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Abstract

In this paper, we propose an alternative approach for pricing and hedging American
barrier options. Specifically, we obtain an analytic representation for the value and hedge
parameters of barrier options, using the decomposition technique of separating the Euro-
pean option value from the early exercise premium. This allows us to identify some new
put-call “symmetry” relations and the homogeneity in price parameters of the optimal ex-
ercise boundary. These properties can be utilized to increase the computational efficiency
of our method in pricing and hedging American options.

Our implementation of the obtained solution indicates that the proposed approach is
both efficient and accurate in computing option values and option hedge parameters. Our
numerical results also demonstrate that the approach dominates the existing lattice methods
in both accuracy and efficiency. In particular, the method is free of the difficulty that
existing numerical methods have in dealing with spot prices in the proximity of the barrier,

the case where the barrier options are most problematic.






1 Introduction

Non-standard or exotic options are widely used today by banks, corporations and insti-
tutional investors, in their management of risk. The main reason for their popularity is
that although standard put and call options are useful risk management tools, they may
not be suitable for hedging certain types of risks. For instance, a corporation may wish
to control its raw material costs by limiting the average price paid for a commodity over
time (Asian options), or obtaining protection, contingent upon the price breaching a barrier
(barrier options). In these and other situations, the use of standard options may involve
over-hedging (i.e. providing protection against risks that need not be hedged), and hence
higher costs. Consequently, the use of non-standard options may not only fit the risk to be
hedged better, but also lower the hedging cost, in such cases.

Although the payoff functions of non-standard options are often not more complex than
that of standard options, this is not true for the pricing and hedging of such options. In
most cases, such as Asian, barrier and look-back options, whose payoffs are path-dependent,
closed-form solutions are hard to come by. This is true even for European-style contracts,
except for the special case where the underlying asset price follows a geometric Brownian
motion. Therefore, numerical schemes have to be used to calculate the option prices and
hedge parameters for American-style options and even for some European-style options.

The focus of this paper is on the valuation of barrier options. Barrier options are options
that are either extinguished (“out”) or established (“in”), when the price of the underlying
asset crosses a particular level (“barrier”). Common examples are “down-and-out,” “down-

? “up-and-out” and “up-and-in” options, both calls and puts. An additional feature

and-in,
of some barrier options is that a rebate is paid when the option is extinguished or an
additional premium is due when the option is established. Barrier options are among the
most common exotic options that are used in the foreign exchange, interest rate and equity
options markets.! They are used by hedgers to obtain insurance protection above or below
particular levels of the price of theunderlying asset. They are also used by speculators,
who have a directional view, to obtain a somewhat less expensive directional play on an
underlying asset. In some instances, barrier options are American-style.

Common approaches to option valuation and hedging such as lattice and simulation
methods can be problematic when applied to barrier options. It is known that for such
options, the binomial method is subject to severe convergence problems, and consequently,
can lead to huge errors even with a large number of time-steps. The reason is that the
payoff of a barrier option is very sensitive to the position of the barrier in the lattice - a
“knockout” option behaves very much like a standard option when the underlying asset
price is far away from the barrier, but has a near-zero “expected” payoff, when it is close

1A recent estimate cited by Hsu (1997) computes the size of the barrier options market to be over 2
trillion dollars in 1996. The market has grown considerably since that time.



to the barrier.

Boyle and Lau (1994) and Ritchken (1995) develop a restricted binomial/trinomial
method to overcome the problem. However, with these methods, it is still extremely diffi-
cult to achieve convergence when the barrier is close to the current price of the underlying
asset (the “near-barrier” problem). Gao (1996) proposes an “adaptive mesh” method, which
overcomes some of the problems posed by the above models. Even with this modification,
the computational time increases as the current underlying price gets closer to the barrier,
although at a much slower pace. Further, as shown by Gao, the computational intensity
of lattice methods is proportional to the maturity and the square of the volatility. Conse-
quently, the computational costs associated with pricing long maturity and high volatility
contracts can be prohibitively high. Cheuk and Vorst (1996) show that a trinomial lattice
with a flexible drift can alleviate the “near-barrier” problem. However, the method permits
probabilities to become negative, and can produce fairly large pricing errors for long-term
contracts when volatility is high and the spot price is close to the barrier.?

In this paper, we propose a quasi-analytic approach to the valuation of American barrier
options. Specifically, we obtain an analytic representation for the value and hedge param-
eters of barrier options using the decomposition technique. Under this representation, the
price of an American-style barrier option can be split up into the price of a standard Eu-
ropean barrier option and an early exercise premium. Similar results can also be obtained
for hedge parameters. By using the put-call “symmetry” condition that we derive, and
the well-known relationship between “up-and-out” and “up-and-in” options, we can extend
our results to a whole series of barrier options. We also identify some characteristics of
the optimal exercise boundary: homogeneity in the strike and barrier prices, translational
invariance in time, and monotonicity in time, and monotonicity in the strike and barrier
prices. As mentioned later on, these properties are important in the practical implemen-
tation of the method we propose, since the boundary does not have to be recomputed
separately for each option.

Our method of implementing the analytic representation using the decomposition tech-
nique allows us to calculate both option prices and hedge parameters efficiently and accu-
rately. For example, in the case of American “up-and-out” options, our numerical results
indicate that the approach outperforms both the Ritchken (1995) method and the Cheuk
“and Vorst (1996) model. In particular, the method we propose is faster than the Ritchken
method by two orders of magnitude for equally accurate prices and hedge ratios, when the
underlying asset price is close to the barrier. Moreover, the computational time required by
the analytic approach hardly increases as the current underlying asset price gets closer to
the barrier. In fact, this “near-barrier” problem, which is endemic in the lattice methods,

2In a recent paper, Rogers and Stapleton (1998) provide an alternative lattice based method for the
valuation of barrier options, in which the number of time steps taken is random. However, they implement
their method only for the case of European barrier options and standard American options.



is completely eliminated in our formulation. This is because the optimal exercise bound-
ary, the sufficient input function of our valuation formula, is independent of the current
underlying price. The method proposed here mi-ght be applied to other types of path-
dependent options, such as “capped” options and Asian options, whose payoff functions
have a Markovian representation in the state space of low dimensionality.?

The paper is organized as follows. In Section 2, an analytic representation is derived first
for the option price and hedge parameters under the assumption that the underlying asset
price process follows a geometric Brownian motion. Put-call “symmetry” conditions and
some properties of the optimal exercise boundary are then identified that extend the analytic
results to a whole range of related barrier options. Section 3 discusses the implementation
of the quasi-analytic formulae and presents our numerical results. Section 4 concludes the

paper.

2 A Pricing Model

In this section, we first obtain an analytic representation for the price of American barrier
options using the decomposition technique. Based on this representation, we then derive
some properties of the optimal exercise boundary.

The basic idea of the decomposition technique, proposed by MacMillan (1986) and
Barone-Adesi and Whaley (1987), is to divide the price of an American option into that
of a similar European option and the early exercise premium. This approach was further
developed and specific results were obtained for the case of the log-normal underlying price
process by Kim (1990), Jacka (1991), Carr, Jarrow and Myneni (1992), and Ho, Stapleton
and Subrahmanyam (1997a). Specifically, an American option can be considered as a sum
of two sets of cash flows using the decomposition approach: the value of the terminal cash
flow at expiration and the value of the intermediate cash flows between the valuation date
and expiration date.* The former represents the value of an otherwise identical European
option, and the latter, the value of the exercise privilege associated with an American
option. Under the risk-neutral pricing framework, the value of an American option is equal
to the sum of the expectation of these cash flows discounted by the risk-free rate.

Before proceeding with the analysis, we first define our notation as follows:

SHansen and Jorgensen (1997) apply the method to floating-strike Asian options.
“See also Geske and Johnson (1984), Selby and Hodges (1987), and Schroder (1989).



c: the price of a standard European call option.

C: the price of a standard American call option.

¢j: the price of a non-standard European call option of type j.
e.g., “j = uo” denotes an “up-and-out” barrier option.

the price of a non-standard American call option of type j.
the price of a standard European put option.

T Q

the price of a standard American put option.
pj: the price of a non-standard European put option of type j.
P;: the price of a non-standard American put option of type j.

We also use a superscript “o” to denote standard options. For instance, C? and c° represents
the price of a standard American option and a standard European call option respectively.
A superscript “p” denotes the American premium due to the early exercise feature. We

also make some assumptions that are common in the option pricing literature as follows:

Assumption 1 The capital market is complete and perfect. Trading takes place continu-

ously and without transaction costs.

Assumption 1 allows us to use the risk-neutral pricing framework proposed by Cox and
Ross (1976), and formalized and extended by Harrison and Kreps (1979), and Harrison and
Pliska (1981). In the analysis that follows, we work under the risk-neutral measure.

Assumption 2 There are two tradeable assets in the market, a risky asset and a riskless
asset. The continuously compounded interest rate T 1is constant.’ The risky asset pays
a constant dividend yield of 6 > 0, and its price process {Sy;t > 0} follows a geometric

Brownian motion.5 Namely,
dSt = St(’l” - 5) dt + O'St th (1)
where & and o are constants, and W is a one-dimensional standard Brownian motion.

As shown later on, one advantage of making this assumption is that we can obtain an
explicit expression for the early exercise premium, and as a result, a quasi-analytic solution

for the price of an American barrier option, for instance, an “up-and-out” put option.

5The analysis can be extended to the case of a time-varying (deterministic) interest rate and dividend
yield. In principle, the effect of stochastic interest rates can also be incorporated into the analysis along the
lines proposed by Ho, Stapleton, and Subrahmanyam (1997a), although the details of the implementation

are likely to be complex.
6The available empirical evidence suggests that that this assumption may not always be a good one.

Nonetheless, the log-normal case can serve as a benchmark, since the Black-Scholes model, which is based
on this assumption, is widely used and understood in practice. The analysis presented here can be extended
to the case of time-varying (deterministic) volatility. However, the case of stochastic volatility would involve

additional complexities, as in the case of standard options.



Consequently, we can perform comparative statics analysis and examine analytically the
properties of the optimal exercise boundary. We can also derive a put-call “symmetry”
relation which allows us to extend the pricing models to a whole set of barrier options.

Without loss of generality, consider an American-style “up-and-out” put option on the
risky asset with a strike price K, a barrier H, maturity T, and a payoff h(S;) = (K — S¢)*.
The non-standard feature here is that if the asset price “hits” a barrier, the option becomes
worthless. (A zero rebate is assumed throughout the paper, for simplicity, although it is
relatlvely easy to relax this assumption.)

Two cases are worth analyzing here:’

a) H > K (out-of-the-money “up-and-out”);

b) H < K [in-the-money (at-the-money) “up-and-out”}.

We first consider case a).

Assume there exists an option pricing function s.t. G : R4y x [0,T] = R. Define the
continuation region, C, in which early exercise is not optimal, and the stopping region, S,

in which it is, as follows:

C = {(5,1)IG(S:t) > h(Sy), Mg < H};
= {(54,1)IG(St,t) < h(St), Mg < H}

where Mttl"’ = SUPy, <r<ty O7-

As demonstrated in McKean (1965) and van Moerbeke (1976), the American option
problem can be converted into a free-boundary problem. Under this formalization, G(S;, t)
is the solution to the following problem [see Duffie (1992, p. 125) for details on theregularity
conditions on functions G and h]:

(D°-r)G(S,t) = 0 v(S,t) e C (2)
G(ST,T) = hr (3)
G(Si,t) > ht v(S,t) € C (4)
G(Sit) = he V(S,t) €S (5)

0 7]
E)_S—G(St’ t) = 35, YRS , v(S,t) € 8C (6)

where the operator D° is defined as follows

, 0 8 o2S% 9°
D=t =05+ 5e

"Note that in the terminology of barrier options “in-the-money” or “out-of-the-money” are not related
to the usual definition where S < K or § > K.



Theorem 1 Consider an American-style “up-and-out” put option, whose payoff upon ez-
ercise is h(S;) = K — 5; V't € [0,T]. The price of the option is given by

T
G(S0,0) = E [e”T(K - ST)+I{M0T<H}] +/0 e "E [(TK - 5St)]{M3<H;(Sg,t)ES}] dt. (8)
Proof. See Appendix I. O

Note that the last term on the right-hand side (RHS) of (8) indicates that the incre-
mental gain over the time interval [¢, ¢ + dt] from exercising the option at t is (rK — §.S;)dt.
Similarly, the incremental gain from exercising a call option whose payoff is S; — K is
(6S; — rK)dt. Since this gain becomes negative when § = 0, an American barrier call
option should not be exercised before expiration unless there is some kind of compensation
for the absence of the dividend.®

Eq.(8) provides an analytical representation for the price of an American “up-and-out”
put option. However, in order to facilitate the implementation of the formula, it would
be desirable to have an explicit expression for the expectation E[-] in (8). This in turn
depends on the shape of the optimal exercise boundary dC. We assume the boundary can
be represented by a function B : [0,T] = R44.°

Corollary 1 Suppose the underlying asset pays no dividend.'® The price of an American
“up-and-out” put option with the barrier level H > K is given by

T
Pao(S0, K) = puo(So, K) + / rK e Pr(S; < By Mt < H)dt (9)
0

where Pr(-) is the risk-neutral probability, Mttf 1s the running mazimum as defined before,
and the argument (Sp, K) is used to emphasize that the option is valued at time 0 with the
underlying asset price equal to Sy and a strike price K.

The optimal ezercise boundary B = {Byt € [0,T]} is determined by the following
condition

K - B, = lim Poo(S0, K); Mt < H, Vte[0,T) (10)
t t

Proof. We have that the exercise event {(S:,t) € St} = {S: < B;} and dividend § = 0.
Substituting these into (8) yields (9). D

Now, consider case b). Here, we have:

8Merton (1973) first pointed this out in the case of the American options, both standard and “down-
and-out.”

®This amounts to assuming that the boundary consists only of a single piece. This is expected to hold
given that the underlying follows a geometric Brownian motion. Qur numerical studies also support the
validity of the assumption (c.f. Tables 1 and 2 and Figure 1). However, so far, we are unable to provide a
rigorous justification of this assumption.

19The case of a non-zero dividend yield is considered in the proof of the general formula in Appendix I.



Theorem 2 If the dividend yield on the underlying asset, § = 0, an in-the-money (at-the-

money) “up-and-out” American put option will always be ezercised before it expires.

Proof. See Appendix II. O

As in the case of any put option, early exercise allows the holder of the option to capture
the time value of money on the early receipt of the exercise price, by giving up the insurance
value of the option. As long as there is no insurance value, a put option should be exercised
if it is in the money. This is exactly what happens in this case.

It is worth mentioning that Theorem 2 does not carry over to the case of out-of-the-
money “knock-out” options, because when H > K, an exercised position may not have
enough cash to cover the short position in the stock when the barrier is breached. This ob-
servation also shows that the option will be exercised unconditionally, if the rebate amount,
R, is less than K — H, when K > H.

So far, in this section, we have examined “up-and-out” put options and “down-and-out”
call options. We now briefly analyze “up-and-out” call and “down-and-out” put options.
Consider the case of American “up-and-out” call options. Suppose the dividend yield ¢ is
zero. It is easy to see that, in this case, one should exercise an American “up-and-out”
call option at time ¢ only when S; = H. Namely, the optimal exercise boundary coincides
with the barrier. This exercise strategy is optimal as long as the rebate R < H — K.
However, if R > H — K, then one should never exercise early. In either case, though, the
option value is equal to the value of a European barrier option with an effective rebate
R’ = max(R, H — K).

Now suppose ¢ > 0. It is known that the terminal point B$ of the optimal exercise
boundary of standard American call options is given by B$ = max(rK/é,K) [See Kim
(1990) for details.] First, consider case (a): § < rK/H or, equivalently, rK/é > H . In this
case, the entire boundary of a standard American call option B® = (Bf)c(o,1) lies above
the barrier since Bf is a decreasing function in t. The exercise boundary again coincides
with the barrier. The valuation problem is similar to that in the case of § = 0. Next,
consider case (b): 6 > rK/H. In this case, B¢ intersects H. If R < H — K, the optimal
exercise boundary of American “up-and-out” call options is given by BS, = (Bﬁo,t)te[o,T],
where Bf,; = min(H, Bf) Vt € [0,T]. However, if R > H — K, it is optimal to hold an
“up-and-out” call option and wait to be “knocked-out” in the region where H < Bf. Note
that this part of H is a forced-exercise boundary, not an optimal exercise boundary. As
a result, the properties around the intersection between H and B® are not clear and an
analytical characterization of B, is not obvious. The valuation problem in case (b) is non-
trivial even when R < H — K where B, can be characterized analytically. This problem

warrants separate attention, and hence, will not be pursued in this paper.!!

11Notice that when R = H — K, an American “up-and-out” call option is equivalent to an American
“capped” call option with a cap L = H. Broadie and Detemple (1995) [and also Boyle and Turnbull (1989)]



American “down-and-out” put options can be analyzed in a similar fashion. The optimal
exercise boundary can be characterized analytically except for the case where rK/d > H or
equivalently 6 < rK/H and R > K — H. For instance, the exercise boundary B, coincides
with H when 6 > rK/H. Explicit pricing formulae can be also obtained in this case. The
formulae with R = K — H apply to American “capped” put options. However, there are
no known explicit pricing formulae when § < rK/H.

In the rest of the paper, we focus on “up-and-out” put options and “down-and-out” call

options.

2.1 “Up-and-out” put options

In this subsection, we provide further analytical results for the case of “up-and-out” put
options, on which the implementation (discussed later on in section 3) is based.
We define the notation as follows:

p = r—a?/2
2
\ = r+<;/2
o
In(z/y) + pt
da(z,y,t) = ——Z
2(:1: Y ) 0'\/'E

dl(xvyat) = d?(zay,t) +a\/1_.‘

where o denotes the volatility of the instantaneous return in the underlying asset.

2.1.1 Option Prices and Hedge Parameters

As discussed before, the price of an American “up-and-out” put option can be written as
the following
Pyo (S0, K) = puo(So, K) + PE(Sp, K) (11)

where pyo and PP, are the price of the corresponding European option and the early exercise
premium respectively. Specifically, the price of the European “up-and-out” put option can
be written as [see Rubinstein and Reiner (1991)]:

Puo(S0, K) = p°(So, K) — pui(So, K)
= p°(S0, K) — (H/So)*~?p°(H?/ S0, K) (12)

where p°(z, K) denotes the Black-Scholes price of a standard European put option with
current underlying price = and strike price K. The American premium is given by

Pxfo = AT e_rt'rK [N(—dZ(SO,Btat)) - (H/SO)2/\_2N(_d2(H2/SO’Btat))] dt (13)

analyze the optimal exercise strategy for American “capped” call options and obtain an explicit formula for
option prices in the case where é < rK/L. However, they do not report such a formula for the case where

d>rK/L.



thanks to the identity {see Cox and Miller. (1980)]
Pr(S¢ < By; M§ < H) = N(=dz(So, By, 1)) — (H/S0) >N (~da(H?/ S0, Bi,1)),  (14)

where N(-) represents the cumulative standard normal density function. Notice that the
first term on the RHS of (13) is the exercise premium of a standard American put option
and, as expected, the second term on the RHS goes to zero as H 1 oo.

The hedge parameters can be calculated in a straightforward fashion from (11). For
instance, the delta is

0
Ayo = ES;E(Puo + Pﬁ’o), (15)
where (for the European part)

0P
3S,

~N(~d1(S0, K, T)) = (H/So)™ [N(~d1 (H?/So, K, T))
—(2X - 2)p°(H?/So, K)/(H*/S0)] (16)

and (for the American premium part)

OPE, /T - TK 2A-2
= - T do(Sy, B, t H :
35, A e Soad {n( 2(S0, By, t)) + (H/So)

[n(da(So, H? /By, 1)) = (27 ~ 2)o VN (~da(H? /S0, B, )| b (17)

In the above, n(-) is the standard normal density function. One can show that, similar
to the option price, the delta of an American “up-and-out” option also collapses to that
of a standard American option as the barrier goes to infinity. Formulae for other hedge
parameters (e.g. gamma, vega, rho, etc.) can be obtained similarly by differentiating (11)
accordingly and are not presented here in the interest of brevity.

It has been generally recognized that the hedging of barrier options is more difficult
than that of standard options.!? This is mainly due to the unstable properties of the hedge
parameters of barrier options, especially near the barrier. The formulae developed here
allow us to analytically examine these properties and provide an approach to computing
the hedge parameters that is free of the “near-barrier” problem.

2.1.2 The Optimal Exercise Boundary

We now examine the properties of the optimal exercise boundary. It follows from (10) that
the boundary {By;t € [0,T]} is determined by the following condition

K—-Bi= Puo(BtaK); B; < H, Vie [0,,T]. (18)

2Derman, Ergener, and Kani (1995) and Carr, Ellis, and Gupta (1996) demonstrate that one can use
the property of put-call parity to construct a portfolio consisting of a put and a call to statically hedge
European barrier options.



Using (12) and (13) yields

T
KB, = puo(BuK)+ / rKe=r(s=1)
t

[N(-—dg(Bt, By, s —t)) — (H/By)* 2N(—dy(H?/By, Bs, s — t))] ds (19)

In the context of standard American options with a log-normal price process for the
underlying asset, van Moerbeke (1976) proves that the exercise boundary is continuously
differentiable, and Jacka (1991) and Kim (1990) discuss its monotonicity in time. We now
demonstrate that the exercise boundary (for both standard and non-standard options) has
two additional properties. One is homogeneity in the strike price and the barrier level and
the other is translational invariance in time. As shown later, these two properties, combined
with the fact that the boundary is independent of the underlying asset price, have important
implications for the implementation of a pricing model for American options.

Theorem 3 For American barrier options with a strike level K and a barrier H, the
optimal exercise boundary has the following properties:

(a) (Homogeneity in Strike and Barrier Prices)

BP,(AK,AH) = AB%, (K,H) Y A>0, t€[0,T] (20)

uo,t

(b) (Translational Invariance)

BP

uo,t-(Tz—Tl)(K’ H, Tl) = Bgo,t(Ka H, T2) Vi e [T2 - Tl,T?] (21)

(c¢) (Monotonicity in Time)
8B, /0t >0, t€[0,T) (22)

(d) (Monotonicity in the Barrier Level)
0B}, ;/0H <0, t € [0,T] (23)
Proof. See Appendix III. O

From the proofs, one can see that the translational invariance in time should hold for any
American option with a stationary process for the underlying asset price. The monotonicity
is valid as long as the reward for stopping equals K — S;. The homogeneity follows from
the homogeneity of the option pricing function and relies on the log-normality assumption
on the underlying process and the assumption that the payoff function h(-) is homogeneous
of degree one in (K, H).

For the purpose of the completeness, we state the following corollary without proof.13

131t appears that these results have not been stated explicitly in the literature except monotonicity in
time.

10



Corollary 2 For standard American (put) options with a strike level K, the optimal ezer-
cise boundary has the following properties:
(a) (Homogeneity in Strike)

BP(AK) = ABP(K) Y A>0, t€[0,T] (24)
(b) (Translational Invariance)

Bf—(Tz——Tl)(K’ Tl) = Bf(K, T2) Vi € {Tz - T1,T2] (25)

(c) (Monotonicity in Time)
0B /8t >0, t€[0,T) (26)

Theorem 3 and Corollary 2 show the sufficiency of the log-normality assumptions for the
homogeneity of the optimal exercise boundary (and the homogeneity of the option pricing
function). Whereas the sufficiency has been discussed in the literature (see below), to the
best of our knowledge, necessity has not been established. Indeed, the homogeneity of the
pricing function is sometimes assumed to hold in order to simplify the problem.!4

2.1.3 Put-Call “Symmetry”

Chesney and Gibson (1995) and McDonald and Schroder (1998) show that a put-call “sym-
metry” condition holds for standard American options.!®> Namely,

C(S,K,67) = P(K,St,r6); 27)
K?
C [
BiK,0) = Borggay (28)

where B$(-) and BP(-) denote the optimal exercise boundary point at time t of a standard
American call and put option, respectively. Notice that, given K, ¢, r, o and ¢, both B{(:).
and BF(-) are independent of the spot price S;. In other words, the exercise decision is
made independently of the current spot price. We now demonstrate that a similar relation
holds for American barrier options.

14To some extent, the implication of the homogeneity of the optimal exercise boundary on the underlying
price process can be studied by examining the possible restrictions on the underlying process imposed by
the homogeneity of the option pricing function. This is because the former homogeneity comes from the
latter homogeneity. Furthermore, for the necessary conditions for homogeneity, it is enough to consider the
case of European options.

As shown in Merton (1973), for a standard European option, a return distribution which is independent
of the initial price level is, in general, sufficient for the option price to be homogeneous of degree one in
(S, K). [Merton (1990, p.305) provides a counter example for this sufficiency condition.] We conjecture that
this condition on the return distribution may also be necessary for the homogeneity of the option price in
a one-factor continuous-time setting.

15See also Schroder (1997).
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Theorem 4 For barrier options there ezists a put-call “symmetry” between a “down-and-
out” call option and an “up-and-out” put option, i.e., the following relationships hold

Cao(So, K, H,7,8) = Pyo(K,So,KSo/H,8,r); (29)
K?
c
Bdo,t(K’ H’ Ty 5) Blrx)o,t(K" K2/H, (5, 7‘)’ (30)

where the superscripts ¢ and p denote call and put, respectively.
Proof. See Appendix IV. O

The intuition behind this “symmetry” relation is as follows. We know that the put-call
“symmetry” holds for standard options. For “knock-out” options, the additional feature is
the “knock-out” provision. Hence, the difference between the value of a “knock-out” option
and the value of the corresponding standard option depends only on the likelihood of the
asset price breaching the barrier. The likelihood of breaching the barrier is determined by
the distance between the stock price and the barrier, and the drift of stock price. Under
the assumption that the stock price follows a log-normal diffusion, the asset price of the
“down-and-out” call drifts away from the barrier at the speed of r -- §. For the put option,
the drift is 0 — r. Since the barrier is above the stock price in this case, the stock price
again drifts towards the barrier at speed of § — 7, in another words, away from the barrier
at the speed of r — 4, the same speed as in the call option case. Given that the drifts
in the two cases are the same, we also require that the distances between the logarithm
of the stock price and the logarithm of the barrier be the same. For the call option, the
distance is In S — In H, and for the put option, the distance is In HP — In K, where HP is
the equivalent barrier for the put option. Equating the two yields HP = SK/H. Similar
equivalent arguments also apply to the optimal exercise condition.

Note that, in principle, log-normality is a sufficient, but not a necessary condition for
put-call “symmetry” to hold. However, the “symmetry” requires that a strong restriction
be placed on the underlying distribution even in the zero-drift case. In fact, as shown in
Carr, Ellis and Gupta (1996), the diffusion term has to have a “symmetry” around the
current asset price for the argument to go through.

3 Implementation and Numerical Results

In this section, we first discuss the implementation of the pricing and hedging formulae
(11) and (15) given in Sec. 2.1.1. We then report some numerical results to illustrate the
efficiency and accuracy of our implementation scheme.
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3.1 Implementation

The implementation involves two steps. The first is to compute the optimal exercise bound-
ary B. The second is to calculate the option prices or hedge ratios taking B as input.

Since B is implicitly defined by the integral equation (19), the boundary has to be cal-
culated numerically. Various numerical schemes have been proposed for this purpose in
the context of standard American options. One such scheme is to compute the boundary
recursively, an idea originally suggested by Kim (1990). Starting with By, Br_1 is calcu-
lated from (19). Next, Br—; is calculated, also from (19), taking Br and Br-; as inputs.
This procedure is repeated iteratively until the entire exercise boundary (an approximated
one, strictly speaking) is generated. Once the optimal exercise boundary is obtained, the
calculation of option prices and hedge ratios is straightforward, involving only a univariate
numerical integration. However, this recursive scheme, which is somewhat computation-
intensive, can be accelerated using analytical approximations of the exercise boundary, at
least for the purpose of pricing. In our case, we implement two approximation schemes. One
is to approximate the exercise boundary by a step-function and the other is to approximate
by a multi-piece exponential (MPE) function.'® Under both schemes, the approximated
boundary can be described by a few parameters. This allows us to directly compute only a
few points on the exercise boundary and, as a result, can increase considerably the compu-
tational efficiency. The resulting option prices/hedge ratios can then be used to extrapolate
the true price/hedge ratios to improve the accuracy of the two schemes (c.f. Appendix V
for more details).

3.1.1 A “Tabulation” Approach to Pricing Options

The implementation procedure described previously also allows for a scheme to increase
computational efficiency in the valuation of multiple contracts written on the same under-
lying asset.

On a given day, traders typically need to evaluate their options positions several times.
This involves computing positions of contracts written on the same underlying asset. These
contracts differ only in their strike price, barrier level and time to expiration. A conven-
tional implementation scheme involves the calculation of the exercise boundary for each
contract, i.e., for each value of the parameter set (S;, K,T — t,o,r, H). However, due to
its homogeneity and translational invariance properties, the exercise boundary needs to be
calculated for only a few values of the parameter set. This avoids some of the problems
of repetitive computation of options price and hedge ratios. As a result, the computa-

16These two procedures have been analyzed previously for standard American put options in Huang,
Subrahmanyam, and Yu (1996) and Ju (1998), respectively. See also Omberg (1987) and Ho, Stapleton,
and Subrahmanyam (1994;1997b) on approximating the exercise boundary by a single-piece exponential
function. Other recent work on standard American options includes Broadie and Detemple (1996), Carr
and Faguet (1995), and Ho, Stapleton, and Subrahmanyam (1994;1997a;1997b).
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tional time can be reduced significantly when pricing a basket of options written on the
same underlying asset.1” The translational invariance property implies that, among all the
contracts considered [characterized by the parameter set (St, K, T - t,0,m, H)], only the
boundary for the longest 7 — t, ceteris paribus, needs to be calculated. The homogeneity

American options only the boundary for one value of K, needs to be calculated, and for
American barrier options among the contracts with the same proportional value of (K,H),
only the boundary for one set of (K, H) needs to be calculated.!8

rameter set (K, H,T —¢, o,7). Computing the option prices and hedge ratios then amounts
to calling a tabulated “exercise boundary” function.

exercise boundary as an input. In this section, as an illustration, we provide plots of the
optimal exercise boundary for American barrier put options. The boundary for American
barrier call options can be obtained using the put-call “symmetry” relationship derived
earlier. As shown below, useful information can be extracted from such 3 plot of the
optimal exercise boundary.

Figure 1 illustrates the plots of the optimal exercise boundary for American “up-and-
out” put options on non-dividend-paying stocks for different levels of the barrier. Specif-
ically, we choose six levels of the barrier, namely, H = 45,45.01,45.10, 46,50,100. The
values of the other relevant parameters are K=45T-¢= 1,0=02 and r = 0.0488.
One can see that for a given H, the exercise boundary divides the domain into two regions.
The region above the boundary is called the continuation region, C, in which exercise is not
optimal, and the region below is the stopping region, S » where it pays to exercise early. The
boundary with 5 = 100 is essentially the same as the boundary of an otherwise identical

ceteris paribus, the optimal exercise boundary moves upward, or equivalently the size of
the stopping region increases. This indicates that the American feature of an “up-and-out”
but option becomes more valuable as H gets higher. One interesting result obtained from
plotting the optimal exercise boundary is that in the case where the dividend yield is zero, it
is always optimal to exercise early an American “up-and-out” put option, when the barrier

'"Similar ideas are independently developed in Joubert and Rogers ( 1997), whose work we were not aware

'® Another advantage of computing the exercise boundary first is that, given a contract, one can easily
determine if it jg optimal to exercise right away at the valuation time, say to. Given the exercise boundary
point at ¢, B,,, one would exercise the option if S, < B,. In contrast, the use of alternative methods
would require the computation of the option value at ¢y to make the decision.
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level is equal to the strike price. This is a direct result of Theorem 2. One can see from
Figure 1 that the optimal exercise boundary with H = 45 = K coincides with the line,
K = 45. This implies that the “up-and-out” option should always be exercised because the
setup dictates that the underlying asset price is below the strike price.

Figure 2 illustrates the price homogeneity of the optimal exercise boundary for American
out-of-the-money “up-and-out” put options on non-dividend-paying stocks. Figure 2(a)
shows plots of the boundary with (K = 45, H = 46), the solid curve, and the boundary with
(K =90, H = 92), the dashed curve, to illustrate the homogeneity in (K, H). Figure 2(b)
shows plots of the boundary with (K = 45, H = 100), the solid curve, and the boundary
with (K = 90,H = 500), the dashed curve, to illustrate the homogeneity in K when
H > K. Note that when H > K, an “up-and-out” put option is essentially equivalent to
a standard American put option. So Figure 2(b) actually illustrates the homogeneity in K
of optimal exercise boundaries for standard American options. The values of other relevant
parameters are time to expiration, T — ¢t = 1 (year), volatility, o =: 0.2, and risk-free rate,
r = 0.0488. In both (a) and (b), the height of the dashed curve is twice the height of the
solid curve, which verifies the price homogeneity.

Figure 3 illustrates the translational invariance of the optimal exercise boundary of
American out-of-the-money “up-and-out” put options on non-dividend-paying stocks. Two
plots of the boundary are shown in the figure and differ only in time to expiration, the
dashed curve with T'—t = 0.5 (year) and the solid curve with T'— ¢ = 1 (year). The values
of other relevant parameters are strike K = 45, barrier H = 50, volatility ¢ = 0.2, and
risk-free rate » = 0.0488. When shifted to the left for T — t = 0.5, the solid curve will
coincide with the dashed curve, which verifies the stationarity property.

We should emphasize that the method developed here has a definite advantage over the
lattice methods in computing the optimal exercise boundary. For instance, it would be very
difficult to obtain a plot as smooth as those shown in Figure 1 using a lattice method, even
with a large number of time steps. In contrast, the plots shown in Figure 1, for instance,
were generated using the analytic formula with 200 points (time-steps) and the amount
of the computational time required is about 0.6 seconds (CPU time) on a Sun Ultra 1
workstation.

3.2 Numerical Results

It has been recognized that the simple binomial method is not appropriate for pricing barrier
options due to the fact that the price of such options is very sensitive to the location of
the barrier in the lattice. The reason for this sensitivity comes from the fact that the
option-value function is not smooth around the barrier. The existence of such “kinks” and
the discrete price-space in the binomial/trinomial models effectively causes a shift of the
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barrier to a nearby layer of nodes, once the barrier falls in-between two layer of nodes.!?

In this section, we illustrate the accuracy and efficiency of the pricing formula (11)
in relation to some existing lattice methods which modify the standard binomial method.
The three such methods that we are aware of for pricing barrier options, are the restricted
binomial/trinomial methods of Boyle and Lau (1994) and Ritchken (1995), the trinomial
method of Cheuk and Vorst (1996), and the adaptive mesh method of Gao (1996). Boyle
and Lau, and Ritchken solve the problem of non-smoothness by forcing the barrier to
coincide with a layer of nodes. As discussed earlier, the problem with these approaches is
that as the asset price gets close to the barrier, the number of time steps needed to value
this option goes to infinity. This feature renders these models difficult to apply under these
circumstances.? '

In Cheuk and Vorst, the drift of each trinomial step can vary. When the spot price is
close to the barrier, the drift can be adjusted to ensure a reasonably large step-size in the
price dimension, which is inversely related to the number of time periods required in the
lattice. As a result, the convergence can be improved compared to the Ritchken method.
However, for some range of parameter values with a fixed number of time steps, the Cheuk-
Vorst scheme can produce negative probabilities and significant pricing errors, especially
for long-term contracts with high volatility.?! Also, it remains to be shown how to compute
hedge ratios using the method when the spot price is near the barrier, because step-sizes
in price around the spot price are non-uniform.

The adaptive-mesh method developed by Gao solves the “near-barrier” problem by using
a finer mesh around the barrier while maintaining a coarse structure in other places. It still
suffers from the problem that the number of time steps goes to infinity as the asset price
and the barrier get close to each other, although this happens only near the boundary in
the time-price space, as opposed to everywhere in the restricted binomial/trinomial models.
In contrast, as shown below, this sensitivity problem can be completely eliminated by using
the analytic method developed here.

For a given method, the accuracy is measured by the deviation from a benchmark, more
specifically by the root of the mean squared error (RMSE) or the root of the mean squared
relative error (RMSRE). The benchmark is chosen to be the results from the Ritchken
method with at least ten thousand time steps.?? The efficiency is measured by the CPU

1%Gao (1996) discusses the pricing errors from the lattice model. He also shows that non-constant time

steps can alleviate the problem only partially.
20Extrapolation methods may be helpful in this case, provided the individual elements in the sequence

used for extrapolation (i.e. the option prices) can be computed with reasonable accuracy.

21For instance, consider a contract with S; = 49.9, H = 50, K = 45,7 —t = 5 (yr), and o = 0.4, whose
true price is “very” close to 0.0634. Our implementation shows that the put value using the Cheuk-Vorst
scheme equals 0.09 with N = 100, 0.0640 with N = 1,000, and 0.0634 with N = 10,000 respectively.
Negative probabilities occur in all three cases.

221n the Ritchken method, the number of time steps cannot be chosen arbitrarily, due to the restriction

that the barrier has to coincide with a node [see Ritchken (1995) for details]. In our implementation, the
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time required to compute option prices or hedge ratios for a given set of contracts. We
choose two sets of contracts for comparison. Each set consists of forty-eight contracts
that have different values of the underlying asset price S; at valuation date ¢, the time-to-
expiration T — t, and the volatility parameter o. The barrier level H and the strike value
K are fixed at 50 and 45, respectively. The risk-free rate r is chosen to be 0.0488. In Set
I, we choose S; = (40,42.5,45,47.5), T —t = (0.25,0.5,0.75,1.0), and o = (0.2,0.3,0.4).
As a result, the set of contracts include out-of-the-money, at-the-money, and in-the-money
options. Set II is similar to Set I, except that those contracts with S; = 47.5 are replaced
by contracts with S; = 49.5. The reason for this choice is to include contracts with S; very
close to the barrier. This is the case where the existence of a barrier matters most.

Table 1 summarizes the statistics for option prices for the decomposition method and the
trinomial methods in relation to the benchmark (the Ritchken (1995) method with at least
ten thousand time-steps). Specifically, three schemes for implementing the decomposition
method are included (c.f. Appendix V for details): (a) using a step-function to approximate
the exercise boundary combined with a 4-point Richardson extrapolation; (b) using a three-
piece exponential function to approximate the exercise boundary without extrapolation; and
(c) using a three-piece exponential function to approximate the exercise boundary combined
with a 3-point Richardson extrapolation. For the trinomial methods, the Ritchken (1995)
scheme (with a minimum 50 time steps in the trinomial tree)?® and the Cheuk-Vorst (1996)
method (with the number of time steps N = 100) are included for comparison. As can be
seen, “penny” accuracy can be achieved in almost all cases for the value of the option.

Table 2 reports the statistics for hedge ratios for the Ritchken method and the three
analytical approximations. Like the prices, the hedge ratios are within 0.01 of the bench-
mark in almost every case. The key issue, therefore is one of computational efficiency, given
a level of accuracy.

Table 3 summaries numerical results of option prices and deltas from our formulae (11)
and (10) using the Ritchken method, the Cheuk-Vorst method, and the three approximation
schemes mentioned above for the two sets of contracts. Columns 2 and 3 list the results for
the contracts in Set I and columns 4 and 5 for the contracts in Set II. The results for the
RMSE and RMSRE for all five methods are shown in the table, respectively. The CPU-
times, the amount of time required (on a Sun Ultra 1 workstation) to compute the option
prices or the delta values for all the forty-eight contracts in each set, are also presented in
the table.

One can see from Table 3 that the errors from all the five methods are small under either
of the two measures - RMSE and RMSRE - for both sets of contracts. The 3-step MPE
with Richardson extrapolation clearly dominates the other methods in terms of accuracy.

number of time steps used for contract Set I (to be specified below) is between 10,027 and 11,677, and for

contract Set II (to be specified below) is between 10,027 and 21, 385.
23In our implementation of the Ritchken model, the number of time steps used is between 53 and 183 for

Set I, and between 55 and 4, 753 for Set II.
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Regarding speed, one can see from Table 3 that the step-function approximation is the
fastest among the five methods. Also, except the Ritchken method, the CPU-time required
for Set IT that includes the contracts with S; = 49.5 very close to the barrier (H = 50)
is the basically same as that for set I. The Ritchken method is strongly dominated by
the analytical approximation methods. This indicates that the quasi-analytic method can
deal efficiently with the case in which the underlying price is very close to the barrier. As
mentioned earlier, the reason is that the optimal exercise boundary, the sufficient input
function of the valuation formula, is independent of the current underlying price. As a
result, the problem of the underlying price being too close to the barrier is completely
avoided in our approach.

Overall, among the methods considered here the 3-step MPE without Richardson ex-
trapolation seems to provide the best balance between accuracy and computational effi-
ciency.

In summary, our numerical experiments show that the quasi-analytic pricing formula
(11) is both accurate and efficient, and dominates the existing lattice methods. In particu-
lar, its performance is stable in the sense that both the accuracy and the efficiency are not

sensitive to the distance between the underlying price and the barrier.

4 Conclusion

Non-standard or exotic options are in wide-spread use today in global financial markets.
Increasingly, over-the-counter options on many assets including equities, fixed income se-
curities, foreign exchange and commodities have non-standard characteristics, such as the
“knock-out” /“knock-in” feature, and the averaging of the price of the underlying asset,
among others. Often, due to the lack of liquid secondary markets for such products, in
view of their custom-designed nature, an optimal exercise or American-style feature is in-
corporated into the design of the contract. It is well-known that, even for standard options,
the American feature causes problems for valuation and hedging, since there is no closed-
form solution for the prices and hedge parameters, in general. Therefore, most models of
American option valuation and hedging are implemented using numerical procedures. This
problem is further compounded for non-standard American options.

It is understood that the use of numerical approaches for valuation and hedging of
derivatives does have limitations. One is that almost all the available methods are based
on a lattice or grid and the accuracy of the results obtained is limited by the fineness
of the grid. For exotic options such as barrier options, whose values are very sensitive to
even minor perturbations in the parameters, the errors due to inappropriate lattices may be
substantially large, and the computational time necessary to reduce these errors by choosing
a finer grid size may be very intensive. In fast-moving markets, it is obviously essential
to obtain reasonably accurate prices and hedge ratios fairly quickly. Another limitation is
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even if one can come up with numerical methods that are fairly efficient and accurate, it is
difficult to obtain an intuitive understanding of how the pricing and hedging works, in the
absence of analytical results.

These problems make it desirable, wherever possible, to derive even quasi-analytical
models for non-standard American options. Qurresearch shows that in many cases, such
formulae can be derived, at least for some cases of exotic options, extending the work of
Kim (1990), Jacka (1991) and Carr, Jarrow and Myneni (1992).

We are able to derive quasi-analytical formulae for the prices and hedge ratios in the
case of barrier options. The formulae are implemented using analytic approximations of the
optimal exercise boundary and the Richardson extrapolation. Our results indicate that our
method is both accurate and efficient. In particular, the “near-boundary” sensitivity prob-
lem associated with using lattice methods is completely eliminated by using the technique
developed here.

Our approach also indicates the advantage of studying the optimal exercise boundary
when dealing with American options. We identify and exploit two key properties of the
optimal exercise boundary - homogeneity in price parameters and translational invariance -
for American options. In addition, some new put-call “symmetry” relations are also derived.
These properties can be utilized to reduce repetitive computation of option prices and hedge
ratios, and hence increase the efficiency in pricing and hedging American options.?

We present the details of our approach for American-style barrier options. The ap-
proach, based on the decomposition technique, can be applied, in principle, to other non-
standard American-style options such as look-back options and Asian options. However, it
remains to be seen how our method can be actually implemented for these types of options.

24Recently, Hansen and Jorgensen (1998), applied the decomposition technique to the case of floating-
strike Asian Options.
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Appendix
I: Proof of Theorem 1

Under suitable regularity conditions, we have that the discounted accumulative trading
profits from holding an American option from time 0 to time ¢,

A¢ = G(Si, t)e™" — G(So,0) — /0 Do le G (S, u))du (31)

is a martingale under the risk-neutral measure [see for example Karatzas and Shreve (1991,
p. 328)]. For instance, this holds if G(-) is the pricing function of standard American
options. In the case of barrier options, the option pricing function G(St,t) may not satisfy
the usually assumed regularity conditions near the barrier. However, similar to standard
European barrier-option pricing functions, G(S;, t) should satisfy those regularity conditions
in the non-knock-out region where M§ < H and which is what we focus on. Based on this
argument, we claim that A; as defined above is a martingale when G(S;,t) represents the
price of an “out-of-the-money” American “up-and-out” put option.
It follows that

T
G(S0,0) = Ep [G(ST,T)C_TTI{MOQH}] —/0 Ey ['DS[C_TUG(SmU)]I{M‘;«H}] du. (32)
Using (2) and (5), we have
Dle™ ™G (Sy,u)] = e TH[(D* — r)h(Su) (s, m)es) =€ (65w ~ TE) (s, m)es)-  (33)

Substituting (33) into (32) yields (8) in Theorem 1. This completes the proof. O

II: Proof of Theorem 2

We prove Theorem 2 by contradiction. Suppose at a given time ¢ € [0,T] and price Si,
it is optimal to continue, i.e., Puo(S:, K) > K — S;. Consider a portfolio consisting of an
American “up-and-out” put short, cash K in the money market, and one share of the risky
asset short. This portfolio has a net cash inflow of Pyo(S, K) — (K — §) > 0 at time ¢.

Case a): The path of S; hits the barrier H at time 7y, where t < 75 < T, before touching
the exercise boundary. In this case, the option is knocked out. One can cover the short
asset at cost H, and at time 7y realize a profit of K e"(i=t) — H > 0 (since K > H by the

assumption that the up-and-out put option is in-the-money).

Case b): The path of S; hits the exercise boundary at time 7, where t < 75 < T, before
crossing the barrier. In this case, the option is exercised. One can pay out the strike price
K from the money market account and get the underlying asset which can then be used to
cover the short position. The net result at 7g is a profit of K e"(te=t) _ K > 0.
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Case c): The path of S; hits neither the exercise boundary nor the barrier by 7'~. This
implies that Sp- < H < K. By continuity, Sp < H < K. As a result, the option will be
exercised at T. The net result at T is a profit of Ke"T—% — K > 0.

Thus, in all three cases, the position results in risk-free cash inflows at both time ¢ and
later. Since this is against the no-arbitrage principle, the option has to be exercised at any
time ¢t € [0,T). Therefore, it should be optimal to not continue, ie., to exercise the put

option before the expiration date. O

II1: Proof of Theorem 3

We prove the “put-call symmetry” for the case of the out-of-the-money “knock-out” option
only. The case of the in-the-money “knock-out” can be analyzed in a similar fashion.
We define the notation first.

_ 2
hoytrd) = DML/t

oVt
Y )
byt = DU IZ AL
r—4§ 1
)\(T‘,(S) o2 5

To simplify the notation, we shall omit the subscript “do” or “uo” and use Bi and B! to
denote the optimal exercise boundary of a “down-and-out” call option and an “up-and-out”
put option, respectively. Recall also that the superscript “o” denotes standard options. For
instance, c® represents the price of a standard European call option. We know that the price
of a “down-and-out” American call option (K > H) is given by

Cao(S0, K, H,7,8) = c40(S0, K, H,1,6) + C4,(So, K, H,,0),
where
cao(So, K, H,r,8) = (S, K,r,6) — (H/So)XrD=2c°(H?/ Sy, K, 7, 6)
Ch (S0, K,H,r,8) =
/0 Te-"{aso [N (dx (S0, Bt,m,8)) — (H/Sp) "IN (du (H?/So, Br, 7 9))]
—rK [N(ds(So, By, t,7,8)) = (H/So) =2 N (dy (H? /So, B, 1,7, 6))| at
Similarly, the price of an “up-and-out” American put option (K < H) is given by
Pyo(So, K, H,7,8) = puo(So, K, H,7,68) + PE.(So, K, H,r,6)
where

puO(SOa Ka H, T, 5) = po(SOa Ka Ty 6) - (H/So)z)‘(r’é)_2po(H2/SO7 K, 7, 6)
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P? (So,K,H,7,6) =

T
/ e~ {rK [N(~da(Sp, Bu,t,1,8)) — (H/S0) ")=2N (~dp(H?/So, By, t,7,5))]
0

—650 [N(~dy(So, B, t,7,6)) — (H/ S0} N(~dy (H?/So, B, t,7,8))] }dt
Under the transformation
So— K, K— Sy, and H— KSy/H, (34)
it is easy to show, by direct substitution, that
cdo(So, K, H,7,8) = puo(K, So, KSo/H,d,T).

This indicates that the put-call symmetry holds for the European part.

Next we will show that the premium part is also invariant under the transformation
(34). Notice that under this transformation, optimal exercise boundary B} for the “up-
and-out” put option should be replaced by KSy/Bs. It is easy to show that the premium
part is indeed invariant with this substitution. As a result, to complete the proof, we only
have to show that K Sp/B¢ is the optimal exercise boundary for the “up-and-out” put with
the strike price Sp and barrier H? = KSy/H. Namely, we need to prove the following

condition:
Btr)(S()’Hp’J)r)Btc(KaHar’d) = K Sp. (35)

We prove this by induction. Consider ¢ = T first. Since K > H implies H? = KSy/H >
So, we know the optimal boundary for the put and the call at maturity is

B = min(6So/r, So) and Bf = max(rK/é, K).

So the condition (35) is satisfied at the maturity.

Suppose now that the condition (35) holds at time ¢ + 1. Consider time ¢. Given
that Bf is the optimal boundary at t for the “down-and-out” call Cqo (S0, K, H,r,6), our
goal is to show that KSy/Bf is the optimal boundary at t for the “up-and-out” put
Pyo(K, S0, KSo/H,8,r). For the call option, the optimal boundary satisfies

T
BS—K = O (BS,K,H,r o)+ / g7 (36)
t
{6B5 [N(dy(BS, BS, s — t,7,6)) — (H/BH "N (dy (H?/ Bf, B, s — 1,7,9))
—rK [N(do(BS, BS, s — t,7,6)) — (H/B§Y "2 N (dy (H?/ Bf, B, s — t,1,6))| }ds.

Applying the put-call symmetry condition to the European part of the above equation, we

know
CS,(Bs,K,H,r,8) =P (K,B{,KB;/H,é,r)
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From the homogeneity condition we know further that

C
Ci.,(Bf,K,H,r é) = %PSO(KSO/BE’, So, KSo/H,6,7). (37)

Let B; = KSy/Bf. Substituting (37) into (36) and then multiplying both sides of (36) by
So/B§, we have

T
So~ B, = P°(B.S KSo/H,ér)+ / g7 (=1 (38)
[4
{650 [N(d1(Bg, BS, s — t,7,0)) — (H/B) "N (dy (H?/ Bf, BS, s — t,7,6))|
—rB; [N(dy(BE, BS, s — t,7,0)) — (H/B§) 2N (d(H?/ Bf, BS, s — t,1,6))] }ds.

From the assumption about the induction, we know that BS = K Sy/BP for s > ¢, then

(BB _ o KSo/B;
" Be KSy/BF ~ B;
and ) 0 )
| H2/Bs _ |, HYBf _ | (HP)/B
B¢ KSy/B? ~ B
Then
dl(Btchgas_taraé) = dZ(Bt? s—1, 6 T)
dl(H2/BtC,B§,S——t,T,5) = d2((Hp) /BtaBga t75’T)7
d2(Bf,BS,s —t,1,6) = dl(Bt,Bf, —t,9, 7'),
d2(H2/BtC>B§as_tara6) = dl((Hp) /Bta - t,é,?").

Denote HY = K Sy/H as the barrier for the put option. Then (38) becomes

T
So-Bf = PL(BLSHPbr)+ [ 6
t
{850 [N (~da(BY, BE. s — t,7,8)) - (HP/B)CD N (~dy((HP)?/ B}, B, s — ,7,0))]
—rB; [N(=dy(Bj, BE, s - t,r,6)) — (H?/ B} 67N (~dy (HP)?/ B}, BY, s — t,7,0))] }ds.

This equation is identical to the optimal boundary equation for the “up-and-out” put option
Pyo(K, Sy, HSy/H,¥,r) at time ¢t. Hence,

is the solution of the equation. As a result, it follows from (35) that

SoK K?
Blr.l)o,t(SOaSOK/H76ar) uOt(K KZ/H 5 'I‘)

Bgo,t(K, Ha r, 6) = (39)

where the homogeneity of Bgo,t in prices has been used in the last equality. This completes
the proof. O
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IV: Proof of Theorem 4

To simplify the notation, the subscript “uo” in By, is dropped in this appendix and the
boundary point at ¢ is simply denoted by B;.

Homogeneity: We prove this by induction in a discrete-time setting. The assertion is true
for By given the boundary condition '

Br = min[min(rK/$, K), H). (40)
Next consider Br_1. Neglecting the early exercise premium, we have from (19)
K - BT—l = puo(BT-—la Ka H)')

where H has been explicitly specified as an argument. One can easily see from this equation
that the assertion holds for Br._;. Now suppose that it holds for (By)y>¢. Consider Bi—;.
To simplify notation, let § = (K, H). Again, we have from (19)

K — Bi1(0) = p3o(Bt-1(6),8) + f(Bs-1(8), { Bu(8); v > t},0),
where f(-) denotes the integral on the RHS of (19). Under the transformation
0> 0 VaeRyy,
the equation for the transformed boundary point B;—;(af) becomes

6K — Bii(0) = plo(Bii(06),a8) + f(Bur(aB), {Bu(ab)iu > t},00)
= apg(Bi-1(ab)/c,0) + f(Bi-1(ah), {aBu(6);u 2 t}, 0f)
= a pgo(Bt—l(ao)/av 6) + af (Bi-1(ab)/c, { By (6);u > t},6), (41)

where the homogeneity of (By)u>¢ has been used in the second equality. Dividing (41) by
a on both sides, we have by definition?

B;_1(af)/a = Bi-1(9),
which says that B;_;(6) is homogeneous of degree one in 6.

Translational Invariance in Time: Let {B:(K,H,T);t € [0,T]} be the optimal exercise
boundary of a contract with the expiration date T. It can be seen from (19) that

By(K,H,T) = B;—(K,H,T — u) VO<u<t<T
Given fixed T1 and Ty where T, > T3, it follows that

Bi(K, HT) = Bt—(Tz—Tl)(K’ H,T, - (T2 - Tl))
= By (n,-1)(K,H,T1) Vit € [Ty — T, T3]

25The uniqueness of the boundary has been assumed implicitly.
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Monotonicity in Time: Differentiating (18) with respect to ¢ on both sides and using
the fact that 0P,,/0t < 0 yields 8B;/dt > 0.

Monotonicity in the Barrier Level: Given time t, it is obvious that an option price is
an increasing functionof the barrier level, i.e.

0Py (St, H, K)
0H

Given that the optimal boundary condition satisfies

> 0.

K ~ By(H,K) = Jim Puo(S:, H,K)

one can take the partial derivative on the two sides, so that

8Bt(H,K) —_ 1 BPUO(StaHvK)

< 0. O
o0H S¢i By oH

V: Approximations of the Optimal Exercise Boundary

In this appendix, we discuss in detail how to implement the quasi-analytic formula (11).
For the sake of brevity, only the multi-piece exponential (MPE) approximation scheme is
considered here. The step-function approximation is a special case of the MPE approxima-
tion.

The MPE method is an extension of Ju’s (1998) method for American options to Amer-
ican barrier options. Under this scheme, multiple exponential functions are used to ap-
proximate the optimal exercise boundary, each of which is defined by two variables which
are determined by the continuity and smooth-pasting conditions. The advantage of using
an exponential boundary is that the integrals representing the American premium can be
computed analytically. ,

Recall from (13) that the American option premium over some interval [¢1,%2] with
0<t <ty <Tis given by

t
PL(Sustiste) = [ €K [N(=dy(Suy, Bust) = (H/Su) 2N (~do(H?/Su, Bu,))]

t1

Assume B, = Be® Vt € [t;,t2] where parameters B and b are to be determined later. Under
this approximation, the premium becomes

PP (S, K, B,b,t;,t3) =~ KI(Sy, B,b,t1,t3) — (H/St, ) 2KI(H?/S:,, B,b,t1,t2) (42)

where, integrating by parts,

t
I(S,B,b,t1,t) = / " e Tt N(=da(S, B, £))dt

t1
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e~ Th N(Iﬂti/ yt—l/z) —rtzN(xt + yt, 1/2)

1
+5(C + 10D [Nty + %) - Nt + 7))
+5(E = e [N - 1y ) - Nt -y )] (49

with £ = ~(r — b —0?/2), y = —In(S/B)/o, and z = VzZ + 2r. Eq.(42) provides an
analytical approximation of the American premium over [ty,12]. An approximation of the
premium (and hence the option price) over [0,T} can then be obtained by repeating the
above procedure for each element of a partition of the interval [0, T}.

Suppose the optimal exercise boundary is to be approximated by NN pieces of exponential
functions. Let BiN e’'t be the ith exponential function with By = B{V . The boundary
(and hence the option price and hedge ratios) is then specified by the set of parameters
(BN,b)1<i<n.?8 Given the boundary, the option price can be determined as follows:

. puo(SO,K T) +zz— KI(SO,BN bN,LNlT) J]\TT)
Puo(50,0,T) = ~ TN (E)P2KIE, B Y, ST, 4T))  if So> BY
K-S if Sy < BY.
The option delta can be obtained by differentiating the above price w.r.t. the spot price.
Namely,

0Puo
oS

(S0,0,T)

(% (Sy, K, T)

+3 N, KIs(So, BN ,bN, 21T, £T)

+ SN (P KIs(E, BN oY, ST, 7))

+@2x - 2) TN ()D& )(éﬁ BN oY, 51T, £T)) if So> BY
L —1 if So sB{V,

2

where

Is(S,B,b,t1,t2) = -1/2 _

e—-rtln(xt 1/2 +yt 1/2) e_'tzn(mt 1/2 + yt 1/2) 1/2

}
Q|,_.
——

+

eV (2 — o) [Nty +yt5 /%) = N (2t} + yt7'/%)]

~—~

— D)e ¥ (3 4 0) [N(aty? —yty /%) - Nt - i)

+

—

+1)e¥(z- z)[ (2t £1/2 +yt; 1/2)t;1/2,__ n(zti/z—}-ytl_l/z)tl_l/z]

— 1)+ [n(aty” - g5 /3812 — n(at)? ~yt )}

W= =N
NIHNIHN!'HNlHo}

~—~

The remaining task is to determine 2N parameters, BiN , b,N ,i=1,2,--- N. This can
be done by using the recursive scheme discussed earlier (c.f. Sec. 3.1). In the case of step-
functions, each of (BN )i<i<N can be obtained by solving numerically a nonlinear equation

%Note that (B} ,b) = 0)1<i<n defines a step-function.

29



(the continuity condition). In the case of exponential functions, each pair of (BN, bM), <i<N

has to be determined by simultaneously solving two nonlinear equations (the continuity and
smooth-pasting equations). For instance, given (BY,6M);5; at time ¢ = AT the pair of
parameters (B}, bY) can be obtained by solving the following two equations

HoBleUTT = p(plet T g Noitly,

N . . . .
in i=1 - — 1
+ D KI(BNM'FT pNet RT N L tp-it T)

e~ N N
j=i
- zN:(_H\)Z\-?KI(-L BNt HAT by HT J=i+l
i< BNSY AT BN AT YN TN
and
= V@@ N oir g,
~ NN ISl oy pNisiy v j—i G4
+ Y KIg(BNe 5 Bites W N Lty T)
N S
H H? b izlp J—=t.3—1+1
+ ( im )2/\KIS(S: i )BNej R 7bNa “_’Ta T))
j{; BN FT BN Ty ‘"N
N L
H -2, K H? NN N J—i, j—i+1
- - o H(——==, BN F'T ;N ]2

As mentioned earlier, estimates of By, obtained using different values of N can be used
to extrapolate the true option price. For instance, given the estimates P(?) corresponding
toN =4,§=1 2,3, the following 3-point Richardson extrapolation can be used to compute
Py,

Py =~ %(913(3) - 8P 4 p)),
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Table 1: Prices of American “Up-and-Out” Put Options on Non-Dividend-Paying Stocks

(K =$45; H = $50; r = 4.88%)
(a) Option Prices for Contract Set I

(@ @ “) [6) (6) @) (8) (9)
Bench- Ritchken Cheuk- Step-Func ~ 3-Step 3-Step
St 0 T-t mark Vorst w/ RE MPE MPE w/ RE

400 02 025 50357 5.0348 5.0351 5.0395 5.0353 5.0360
400 02 050 5.1881 5.1828 5.1874 5.1840 5.1869 5.1893
40.0 0.2 075 5.3083 5.3034 5.3084 5.3000 5.3067 5.3095
400 0.2 1.00 5.3861 5.3797 5.3870 5.3755 5.3843 5.3868
425 02 025 2.9958 2.9962 2.9972 2.9952 2.9945 2.9963
425 02 050 3.3476 3.3443 3.3490 3.3456 3.3456 3.3490
425 02 075 3.5379 3.5361 3.5399 3.5328 3.5357 3.5391
425 0.2 100 3.6446 3.6403 3.6466 3.6356 3.6423 3.6453
45.0 0.2 025 1.5445 1.5390 1.5470 1.5479 1.5430 1.5448
450 02 050 1.9375 1.9331 1.9391 1.9433 1.9357 1.9384
450 02 075 21197 2.1149 2.1217 2.1259 2.1178 2.1204
450 02 1.00 2.2151 2.2111 2.2180 2.2198 2.2132 2.2154
475 02 025 0.6159 0.6151 0.6185 0.6167 0.6150 0.6161
475 0.2 050 0.8625 0.8609 0.8636 0.8655 0.8614 0.8628
475 02 075  0.9686 0.9676 0.9706 0.9738 0.9675 0.9688
475 02 1.00 1.0223 1.0215 1.0252 1.0283 1.0213 1.0224
40.0 03 025 54639 5.4631 5.4658 5.4621 5.4624 5.4645
40.0 03 050 5.85% 5.8507 5.8541 5.8497 5.8502 5.8534
400 03 075  6.0453 6.0394 6.0470 6.0389 6.0427 6.0463

400 03 1.00 6.1455 6.1394 6.1471 6.1342 6.1431 6.1465
425 03 025 3.6798 3.6788 3.6831 3.6840 3.6780 3.6801
425 03 050 4.1314 4.1311 4.1341 4.1369 4.1290 4.1318
425 03 075 4.3255 4.3199 4.3277 4.3297 4.3232 4.3262
425 03 1.00 4.4213 4.4171 4.4244 4.4212 4.4191 4.4219

45.0 03 025 2.2250 2.2179 2.2287 2.2282 2.2235 2.2254
450 03 050 26135 2.6104 2.6151 2.6197 2.6117 2.6137
450 03 075 2.7668 2.7625 2.7699 2.7743 2.7650 2.7671
450 03 100 2.8399 2.8372 2.8417 2.8458 2.8383 2.8402
475 03 025 1.0327 1.0315 1.0350 1.0338 1.0318 1.0329

475 03 050 1.2524 1.2494 1.2533 1.2557 1.2514 1.2524
475 03 0.75  1.3352 1.3334 1.3367 1.3401 1.3342 1.3352
475 03 1.00 1.3739 1.3729 1.3760 1.3787 1.3731 1.3741

400 04 025 5.9773 5.9781 5.9796 5.9809 5.9754 5.9778
40.0 04 050 6.4285 6.4244 6.4310 6.4326 6.4260 6.4292
40.0 04 075 6.6162 6.6147 6.6207 6.6173 6.6137 6.6171
40.0 04 1.00 6.7054 6.7029 6.7077 6.7006 6.7032 6.7063
425 04 025 4.2424 4.2438 4.2455 4.2470 4.2406 4.2427
425 04 050 4.6759 4.6721 4.6782 4.6831 4.6737 4.6764
425 04 075 4.8422 4.8396 4.8451 4.8489 4.8400 4.8427
425 04 1.00 49188 4.9155 4.9218 4.9213 4.9169 4.9194

450 04 025 27007 2.6971 2.7042 2.7036 2.6993 2.7010
450 04 050 3.0368 3.0336 3.0383 3.0428 3.0352 3.0370
45.0 04 075 3.1591 3.1572 3.1620 3.1663 3.1576 3.1594
450 04 1.00 3.2145 3.2133 3.2179 3.2195 3.2131 3.2148
475 04 025 1.3049 1.3043 1.3081 1.3060 1.3041 1.3050
475 04 0.50 1.4859 1.4846 1.4875 1.4891 1.4851 1.4860
475 04 0.75  1.5500 1.5493 1.5528 1.5543 1.5492 1.5501
475 04 100 15787 1.5781 1.5822 1.5822 1.5780 1.5788
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(b) Option Prices for Contract Set II

1 @ @ () (5) (6) (M (8) 9)
Bench- Ritchken Cheuk- OStep-Func 3-Step MPE 3-Step MPE

S o T-t mark Vorst w/ RE w/o RE w/ RE
495 0.2 025 0.1103 0.1103 0.1107 0.1104 0.1101 0.1103
495 0.2 0.50 0.1613 0.1613 0.1619 0.1618 0.1611 0.1614
49.5 0.2 075 0.1828 0.1828 0.1836 0.1839 0.1826 0.1828
495 0.2 1.00 0.1936 0.1936 0.1945 0.1949 0.1934 0.1936
49.5 0.3 025 0.1990 0.1990 - 0.1999 0.1992 0.1988 0.1990
495 0.3 050 0.2439 0.2439 0.2449 0.2446 0.2437 0.2439
495 0.3 0.75 0.2606 0.2606 0.2619 0.2617 0.2604 0.2606
49.5 0.3 1.00 0.2684 0.2684 0.2700 0.2695 0.2682 0.2684
495 04 025 0.2563 0.2563 0.2574 0.2565 0.2561 0.2563
49.5 0.4 0.50 0.2930 0.2930 0.2944 0.2936 0.2928 0.2930
495 04 075 0.3059 0.3059 0.3076 0.3068 0.3057 0.3059
495 04 1.00 0.3117 0.3117 0.3137 0.3124 0.3115 0.3117

Table 1 reports the value of American “up-and-out” put options on non-dividend-paying stocks for two sets
of contracts computed using different methods.Set I includes 48 contracts, each of which has a different
value of the parameter set (S;,T — t,0). The domain of this parameter set is S; = (40, 42.5,45,47.5),
T —t = (0.25,0.5,0.75,1.0), and o = (0.2,0.3,0.4). Set II is similar to set I, except that those contracts
with S; = 47.5 are replaced by contracts with S; = 49.5. Panels (a) and (b) show the numerical results for
contract set I and II, respectively. Columns 1-3 represent the values of the parameters, S; (the time-¢ stock
price), o (volatility), and T —t (the time to expiration), respectively. Columns 4-6 show the numerical results
of option values from the Ritchken method with at least 10,000 time steps (the benchmark), the Ritchken
method with at least 50 time steps, and the Cheuk-Vorst method with 100 time steps, respectively. Columns
7-9 show the numerical results from three analytic approximation techniques: the step-function scheme using
a 4-point Richardson extrapolation, and the 3-step multi-piece exponential (MPE) approximation with and
without Richardson extrapolation.
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Table 2: Deltas of American “Up-and-Out” Put Options on Non-Dividend-Paying Stocks

(K = $45; H = $50; r = 4.88%)

(a) Option Deltas for Contract Set I

H @ 6 ) (5) (6) M 8)
Bench- Ritchken Step-Func 3-Step MPE  3-Step MPE

St o T-t mark w/ RE w/o RE w/ RE
40.00 0.2 0.25 -0.9253  -0.9240 -0.9337 -0.9259 -0.9251
40.0 0.2 0.50 -0.8299  -0.8283 -0.8379 -0.8304 -0.8295
400 02 0.75 -0.7890 -0.7896 -0.7952 -0.7894 -0.7887
400 02 1.00 -0.7696 -0.7704 -0.7752 -0.7700 -0.7695
425 02 025 -0.6999 -0.6975 -0.6953 -0.7001 -0.6999
425 0.2 0.50 -0.6453  -0.6445 -0.6390 -0.6455 -0.6455
425 02 0.75 -0.6323 -0.6328 -0.6239 -0.6324 -0.6325
425 0.2 1.00 -0.6290 -0.6285 -0.6187 -0.6290 -0.6291
450 0.2 025 -0.4657 -0.4660 -0.4664 -0.4656 -0.4657
45.0 0.2 050 -0.4893  -0.4897 -0.4874 -0.4891 -0.4895
45.0 0.2 0.75 -0.5080 -0.5086 -0.5022 -0.5077 -0.5082
45.0 0.2 1.00 -0.5197 -0.5198 -0.5094 -0.5194 -0.5198
475 0.2 025 -0.2921  -0.2933 -0.2919 -0.2918 -0.2922
475 0.2 050 -0.3792 -0.3801 -0.3769 -0.3788 -0.3794
475 0.2 0.75 -0.4186 -0.4191 -0.4130 -0.4182 -0.4187
475 0.2 1.00 -0.4390 -0.4393 -0.4293 -0.4386 -0.4391
400 0.3 025 -0.7828 -0.7809 -0.7794 -0.7830 -0.7828
400 03 050 -0.7346 -0.7337 -0.7291 -0.7347 -0.7347
400 03 0.75 -0.7247 -0.7242 -0.7172 -0.7247 -0.7248
40.0 03 100 -0.7223 -0.7221 -0.7130 -0.7223 -0.7224
425 03 025 -0.6451  -0.6447 -0.6440 -0.6451 -0.6451
425 03 050 -0.6449 -0.6451 -0.6411 -0.6448 -0.6451
425 03 075 -0.6534 -0.6533 -0.6459 -0.6532 -0.6535
425 03 1.00 -0.6592 -0.6593 -0.6478 -0.6590 -0.6593
45.0 03 0.25 -0.5233 -0.5239 -0.5234 -0.5231 -0.5233
450 03 050 -0.5725 -0.5728 -0.5699 -0.5723 -0.5726
450 03 0.75 -0.5959  -0.5961 -0.5893 -0.5956 -0.5960
450 0.3 1.00 -0.6078 -0.6080 -0.5967 -0.6075 -0.6079
475 03 025 -0.4377 -0.4387 -0.4364 -0.4374 -0.4377
475 03 050 -0.5196 -0.5206 -0.5155 -0.5192 -0.5196
475 03 0.75 -0.5515  -0.5518 -0.5437 -0.5511 -0.5515
475 03 1.00 -0.5666  -0.5668 -0.5545 -0.5662 -0.5666
400 04 025 -0.7372 -0.7363 -0.7353 -0.7373 -0.7373
400 04 050 -0.7270 -0.7270 -0.7226 -0.7270 -0.7271
40.0 04 075 -0.7303 -0.7307 -0.7227 -0.7302 -0.7304
40.0 04 100 -0.7331 -0.7332 -0.7224 --0.7330 -0.7332
425 04 025 -0.6526 -0.6530 -0.6523 -0.6525 -0.6527
425 0.4 050 -0.6766 -0.6769 -0.6734 -0.6765 -0.6767
425 04 075 -0.6902 -0.6907 -0.6832 -0.6900 -0.6903
425 04 100 -0.6972 -0.6976 -0.6860 -0.6970 -0.6973
450 04 025 -0.5839 -0.5843 -0.5833 -0.5837 -0.5840
450 04 050 -0.6364 -0.6367 -0.6330 -0.6361 -0.6364
450 04 075 -0.6574 -0.6576 -0.6502 -0.6571 -0.6574
45.0 04 100 -0.6672 -0.6673 -0.6556 -0.6669 -0.6673
475 04 025 -0.5365 -0.5370 -0.5347 -0.5362 -0.5365
475 04 050 -0.6059 -0.6064 -0.6012 -0.6056 -0.6059
475 04 075 -0.6309 -0.6312 -0.6226 -0.6306 -0.6310
475 04 1.00 -0.6422 -0.6423 -0.6295 -0.6419 -0.6423
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(b) Option Deltas for Contract Set II

n_@ 6 () (5) (6) (7 (8)
Bench- Ritchken Step-Func 3-Step MPE  3-Step MPE

St o T—t mark w/ RE w/o RE w/ RE
49.5 02 025 -0.2244 -0.2251 -0.2225 -0.2240 -0.2245
495 02 050 -0.3270 -0.3273 -0.3218 -0.3266 -0.3271
495 02 0.75 -0.3703 -0.3704 -0.3616 -0.3699 -0.3704
495 0.2 1.00 -0.3920 -0.3921 -0.3796 -0.3916 -0.3920
495 03 0.25 -0.4006 -0.4009 -0.3979 -0.4003 -0.4007
495 03 050 -0.4907 -0.4908 -0.4845 -0.4903 -0.4907
495 03 0.75 -0.5242  -0.5242 -0.5143 -0.5238 -0.5242
49.5 0.3 1.00 -0.5398 -0.5398 -0.5258 -0.5395 -0.5399
495 04 025 -0.5144 -0.5145 -0.5114 -0.5140 -0.5144
495 04 050 -0.5879 -0.5879 -0.5817 -0.5876 -0.5879
495 04 075 -0.6137 -0.6137 -0.6038 -0.6134 -0.6138
495 04 1.00 -0.6253 -0.6253 -0.6111 -0.6250 -0.6253

Table 2 reports the delta value of American “up-and-out” put options on non-dividend-paying stocks for
two sets of contracts computed using different methods. Set I includes 48 contracts, each of which has a
different value of the parameter set (S;, T—t,0). The domain of this parameter set is S; = (40, 42.5,45,47.5),
T —t = (0.25,0.5,0.75,1.0), and o = (0.2,0.3,0.4). Set II is similar to set I, except that those contracts
with S; = 47.5 are replaced by contracts with S; = 49.5. Panels (a) and (b) show the numerical results
for contract set I and II, respectively. Columns 1-3 represent the values of the parameters, S; (the time-t
stock price), o (volatility), and T — ¢ (the time to expiration), respectively. Columns 4-5 show the numerical
results of delta values from the Ritchken method with at least 10,000 time steps (the benchmark), and the
Ritchken method with at least 50 time steps, respectively. Columns 7-9 show the numerical results from
three analytic approximation techniques: the step-function scheme using a 4-point Richardson extrapolation,
and the 3-step multi-piece exponential (MPE) approximation with and without Richardson extrapolation.
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Table 3: Summary of Results on Option Prices and Delta Values of American “Up-and-Out”
Put Options on Non-Dividend-Paying Stocks

(K = $45; H = $50; r = 4.88%)

(1) (2) (3) (4) (5)
Contract Set I Contract Set II
Price Delta Price Delta
Ritchken
RMSE 3.349e-03 7.190e-04 3.278e-03  6.600e-04
RMSRE 1.254e-03 1.233e-03  1.096e-03  1.022e-03

CPU Time (sec) | 5.300e-01 5.300e-01 7.416e+01 7.416e+01
Cheuk-Vorst

RMSE 2.408e-03 NA 2.195e-03 NA
RMSRE 1.258e-03 NA 2.535e-03 NA
CPU Time (sec) | 7.500e-01 NA 7.500e-01 NA
Step-Func w/RE
RMSE 5.178¢-03 6.975e-03 4.836e-03  7.464e-03

RMSRE 2.132e-03 1.115e-02 2.231e-03  1.287e-02
CPU Time (sec) | 1.600e-01 1.600e-01 1.600e-01  1.600e-01
3-Step MPE w/o RE

RMSE 1.733e-03  2.727e-04 1.673e-03  2.797e-04

RMSRE 6.518e-04 4.881e-04 7.014e-04  5.670e-04
CPU Time (sec) | 3.000e-01 3.000e-01  3.000e-01  3.000e-01
3-Step MPE w/RE

RMSE 5.991e-04 1.261e-04 5.937e-04  1.242e-04

RMSRE 1.786e-04 2.047e-04 1.728e-04  2.01le-04

CPU Time (sec) | 5.700e-01 5.700e-01  5.700e-01  5.700e-01

Table 3 reports a summary of the results from the analytic method using a 4-point Richardson extrapolation
and the Ritchken method (with number of time steps greater than 50) for American “up-and-out” put options
on non-dividend-paying stocks for two sets of contracts. Set I includes 48 contracts, each of which has a
different value of the parameter set (S, T—t, o). The domain of this parameter set is S; = (40, 42.5, 45, 47.5),
T —t = (0.25,0.5,0.75,1.0), and o = (0.2,0.3,0.4). Set II is similar to set I, except that those contracts
with S; = 47.5 are replaced by contracts with S; = 49.5. Columns 2 and 3 show the numerical results
of option prices and deltavalues for contract set I. Columns 4 and 5 show the numerical results of option
prices and delta values for contract set II. Beginning with row 3, deviation from the benchmark - the
results from the Ritchken method with at least 10,000 time steps - is reported for each of the following
five methods: the Ritchken method with at least 50 time steps, the Cheuk and Vorst with 100 time steps,
the step-function scheme using a 4-point Richardson extrapolation, and the 3-step multi-piece exponential
(MPE) approximation with and without Richardson extrapolation.

The root of the mean squared error (RMSE) and the root of the mean squared relative error (RMSRE) are
used as two measures of deviation from the benchmark. The CPU time is the amount of the time required
for each method on a Sun Ultra 1 workstation to compute the option prices or delta values for all the 48
contracts in a given set of contracts.
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Figure 1: Optimal Exercise Boundaries of American Barrier Options with Different Barrier

Levels

Figure 1 shows the plots of the optimal exercise boundary for American out-of-the-money “up-and-
out” put options on non-dividend-paying stocks for different values of the barrier level H, namely
H = 45,45.01, 45.10, 46, 50,100. The values of other relevant parameters are: strike price K = 45, time to
expiration T —t = 1 (year), volatility o = 0.2, and risk-free rate r = 0.0488. The boundary with H = 45
coincides with the strike price. The boundary with H = 100 is essentially the same as the boundary of an
otherwise identical standard American option (H = 00). Each boundary shown here is generated using 200
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Figure 2: Price Homogeneity of Optimal Exercise Boundaries of American “Up-and-Out”
Put Options

Figure 2 illustrates the price homogeneity of the optimal exercise boundary for American out-of-the-money
“up-and-out” put options on non-dividend-paying stocks. Figure 2(a) shows plots of the boundary with
(K = 45, H = 46) and (K = 90, H = 92) to illustrate the homogeneity in (K, H). Figure 2(b) shows plots
of the boundary with (K = 45, H = 100) and (K = 90, H = 500) to illustrate the homogeneity in K when
H >» K or essentially when H = co. In both (a) and (b), the height of the dashed curve is twice the height
of the solid curve (homogeneity). The values of other relevant parameters are time to expiration 7' —¢ =1
(year), volatility o = 0.2, and risk-free rate r = 0.0488. Each boundary shown here is generated using 200
points (time-steps).
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Figure 3: Stationarity of Optimal Exercise Boundaries of American “Up-and-Out” Put

Options

Figure 3 illustrates the stationarity of the optimal exercise boundary of American out-of-the-money “up-
and-out” put options on non-dividend-paying stocks. Two plots of the boundary are shown in the figure
and differ only in time to expiration, one with T'—t = 0.5 (year) and the other with T'—¢ = 1 (year). When
shifted to the right for T~ ¢ = 0.5, the dashed curve will coincide with the solid curve (stationarity). The
values of other relevant parameters are strike K = 45, barrier H = 50, volatility ¢ = 0.2, and risk-free rate

r = 0.0488. Each boundary shown here is generated using 200 points (time-steps).
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