 =0. The sernd pricing,
kernel guma, writhan an §a, har declining alasticity ma, whera g4 i negative
for all waluen of Sp. Wa firet astablieh the follomdng remilt abouk the prop-

Lomma 1 {Inierseciions of Pricing Kernelr i Differeni Hordicifiee)
Chnarider fie pricing kernele, oy and g, eanh of which jeldr fhe rome
Jormmrd aesst price K'm. Suppons £hal for ¢y, $ie elurbcily iv cmsfont, e



v, =W, and for ga, the elurdicify i declining, ie. o < (. ¥8r, fien fhe
priving kernele gy and @y indereect fmce.

Proaof:
Crnnrider the fwo pricing lernels ¢4 and ¢y with smeapnding alasticities
m and m for which i =0 and 7§ <. This implies that

L [2]<e

Suppeee that both pricing kernds satiefy equation (§). Firet, it is nee-
rmary that the fwo pricing kerneln (pes Figure 1) inteamect at least onee
Ohtharwipn, it wnuld e impoamible for them fo hame the proparty Eldy ] =
Elga] = 1. Sewnd, the twn pricing karnaln must intamect mora than ones
minca atherwies the forward price of the risky ame, F'p. eannot be the
mmnu.udnrl'mthpnm.ug]{nrnnlﬂ T sen thin, mpposs f.ha:l' the tan prie-
ing barneln inbamect cnly ones ak Sp = Bm. E-u'p'pmn that fy > [<]dy for
bp < [}.S]n Then, morder & claim paying (,E'T—Spja.fdmi‘ Then,
E]{ 8r— Br)a] > El{Br — Ar)ihi] frllown incn (8 — Brlga — ) = 0, Y8r.
An E[(Sp — Sp)¢] = E[Spd] — 5p. the farwaod priceof the rsky aseat would
b higher under pricing kernal ¢y than under 4. Heoea, the forward prica
ran b the rame only if the pridng bernals inteament at least twdes. Finally,
wn ghow in Appendix A that meore than ten imbereectione antradicts the
amumption in equatiom (). g

The lemma. in illustzated in Figure L. For prices below 8¢, ¢y > ¢y, Thin
implies that far ennfingent claima that pay off anly in the region Sy < Sq
their prices will b higher under gy than onder ¢y, Aleo, for prices b
.SF: wa hame gy > ¢y, Again for entingent daima that pay off anly in
the regicn &1 > SF. the prices will ba higher under ¢ than under ¢, In
particular, put opticme with strile prices at or balow S5 and eall options
ﬁfhmikﬂpﬁmatma}mmﬂghmahjghmpﬁmmdmfhndwﬁﬂng
alarticity pricing lernel. Howewer, the followding Theorem etablicshes that
all optinnA hams higher prices.

Thaoram 1 [The Pricing of Burepean-Siyle Opfinone)

Chnarider o pricing kernelr, ¢y and ¢g, ol of wich yield fie rame
fommrd price of &he ridgyr areef.  Suppore fAad for pricing kernel ¢y, e
elnrficily ir conrian and for pricing kermel gy, Se elordinidy ic declining.
Then, &he prire of any Bumpean-siyle opfinn ir grenfer wnder prining kernel
fu fhan under .



Froof:
Wa show in Appendix A that the tae pricing barnals ¢y and gy intarmant
ticp, ah points whinhwdmnmanﬂ# and.S.].E. That in

dy > @y for Bp < B3
da € @y for B < Bp< BN (@)
g > oy for BR < Sy
Mewr et Dy (&p] = g + by &S, where 2 and &y are chosen s thatk
L(Br) = (Br — k) .for §p = B and Sp= 5F. (10)

The farward prics of A call option with strile prios &k is

Crg= El(Br —k)'¢y]. i =12 (11)
which ran be writhen

Cog= EN((8r — k)" — LefBr))dy] + ElLe{Sr)ey] .7 =1.2 (1Y

Binea the forward price of 4 linear payoff in the same under both pricing
karnaln, ia.,

ElLe 8 )] = ElLe(Sr)4a]. (L)
it frl lvwm thak

Cha — Ciy = E[{{Fr — k) — Le{Br)) (¢ — )] (14]

It fellowm from the definition of Li(Sp] that (Sp —&) | — L (8p) = [=][=]0,
when ¢ — i > [=][<]0. and henes Cea > Cea.

Alrn, by put-eall parity, all puta must hase highar farwand pricss under
fa than under ¢n. O

Tharmam 1 showns thak given the sama forward prica for the underlying
amnt, all options, hoth puta and ealls st any striks prics are more highly
priced by tha declining alarticity pridng kernal, ¢y, snmpared to the enetant
alaticity pricing Lernel, ¢1.* The intuitiwe reason for thin ™ mispricing”

e madnde cawes whers there 3 2 = poohehdity of fnikhing m t=nfthsemmmey. Thr
emmple, & all optimm & & Woke oo nf o, alweys fikhes in the momey. By definitiom
ftw o prie iu the wame s the mward poce of the nodeching st and henee sqnal
nndrer the ton prng rmek



in that the dedining Aasticfy pricing barmel i more mowex than the ona
with mnatant darticty. This ecmvedty implies that eomwee elaimes, mch as
aptirmn, are value] more highly by the declining alasticity pricing lernel,
all alpa bAng the rame. In ather words, exdirame payofh on either mdae of
the mean are pricel more highly by the declining alasticity pridng ernel.
Hewewrar, linear claime much an the forward comtract on the aseet are priced
the rame, by amumption. Although the pageffe cloes o the mean are priced
lerwer by the declining pricing kernel. this in aot mufficdent to outweagh the
higher priing of the maore ecoama payois.

Thermam 1 in A geaneral reault for the pricing of Furopean-atyle aptions:
it holde for any probahility distribution of Sp. An important implication of
the rerult in that optinn pricing modals that implicitly asumea A conetant
alarticity for the pricing ernel yiald lower optinon prices than thoee thak
amume rlaclining alasticity. K the true pricing bearnel han deelining alasticity;
the uea of meh modas lads to mispricing.

4 Congtant Elasticity of The Pricing Kermel: The
Bladd-Scholes Economy

We hamn phemmn abowa that if the pridng karnel echibite declining alantic-
ity, then Eurapean optinns are undecpriced by any model that asmmens,
aither rocplicitly or implicitly, that the pricng lernel has eonatant alaskicity
Henen the questinn ariees as tn what pricing kernel property weould yied
the rame option prices A the Hlack-Scholem modal. Sinea the Black-Scholes
maddel follomm from the asmumptinn that the foramod prics of the underlying
amat follomm A gaometric Brownian motiom, we oeed to investigate the e
laticmehip heatwean the properties of the pricing bernel and the asreat price
procen. In thin pectiom, we fieh somumine the malatiomehip betmeean the A
amumptinng: the alasticity of the pricing kernel in econstant, and the aseat
forwmrd prien fallowm A gaomeatric Brownian motion. We then illuatrate the
cAre of rnAtant alarticity uering An eccample. whera the forwaoed pries folloms
. atatinnary gaometric binomial prosses. In the followdng seetion, we palax
the armmptinn of sonstant alasticity and imvemtigabe the afedts on the prica
PreGeen.
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41 Tha {zenaral Casa

Amuming that the mnditinnal epectatinn of the underlying aaeet prics
at ima T, Sp. emmlven an A gaometric Hoownian motion, we show in tha
follewing thenoam that two properties: A)] the pricing kernel has onetant,
nen-atabe dependent alasticity;, and B) the faramod prics of the aset folloam
A parmetric Brownian metinn, ara aqivalent. MNaote that in the mult-parind
wnrld A] includes the endition of non-atabe depaodency of the alasticty of
the pricing kernal * In the following secton we then praceed to derive the
implicaticme of declining dasticity for the forwand price process.

Fimt, lot H; ba a Browmian maotion on the probability spaess (01,5, ).
Wa define the informakion process for the price Sp as the eonditinnal eocpes-
tation process of Sr, fr = E: (8], relt. T'). Weaasmme that the babasiour
af I; in grverned by the stochastic diffecential equation:

‘f: — aidr + adB, (L)
whera 7 i & mnetant and i, the mean of the process is zecn, Rimply becaire
it in an informafinn process. It fallows that Sv is lngnormally disfributed.
We now investigate omiditinns under which the forward prics £, p folloms a
ganmetric Brommian motdion process of the farm

dF,r = Fyrpedr 4+ BymadB; ¢t <7 €T, (L8]

whera the drift, p; in oon-slochastic, but time depeodent. I the farward
price in governed by [16), then the Black-Scholes prices for Enmpean-style
apticmn et obtain. Hanes, we are alen lnoking b emditiome for the Blad-
Schilen theoram tn hold. Wa astahlish

Theoram 2 ({eariant Eaicify of the Prining Kernel)
Giren finf £ informaiion proceer for iRe wnderdring amref in

dr.
I—f—nﬁr+r.rdﬂ.;

wmih o =1, &hen e follmmng riiemenie are equirnikn i

In principle, it & powdhle fnr the pording emel elad ity 0 he winte depenedent, ie
fir the elawticity of gien 0 edepened on the date at £, @i § <7



AJ The pricing kernel, ¢or har conriant elnrfinidy,

T -I: r;,df Jf;:.,dr
(T— ~ AT -3

in ennh mnie and af each dode, where w, = Ir:.,fn":-

Bl The amet forumed price, &pr follmee o germetric Brmrnian mokion,
unith driff, 1, and sfandard dewmindion, .
Abrn, if Al or 8] hobdr, fien #ie Black-Sefnkr formueh for dhe price of o
Huropean -wiyle npfion on Sp Andde, af each dofe and in ewh saie

FProof:
B = A Armime that the forwasd prica followm the gaometric Brownian mo-
tirm

df, p = By pypedr 4+ B, prdB, € T < T
For notabiomal eoveniencs mince T is fixed. e aTibe thin ag

dF, = Fypdr+ F,adB, . (17]

We now armrider the prosss for the aonditinnal spectation of the pricing
barnal, ¢e P v in A fima T meamreable random varable, and ite eondi-
tirmal eapectatinn in B, (¢ m]. For simplicity, we dencte

E, [y =8, = &,(E,,7)
whera by asmm ptinm #; is 4 fies eontinuonely differentiable functinn of the
forwmrd price F; and of time v. By Itn's lanma,

1348,
2FFAT

Sinea 8, i the ronditional eecpectation of the pricng bernel, it is A & mar-
tingala. It followm that the terme in &1 muost add o zeeo. Hanes we ham
M,

dy = oo FrodBy. (18]

4
= (2% Fladr + 27 1 aF,
(s 9 o,



In appendix B we showe that it folloes from the definition of the foraesand
prica that B, (@ H; |4.) = (. Binea 8, 4, = 4, 4+ &8, wa have using the
expresinns for dfy; and &F;,

a4,
Tl 4 & By dr =1
f aF, r
which implim that, for the alasticity g,

M, F oy
Gl S A a8

From (18) and (19) it follows that

df, = #,q.adB,;, ¥r.

#; fnllomm A gecmetric Brownian motion. Henea 87 = a7 I8 lognormal.
Sinea fyp = ¢y p[Sr). whera Sp in also logoormal, then ¢y p has eonetant
alarticity with respet o Sp. From (19), g, = r;,r.rg B thak

f;:-rdr=nﬁfﬂfifEﬂgiT—*J%T

Thin eatablinhes that the pricing karnel han nostant, non-state-dependent
alarticity, gur, with reapent to the terminal spat prics, when the forward
prica follows & gaameatric Brownian motion. 0

A = I Anmuime that the pricing hernel ¢s 7 han mnetant. non-state-dependent
alartinity, T

Urnatant alasticity with repect tn S7 implies that we can write the
pricing kernal An

‘#t,'?' — A:,T-Sr’]ﬂll-
Henes from the eondition Blgyep] = 1,

war-a (%) "]

Aln, from F, = B, (Srihyor)

i -a[(2)

ﬂw”]
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Equating these expresicns, defining [j:{Fx] — a4/ 2(T — ] aa the mean of
the lngarithm of Sp 5. given the forward prics By, and ueing the properties
af loganrmal warinhles yialds

filFy) = ﬂg‘?:,'l"
But, by amumptinn m, p and henes () in shabe indepandent. Henes, sinea
T = %*,{TL':; and SpfE; i lgnormal, for all 260, T,

:‘.r':
By lnfin) ~1nFy = | posdr =TT 1) (20)
MNewr, mnmid e the information precsss, £, It ban zearo drift, 1a.
dr;
T: = ﬂ'dﬂ*.

Thin implien that S i lngnormal with

ﬂ.']
E(lnfr) = InB{8r] — (T —12).
From thin equation and () it follows thatk

Infy =InEx(Sr] — f ferdT

and mines In E,{Sp] in & Browmian motion, Ao is Inf,. 0

Finally. it in well known that enndition B abese implies that the Black-
Scholes madel holds, The proof is similar fao the ariginal BladiSchales procf,
with the forwamred price prossss substitubed for the spot prics prooss.0

Theoram 2 sheam thak the asmumption of the Black-Scholen modeal, that
the amat (forward) prica follows a Bremmian motion, isequivalent o conetant
alarticity of the pricing bernel. It followm that the Black-Scholes mode
undearpricm oplicme in A dedining alasticity eenomy. We hase the followding:

Carallary 1 {Declning Ehsdicify and Hack-Seinler [Tnderpricing)

Suppore fhnf the informadion procees of Sp folimmre 0 dandard geomeiric
Brmuminn mefion and fink e forreed price B,p i given.  Then, if ife
pricing kernel far the properfy of declining eludicify, ol opfioar on Sp wmll
Raue Righer fomrard prices af daie & fhan famre gien Gy the Bhok-Sohofer
merwdel

*1f X & hpunmoally dktihnted with Sln X) = p— " {2, theo E(X™) = esplin+
fa— T3e” f24]
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Praaof:

Fimt. from Theorem 2. the Black-Scholes formula holde if the pricing,
barnal han ermatant, non-stabe-depandent alasticity. Forther, from Theoram
L wa know that, if the pricing ernal han declining alasticity, all optinns hasea
higher prices than in the case of aostant alasticity. Heoen, the forward
prices of optione in the eass of declining alasticity ecoceed the Black-Scholes
prices. 0

In Theorerm 2 we showr that the assumption of either & Boosmian motion
ar A pricing lernel with eonAtant, non-Atabe-dependent alarticity s ruffciem
for the Black-Scholes model to hold. The prior weork of Brennan (190,
wha shemred that, in a repremtative agant mingle- pariod saonomy, conetant
ralative rink amAmion iR A neceeary cnodition for Black-Scholes to prics op-
tinnA an the market portfnlio mggests that thees eonditions may aleo e
newerary.  Howewer thin in not the eine The Black-Scholes medal deoes
net: require A pricing kernal with conetant, state-ind apandant alasticity, or a
Brommian motinn in the foraard price. I howeser, we add & mild reshrie-
tinn on the pricing berneal in an inbarbamporal eetting, to the effect that the
pricing karnal in path indepedent, wa can show necemity of the Browmian
motion. Firek, we define path-independenca of the pricing barnal.

Deflnition [Pakh-independence of the pricing bernal]
A pricing kernel in path-indepandent, if for any tan outeomes of S Snq.
Sp . the takin
e m( B8]

g fra)
doe oot depend cn the stabe &, ¥ < T We nowr establish

Corallary 2 (Necemify of o Oroamian Wndion in £he Forimmd Price for
Mank-Srhnles Pricing)

Amreme fhe mme informadion procesr ar in Theorem # and pafh inde-
pendenre nf the pricing kernel. Then ke Diack-Sohnkr fermuin correciy
pricer Buropean-siyie opdions on an awef il price Sp ol me T, only if
fhe underfying arrei Aar o foramaed price which follmee o Browmion modion.

Proof:

If the Black-fcholes madal holds at daba &, the risk-adjuated denmity of
Sr muet be lngnormal. This denrity squals the tros density mmltiplied by
. wl 5p). Bines the true density is lognormal , by asmmptinn, it follems thak

L



fr.r(8r] han moatant Aasticty, gur, which may, howewer, depend on

Henea ;
duribra) _ (Bray B0
dor(fra) | Bra :
an that the pricing barnel in path-dependent. But this path dependency
in ruled emt by ammumption. Henea, by the squivlenes of A)] and B) in
Therrarmn 2 it fnllemm that Infy in A Bremmian metion. O
Crrallary 2 shown that & gaomeatric Brownian motion information poo-
wmn And path indepandencs of the pricing kernel imply a Brownisn motion
af the saaeet forward prics, if the Blad-Scholes model in to hold. Many
financial models asmmea tima additise otility of & cepresmtative inwestor,
an asmumphtion which guarantees path independencs of the pricing lernel.
Heneea the Blacdk-Scholem werld is emly slightly more genaral than s werld
whera the ameat foraard price follemm A Bremmian mefiom.

4.2 Comatant Elaaticlty: An Example in tha Casa of a Bino-
mial Procass.

In ardear ta clarify the restricticons implied by canatant alasticity of the pricing
karnal, wa e look ak an excample whare the amet forward prics fllowms &
hinamial pracme. The acample allowm ue to spadfy tha prosss followed by
the rznditicmal ecpetation of dyp. In arder to be morietent, in the limit,
with genmetric Hoownian motion, we amume that the informakon process
of Sy follomm A multiplicative binnmial procss.

Civen a frirward ammet pries By g, % now anpume an n-stage, Rtabinnacy
multiplicative hinnmial proees for the farward pries B, e, awre the parind
from & to T Spedfically, let u and & be the proportionate up and down
meremanta of tha binamial proses over ech sub-inberwal, then

Fr % ., q
whera g in the probability of an up-momwment in the forwaod price over any
mih-interval. When n in large, the proces in (21) conwerges to A Boommian
metion prosma. Wa now show, eomeistent with Thearem 2. that the pricing

Fimt, we need to apecify the pricing kerne process. It follows from the
resulte in appandix B that

Fir = BllFr + Af)E 1]

17



whera B | 1 in the ennditinnal ecpectation, ab tima 2+ 1, of the pricing karmne
¢ r. In the hinamial case. there are coly two stabe af time £+ 1, so we can
wTita

Eep=gF 1pufs 10+ (1 — )5 1m0 a8 14 (22)
where B, | 1 ., Aol B, |14 are the wluem, of the enndifinnal expectaiion
Ly 11 (grr). in the up-staba and demm-state reapectivaly.
Hemevrer, minee the foramod price moves from & to 24 1 as & fmo-shabe
branching prosess wahase A cnmplete market eeonomy. I follows that theea
axiAtA A unique " risk nattral® probahility measura under which the forwaed

prica of the amd: in a martingala. Alen the prbahility of an up movement
under thin measure omr any Aub-pariod is 4 constant:

_1-d

p_ “—d:

Thea farward prica of the riaky amet at any point of time & must also
therafore e given by the eqmuation:

lepcl

Fer=pf1mu+ (L —p) 5 1ma4

1 —
F;‘T= qFt|11T1'u. (E)"‘El—QJF;H_'T# (l——::) . Eﬂﬂ.]

Enquating [Xf) and (2] for the snditicnal ecpectation of the pricng lernel,
B 1(gheom).
_" _1-r
5'=|1,u—q: ﬂxn,.-:—l_q.

in the up and dewn statm. Aleo, if § in the number of up momwments of the
amaet price over the n sub-pariods from 240 T,

B, = (811,00 (B 14" 4

We show now that In[#,m) and 1nof, are perfectly cordabed.  Firsh, the
foramrd price, after § up-mewem, ingiven by

Fymy= Fpdd 1
Henes taking the logarithm of the pricing barmel ecpectation and of the
forwmrd prica, yields

18



Infl; ;= jlofs |10+ (0 — §)lnfs 1,4

InF,my =Infyp+ jlon 4 (n — j)lnd
Thus In 8, and ln &, p are linear in . It follewm thak wa can write in genaral

lnfl; = oy +|H]-'”-F-r,']"
for appropriate i, and &, and in particular:

Ingyp = awp + Hnfp (24)

Equation (24] establiches the perfert: aorralation of In{8r)] and Ingsp.

We ran now investigate the elasticity of the pricing bernel. Equation (24)
in the ey fn understanding the restrictinns imposerd on the pricing kerne
by the asmumption of the lngnormal process for the amet prica. It implim
that the pricng kearnal han the rame rtochastic properties an the amet prica
itealf. In particular, in the limit ann — oo, the uneonditional pricing kernel
and the aseat prics are lognormally distributed, as in Bubingten {1976) and
Brannan (19r0).

Although for a finibe hinomial proceas with n sub-pearinds, there adsts
anly & finite number of Sr walues, we can think of & large n so that, ap pooec-
imatAy, Sp may he coneidered A variable which is conobimeoos on the range
((.ac). Then diffarentiating equation (24) with respect to In S yialds the
alarticity of the pricing harmel.

In

Henea A shakinnary multiplicative hinomial prossss of Frp implies & enn-
atart: anvd stabeindependent dasticdty of the pricing kernal. This binomial
axnmple illustrabes the remlt in Thearem 2, whers A geomeatric Browmnian
meticm for the asset forwand price was shemm to imply & ennetant, non-
atatelepadent dasticty of the pricing barnel. Hers, starting with & mul-
tiplicative binamial distribution for the forasard price, ae also hase ghoam
that the pricing kernel in perfectly coroalated with the ameet price and has
rrmAtant, non-Atabedepadmt dasticty. In the limit, bath the asset price
and the pricing karnel are lngnormal and the Black-Scholes mode holds for
Eurcpean-atyle claims on the amet.

L)



5 Declining Elasticity and Excess Volatility

B far, wa hase shomm , in pection 3, that options hase higher price when the
pricing karnal han declining alasticity. We hare then sheam, asmming thak
the infarmation proosss follomm A genmetric Browmian motion, that the aseat
forwmrd price followm & gaometric Brommian motion if and anly if the pricing
barnel han ronatant alarticity. Ik ramaine to e ahown how declining alasticity
afferts the forwamd priem procems. We oo derive the implicatione for the
foramrd prics process, of ralaxdng the asmmption of eonetant dasticty of the
pricing barned. We show in the cass of dedining alasticity, that the arianes
af the forwand price inmeasen relative fo the mostant dasticity eass, and
alag that rekurnn exchibit negative antoeorralation”

Thaoram 3 oarider an enonemy for dofer £ 0 T]. Armeme finf e
informalion prmer for Bhe amret price af dofe T follmer o germeiric Brme-
nian madion. Lel Fopq and Fpopg be fhe formrd pricee of the nrmel af Gme
r under e coneiani and declining elordicidy pricing kernelr rempeciively
Then,

) acros sinien, he mbe of s fme prices By g (5, py increntes momnn-
frnically in Fopqy Wre(d T,

h) fhere ewirie o -F;':I";J , runh fhni

Frra < = [#] Fra
Fora € = [»] Fpy  ¥reT),

r) defining ihe wariance of ihe forrard price ar war (Fop)
nors(Frma) = ner Brmd) ¥re(@T).

i) For dofer = 341,23, ... 2y, ... T, the price rehiiner (F;ﬁ']r;::fF;’_hﬂ::J
exihii negafive aeiomrelnbon.

FProaof:
a] Constant elasticity and the gnormality of Sp imply that the -

pecterd raburn K, [ Sp fF, pq) in independent of the state ah fime r. In the
cann of derlining dasticity, the rate of return in the high stabem (high opq ]

"In the cowe 0f crrnsing elasticity of the poxing kemel, the varance derfoem mlative
0 the inowtant Flatxity cawe, althomgh the retnme echihit argatiee antocoorelntion m
th czwe akn.
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in ralativaly low and the rabe of reburn in the low stabes, in calatisaly high
rompAred fo the constant elasticity case. Therefore the forwasd price af
tima 1. Fzra, for tha declining nlanfunfgmmmrnlah?alyh%hnr than F;m4
in the high staten and relatiwely lower in the low states. Sines n]ﬂﬂtlmfj'
in memetonically dedining, it follows that 5, mof Fomy I8 monofonieally in-
rrering in B pg, ¥ £ (3 T).

b Given the ramea initial prics F'".]n it must ba that the foramed

pnnmundﬂrhhﬂhmpnmﬂglmmnlﬂdnnnfdnmmﬂ.hﬂmnhnfhﬂr Henen
given that ¥, myf E, mg incresanen monstonically in By gy, there can hnnnlj'
rne value of Fery whers B my = B, e, In othar womds, thera in 8 5'p
much that By my = Frm g = F_',:m: and the teelt b) fallows, i

] From a) and b), it follows that

Lara = Kerg + E[Fra — Bera]4 - (26)
where Bls] = (0 and ezwfe, Bopq)] > 0 sinen Fpg gete lasger relakive to
Heancs,

Frmrq an Fp my increanes.
var [(Fema)] = wor (Fomq )] 4+ ver(s] + 2aow(e, Frmq)] = ver(Fomay. (27)

d] For the enetant elasticity pricing kernd, the antoeoroelation of oe-
turne in zaro, mines the forwand prics procme in generated by A paometric
Brownian motinn. MNow, amumea non-eonetant dasticity of the pricing ler-
nal. Uenmider daken 2, &, T and the price rdatives By pf Fop and Sp (5, p.
If the prica relative in the pariod [¢, £1] is lowear [higher] under non-conetant
alarticity, then the eonditional eepected prics relative in the period [24, 1)
must ba higher [lower] implying negative antoeorelabion. Sesond, we split
the pariod [#4, T info mbperiods [21,23] and [#5, T]. By the same angument
an betfhre, given Aome state af 1y, the pricarelatives &, p /5, pand SpfF, p
must e negatively antomnrraated under non-enetant alasticity. Similarly,
the period [23. T| ean be mplit semuentially into arbitrarily many sabperi-
adn a0 thak, by induection, negatiwe antonnroalation of the prica ralakiwea in
abtained for Aany number of s bparinds. O

Tharmam 3 rhowm that & geomakric randnm walk for the forwmod prica
in ruled out by declining alasticity Moreower, the forward pries at any
intarmediata date in more mlafle uoder the declining dAasticdty than under
the mnatant Aasticdty pricing kernel.
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4 Option Pricing and the Elasticity of the Pricing
Kernel in a Representative Apernt Economy

The analysn of option prices using the pricing kernal approach in & oo-
arhitrage pebting in quite ganaral. Hewesar, i in ueefil to ralake the analywin
tn an equilibrinm aetting in arvdee fo inkerpoat the pricing barnel in aonomie
tarmna. For eccample what lind of equilibrium wonld lead to pricing ler-
nels with mnortant ar declining alasticity? What restrictions on praferenoes
anuld lead to mch pricing karnale? In onder to anmer thess questions,
an nowr make the more traditiomal assumphion of A sepresentakive investor
emonmy, whera the agent has utlity for end of period sorumption. Tha
analyrin below provides aaa of reatrictiva Aufficiant eonditiones, under which
the priving kernel for an areat han the charactaristien asmmed in previoog
sectirme of the papar.

We now asmume that aggregate md-of-pariod eonmmpiion, Cp, and the
apot pricaof the ama on the tarminal date T, Sp, hare & mostant elasticity
with respect to ech other, but with an ernr® In other words the tan
wariahlen ara log-linearl y rdated with an indepandent eror term as follows A

InCp =&+ Hnfr+ ¢, (28]

whers ¢ in indapendent of Sr. A special care in analysed by Bubinatein
(19°76). and Brennan (1979], who show that the Blad-Schales madel holds
in a mingle-peried discrate-time eoenomy whers 8 represamtative inweetor
axinta with a utility that exhibita sonertant calaki o riek araesion, and whera
aggregate wealth in lognormally distributed. % The Rubinstan Brennan
amumptinoA imply A pricing kernel with cooetant alasticity. Mow denoting
the ufility fonetion of the representative inwstor an w(iCp)] we can eatablinh

M can he Jiterally intrrpoeted s aggrRate cnosnmplion or as aggTegats wealth in a
Kngk pedind wettmg. Mo geoerally, it ran be thonght of a8 a iate warahle wrhich ® the
mpnment in the pocing keooe] fnctiom.

e dn nnt senme hemr that sither the amet DIirE 0T agFrgRalr (munrmtirm & s
womally didohntedl Joint Dgnormality nf the varahles 3 sfficient, hnt oot nerrweanr
fir the hgeBnrer redntinoship to hold

rolinwing np m & resnkt in Merinn [1979), Rnhinstsin [1976), and Brennan [1979),
wheoesd that th e Al S holew mode] holdw noder thews swnmptirme Brennan whnow that
the crmutznt wlative fskk serdm senomtom ik aln a neesary ooditim. Stapketm
arl Enhrahmanyam [[1984a) and [1984h)] and Heston [1993) haw: extenedeed thin wrok o
wanmma cirrrtimu
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Theoram 4 [Ehricify of fie Pricing Kernel in o Repremeniafe fnverir
Eennnmy)

Chnarider an epmomy i mich coamempiion fuker ploce of fime T Ar-
meme Ehaf an armel amiA price Sp oand wgregaie conrumpdion Op are Ig-
linearly relnfed ar in equadion 88 nboe and (et a reprermeniagve muerir
exirfr wiEh relnfive misk wemwion §(Cp). Then, of any deie &, e pricing
kernel, gy p(Sr) for the narei har clarficity

(Bp] = b, (Er)

the e
_ w'(Cr)
Rulfr) = B [R(Op) e T | 6
Praaof:
In a. reprasentative imvestor eennomy the pricing kernal in
_ %]
W = BRG]

whers for notatinnal eonmnianes we write (] an K], Sinee 2 and T are
fixerd. wa denate the pridng bearnel as 5, where % = $(Cr). Cr > (1. The
amant rperific pricing kerne i

=Bl | S

whers wa can write ¢ = ¢(S7).
Thea dasticity of the amet specific pricing kernd, ¢, in 7 = —Jlng/JlnSr.
Uring (2], and the fact that the partial derivatioe, Jui (38 =11, wa ham

_ —E [ Or)Fri| Sr]
© E[W{Tr) | br]

Henes wra can writa
E[RCr)w'(Cr) | Sr]

A 1o TT - R
whera ) o (Cr)
Rifr) =& | RIOr) gy | Bp] | 5T

in the repreeentakive aget's aseat Apenific ralative ek aseraon. O
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Caorollary 3 {Declining Ehsdiciy)

Suppore fin relnfive rick arermnon of £he represen fofiie inverfor, H(Cr],
ir denlining in Op, fhen if b3t O, e elurdicidy of e awei peifin pricing
kernel, gy oSy, declines in Sy

Proof
Ben Appendix .

Thea rignificanes of Theran 4 and Comllary 3 in an followm. In o vep-
repRntative investor aonomy, the alarticity of the pridng karnel in closaly
relabed to the reative risk aseeion of the investor. Howewer, for a specific
amat, the alasticity depaods oo 4 'riek adjusted' relative riek asecaion, which
arrunta for the rink of aggregate ommption, given the amd prics. In
Ceorollary 3, wa find that thin rirk adjurted rdakive risk aseerinon deacline
with the amat prica if the actual ralakiwe risk asereion dedines with agere-
gabe ennmmption.

Thea relts in Theorem 4 and Corollary 3 allow us o generalizse the
anelusions of Hoannan (LYTH) and Bubinstein (1976)]. Theay showed that
the Blad-Scholem formula priced Eurnpein-style optioos if the aaeet prica
and aggregate conmmption are joint-lognormally distributed and if & oep-
reppntakive imvestor ecdete with CPRA utility. In eur Theorsm 4, we fot
rhow that lognormality of aggrezaba eonrumptinn is oot sequired. In fack, if
wn hare CPRA and the log-linear relafinnehip hetaesn the aseet price and
mnrumptinn in equation (28], then the pricing kernel will hame nstant
alartinity, and from Theoram 2. tha Black-Scholen modal aill hald. Farther-
mera if the represamtative inveator han declining propartinnal risk asemion
(DPRA), then thin will translate into A declining alasticity pricing lernedl.
The reemlt, in that caes, in that all optiome on the amd: hase higher prices
than theose given by the Black-Scholen maodel.

Y Conclusionz sared Extensions

We hazre derived the main implicaticng, for the asset prices procss and for
aptirm pricm, of dedining alarticity of the pricing kamal. Fimtly, unde
dedining dasticty, aptinos hams highar prices than under the more fam iliar
amumptinn of mostant dasticity. Serondly, in the spacial e where the
informatiom proces of the ammet price follows A geomairic Boewnian motion,
the Blasdi-Seholes model underpricm Enropaan-styleopticne. Also, given the
tarminal prabability distributinn of the areet prica the stochastic process of
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the aneat fnrwaod price has highar wmlakility and exhibita neagakive aukonoroe-
laticm under declining elasticity. Thiodly, dedining alasticity in rneistent, in
A rApraRentative imrestor eanomy, with dedining proportiomal riek assminn
of the representative inveator.

Tha mordd in which the aseet (forward) prics follows A gaometric Brown-
ian mehion 16 oneof the standacd work-homes of finanes. It has beean usaful in
dariving many ampirically testable propamitinne, but ite charactarintices and
waluafinn implicatinns are oot Always in line with the ampirical avidence
Examplen of mch empirical anomalies inelude the high volatility of the re-
turne, thar antoerrdatinon and the undarpricing of eontingent elaime. The
numtinn | tharefnra, in whether the implict asmumption of mostant alasticity
af the pricing lernel can e modified for the ceaultant models to bether fit
the fatn. An alternative proposed and analyzed in thin paper is to asmmea
A pricing kernal that echibits dedining alasticity with respect to the payof
cn the aseet. This modd aould help eocplain & number of ampirical anoma-
lien ralating tn the retumn generating process and the pricing of sotingent
elaimn.

Bermmral other directinne of ressarch can e purmed, hased on the ressarch
raparhad in thin papear. Firet, the properties of the pricing bernel that lead
o & booader class of stochastic procmees for reburns than the standacd
garmetric Brommian motion eonld be axplored. These properties could he
testel directly to ameesn their ampirieal walidity an hasn hem proposed in
the literature on the term struchure of inberest rabes. Semnnd. the further
implications of dedining Aasticdty of the pricing bermal for ophon pricing,
such an for the "rmile”™ affect, could be eaploved further, This eould, in turm,
prowide A bather theoretical uetification for recent work on fitting hinomial
toeen uring obearved optinn prices.



Appendix A: Proof that more than two intersec-

Suppee theae are thres or more inbamectinns of the twn pricing barnels.
Cemnider the fimt threa intereections at forward prices 54 88 and 8% e
apectivaly. Buppone that ak .S.]'.':‘: ity inbareanta ¢y from abom, ia

_Bn(8f) _ Bda(Gr)
38 35

Bince, at the fireh intearsectinn,

¢ (87) = da(5F)

it follemm that
_ _Bish) &
mE = ~am e
A _ _Ogal(8F) &
<miff) = -~ hEm (29)
Similarly at SR, s intersects ¢ from helow, it followm thak
™ (85) > malER) (30)

Again, af 8%, sincs ¢y intemects ¢y from abow, we mmiat hamm

m (67 ) < ma(8F) [31)

Hewewer, thin aould eonfradict inequality (8). Thus, thoes or more inter-
pactione of the twn pricing kernels are not pomible In eoelusion, the tamn
pricing larnals must intarsed: fades and, in arder o rabiefy of <0, ¢ most
intareect ¢y from above at the firet intammection, ..5'.]'.'11: and from belewr ak the
s inbereention, .SF o



Appendix B: Proof that E.(dFf ) =10

T mntablish thin result, we will ficah coneider the diecoeba quantity B (AR, | 4],
where ¥ | ar = F; + AL, and then tale the limit. Consider the quantity

EFI::F'F I.ﬁ.'ifﬂif |.ﬁ-r_] = EF[F'F |ﬂrrEir [Fity wb.,']"_]]

B [ By | ar (S | ar 1) Br | ar (hr]]
Er[Er |ﬂ-:'|:.l5"1"¢r |.|‘l-r1'T"_] 1}!&,-:'1#:1-:' |.|‘l-r]
B[Sy | asmih o 7 | As)

= Ei[Srdy ries
= Foghy (52)
By definitien
F-rl.n‘l-r = F-r‘l'-"!"F-r:
hano
E-;r [F-;r | ﬂ-rﬂ-r |ﬂﬂ'] = EF[F'F E-;l' I.&-:'] + Eﬂ'[ﬁngf I.ﬁ-r]

= B[ ar(pem]] + B [AFHE | A
= FE (dhr) + E [AF 8, s
= F-;--l#l‘:;,l-;- + Er[ﬂngf | ﬂ.-r] {33.]

Crombining (2] and (X)), it follomm thatk
e [AR8y as] =1
Henea taking limite,

limas; 0l (A8 ar] = B (dFe8; 4] = (.



Appendix C: Proof of Corollary 3
From Thenram 4, the alasticity of the pricing lernel in

_ _ WG]

w=hE [R[GFJE[‘-‘"[GFJ | &l '5’] '
Henee for & 3£ 10,
L&  (C) ELR(Cp P (Cp)E (Cr) | 8o}
B imgr — T [R (OO Oy | ] |57 ] - EW[Cr) | 8rP®

| EB{GW(Gr | S

EW(Cr | 8]

and therefrre

LM ER(Cp)Cr w'(Cr) | & ]_E[REGTJ*EEGTJ{REGTJ—REHTJ}ISr]_

53 Slnfr En(Or) | Br] ' ©T E[ {Cr) | S{E]Jij

An B[O} R{Cp) — R(8)} | Sp] =01, we can epand the seeand term to

_EWR(Cr) ~ RN W CrHRICr) ~ RSN} 1 Br] .y e
Epd(Cr) | ]

F () = (| means that the firet tarm is negatim. Wa hams ghown that:
the pernned tarm in (4] in ale negatkive. Therefors, 7 dedines in Infp. o
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