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Abstract

We establish a necessary and sufficient condition for the risk aver-
sion of an agent’s derived utility function to increase with independent,
zero-mean background risk. This condition is weaker than standard
risk aversion. For small risks, the condition is that the ratio of the
third to the first derivative of the utility function is decreasing in in-
come. In a market with state-contingent marketable claims, an increase
in background risk, which raises the agent’s derived risk aversion, re-
duces the slope of the agent’s optimal sharing rule. Under a weak
aggregation condition, an increase of background risk for many agents
in the economy raises the prices of marketable claims in states with a
low level of marketable aggregate income relative to the prices in states

with a higher level of such income.






1 INTRODUCTION

In this paper, we consider an economy in which agents face a non-insurable, independent
background risk, with a zero mean. Our main results are concerned with the effect of an
increase in this background risk. First, we ask how such an increase would affect an agent’s
risk attitudes. Second, we derive the effect of an increase in background risk on the agent’s
demand for risky assets and on the pricing of claims in a pure exchange economy.

It has increasingly been recognized in the literature that an agent’s choice between a
risky and a riskless asset is complicated by the existence of other unavoidable risks. It is
rare for decisions on the purchase of risky assets by a consumer-investor to be taken in
the absence of wage income risk, for example. This has led Ross (1981), Kihlstrom et.al.
(1981). Nachman (1982), and Pratt and Zeckhauser (1987) to consider the robustness of
the Pratt (1964)-Arrow (1965) theory of risk aversion in the presence of such an additional
income risk. Essentially, Kihlstrom et.al. (1981) and Nachman (1981) develop the concept
of a derived utility function. This is a modified utility function which incorporates the
effect of an independent background risk. They show that if the original utility function
has the characteristic of positive, decreasing absolute risk aversion, then so does the derived
utility function. Here, we show the effect of an increase in the size of such a background
risk on the risk aversion of the derived utility function. and hence, on the demand for the
marketable risky assets.

Kimball (1990) 9111])1121‘..@1295 the importance of the marginal utility function of the agent.
He shows that the modification of the original utility function in the face of background
risk depends on the degree of absolute prudence.! In further work. Kimball (1993) shows
that positive, decreasing absolute risk aversion and positive, decreasing absolute prudence
are necessary and sufficient conditions for standard risk aversion. Standard risk aversion
is a property of the utility function such that every risk that raises marginal utility makes
another undesirable risk more undesirable.

We establish a necessary and sufficient condition for the risk aversion of an agent’s
derived utility function to increase with background risk. This condition is weaker than

standard risk aversion. which is. therefore. sufficient but not necessarv. In the limit. for

"The degree of absolute prudence is defined to be the negative of the ratio of the third derivative to the

sceond dorivative of the utility function.



small risks, the condition is that the ratio of the third to the first derivative of the original
utility function is decreasing in wealth. This result relates closely to Gollier and Pratt
(1993), who consider weak properness, a condition on utility functions which is less restric-
tive than standard risk aversion.? They derive necessary and sufficient conditions under
which an undesirable background risk increases the risk aversion of the derived utility func-
tion. However, Gollier and Pratt consider only the effect of positive, in place of zero,
background risk. In contrast, our result concerns the effect of changes in the size of a
zero-mean background risk on the derived utility function.

Next, we investigate the effect of an increase in background risk on the agent’s demand
for risky assets. In our pure exchange economy, an agent purchases claims on aggregate risky
income. We call this marketable aggregate income. The agent chooses his/her investment in
the marketable aggregate income, given an independent, zero-mean, background risk which
changes in size. We assume that the capital market is perfect and complete with respect
to claims on the marketable aggregate income. The background risk faced by the agent
can neither be hedged nor diversified away and. therefore, is referred to as a non-insurable
backgrouiul risk. However, the agent can modify his/her optimal purchases of claims on
the marketable aggregate income, in the presence of the background risk The focus here is
on the effect of the background risk on the optimal sharing rule, i.e.. the purchase of claims
on the marketable aggregate income. We show that, if an increase in background risk raises
the agent’s derived risk aversion, then he/she reacts to this by adjusting his/her sharing
rule so as to receive a higher proportion of the aggregate income in the “low™ states and a
lower proportion in the “high” states. [A low (high) state is defined as a state in which the
marketable aggregate income is low (high).] Further, in the special case where the agent
is standard risk averse, the change in the sharing rule can be decomposed into an income
effect and a substitution effect, both of which have the same sign.

We are then in a position to derive the effects of an increase in an independent. zero-
mean. background risk on the relative pricing of claims on marketable aggregate income in
different states of the world. We show that in response to an aggregate positive shock to
background risk. the prices of claims on low states go up relative to those of claims on high

states. provided that the harmonic mean of the agents™ derived risk aversion increases in

Weak properness is a characteristic of a utility function such that any undesirable risk can never be

made desirable by the introduction of any other independent. background risk.
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every state. Thus, the reward for risk-bearing increases.

The paper is organized as follows. In section 2 of the paper, we define the problem
mathematically and explain our notation. Section 3 examines the properties of risk aversion
in the presence of background risk. In the next section, section 4, we derive the effect of
an increase in background risk on the optimal sharing rule. In section 5, we consider the
effects of changes in the background risk on the relative pricing of claims in different states.
We conclude in section 6 with a brief discussion of the applications of our framework to

problems in economics and finance.

2 STATEMENT OF THE PROBLEM AND DEFINITION
OF THE NOTATION

Consider an-agent ¢ who faces an independent background risk. In a perfect market,
the agent chooses a state-dependent share of marketable aggregate income, subject to the
constraint that the cost of acquiring this set of claims is equal to his/her initial wealth.
The independent background risk affects his/her choice of the state-dependent share of
marketable aggregate income. Thus. the agent’s consumption at the end of the single
period. y; is equal to the chosen marketable claim, z;, where z; is the agent’s share of
marketable aggregate income, plus an independent background risk o;s;, ey = 2 +
0.7;. We define ¢; as a risk with a zero mean and a standard deviation of unity and o; as a
positive scalar denoting the standard deviation of o; ;.2 Hence. an increase in o; denotes
the addition of a mean-preserving spread in the sense of Rothschild and Stiglitz (1970) to
the agent’s total income y.* conditional on his/her marketable income z. In other words.
z; is a zero-mean standard risk. which then permits a comparative statics analysis with
respect to the scale of the background risk.”

The agent has a utility function, »(y), which is assumed to be four times differentiable.

We first define the Arrow-Pratt equivalent risk premium, for a given risk, conditional on x

“The results that follow do not change even if the mean is constant, but not zero. In a complete market,

the agent can separately trade these mean cash flows.

Since we consider only a single period in our analysis. there is no distinction between the income and
wealth at the end of the period. We shall refer to y as the total income in the analysis and discussion that
follow.

"We drop the subscript 1 when we consider only one agent.



by the relation

Elv(y)|z] = v[z — n(z, o)) (1)

where 7 = w(z,0) is the equivalent risk premium. w(z — ) is called the derived utility
function as in Nachman (1982). We then define, as in Kimball (1990), the equivalent

precautionary risk premium for a given risk, conditional on z, by the analogous relation

E[/(y)lz] = v'[z - ¥(z,0)] (2)
where ) = 9)(z,0) is the equivalent precautionary premium and v/(z — ) is the derived
marginal utility function. Hence, optimal decision rules can be stated in terms of the
precautionary premium, .

The coefficient of absolute risk aversion is defined as a(y) = —v"(y)/v'(y) and the
coefficient of absolute prudence as 5(y) = —+"(y)/v"(y). The precautionary premium
¥ = h(x, o) is a positive and a strictly decreasing function of z, if the absolute prudence is
positive and decreasing, i.e. if n(y) > 0 and 5/(y) < 0.7 This is discussed by Kimball (1990)
and follows directly by applying the analogous argument of Pratt (1964) for «, the risk
premium, and the coefficient of absolute risk aversion. Finally, it follows from an analogy
of the results in Rothschild and Stiglitz (1970) that an increase in background risk raises
the precautionary premium, given positive absolute prudence, i.e. 9v:/do > 0.if 5(y) > 0.8

Similarly. ¢» = [<]0 and 9v/da = [<]0, if n(y) = [<]0.

“The use of the equivalent precautionary premium rather than just the risk premium simplifies the notion

and makes the analysis more intuitive. lo see this, differentiate
El(y)ls] = vls — (s, 0]

with respect to r, which vields

ElW (w)le] =v'(z = =)(1 = 07/07) = V' (z — )

“The restriction that prudence is positive is a necessary condition for decreasing absolute risk aversion.
Positive prudence is not sufficient for decreasing absclute risk aversion, which requires additionally that

absolute prudence exceeds absolute risk aversion. [see Kimball (1990)].

®Rothschild and Stiglitz (1970) show, for utility functions with positive absolute risk aversion. that the
addition of a mean preserving spread raises the risk premium. Using the Kimball analogy. it follows that

an increase in o raises the background income risk, and hence the precautionary risk premium. if n{y) > 0.



3 PROPERTIES OF RISK AVERSION IN THE PRES-
ENCE OF INCREASING BACKGROUND RISK

In this section, we shall state and prove several properties relating to the risk aversion of
the agent’s derived utility function in the presence of increasing background risk. To be
specific, we derive the necessary and sufficient conditions under which the properties of the
original utility function are preserved, in the presence of background risk, in the derived
utility function. The absolute risk aversion of the agent’s derived utility function is defined
as the negative of the ratio of the second derivative to the first derivative of the derived
utility function with respect to x, i.e. a(z,0) = —v"(x — n(z,0))/V(x - n(z,0)). Taking
the logarithm of the right side of equation (2), differentiating with respect to z, and taking

the negative of the resulting function yields

= a{z — ) [l - 3—1} . (3)

. dlogv'(x — ) V(- ah) l:l UU’]
B dx - vz — )

alr,o

dx
Note that in the absence of background risk (¢ = 0), ¢» = 0,0v/dz = 0 and hence a(z.0) =
a(x), the coefficient of absolute risk aversion of the original utility function. In the theorem
that follows. we characterize the behavior of @(z, o) in relation to a(y). the coefficient of
absolute risk aversion of the original utility function. and explore the properties of derived

risk aversion in the presence of background risk.
Theoremn | {Properties of Derived Risk Aversion)

a) If V'(y) > 0 and V"(y) < 0. then

da(x, o)
Jr

< [=]0.V(r.0) <=

h) If v'(y) > 0 and v"'{y) < 0. then

dala.o)
dao
V) = ") < [S>] =l ) = V)]s

> [=]l<] 0.Y(e.0) <=

v (y.y1.y2).  where yy Sy < ys

NS



) If V'(y) >0, v'(y) <0, and v"'(y) > 0, then

8[ 81/’!17—-1/1!/30] 37](y)

Ve _
Ep < [=][>]0.¥(z.0) = Jy

<[=][>] 0 Vy.

Proof of la):

Sufficiency

First, Kihlstrom et.al. (1981) and Nachman (1982) have shown that da(y)/dy < 0
implies déa(z,0)/0x < 0. For a simple proof, we refer to Kimball (1993, p 598). In the case
of exponential utility da/dy = 0 and ¥'(z, ) is independent of z so that a(z,0) = a(y), a

constant. This establishes sufficiency.

Necessity
Consider the case where a(z,0) = ((¢), i.e., independent of z. Then the derived

marginal utility function must be exponential, i.e.,
! ; ' 1
V(i — (2, 0)) = ~Cy (o) exp(—Co(e)z)

where ('{(c) is also independent of z. Hence, for 0 — 0,y — z and a(z.0) — a(y) = C'3(0),
a constant.

Now. suppose that a(z.c) is decreasing everywhere for every o > 0. Consider a small
risk such that |v| and |90v/dx| are small. Then, from equation (3), it follows that a(z, o) =
a(x). Hence. a(x) is decreasing in « evervwhere only if a(z) is non-increasing. a(z) being
constant implies. however. that @(z.c) = a(x) is constant. Therefore, a(z, 0} is decreasing

only if a(2) is.
Proof of 1h):

From the definition of a(x, ),

E[-v"(z + o€) | 2]
El'(z 4+ oe) | 7]

ale,0) =

(4)

Differentiating with respect to ¢ and dropping (for notational convenience) the conditioning

on x. i.e.. “l 7. we have the following condition:

r

YUr-7) 1 y1<]0 = flr.o) > [=][<]0 ’

il

it
~—
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for any distribution of €, where f(z,0) is defined as

f(z,0)= Ele{-v"(z + 0e)— V(2 + ge)a(z,0)}] (6)

Necessity
We now show that
fla,o) >[=l<] 0=
V) = v () < [=)>] —aly) () = ()] Y <y < (7)
Consider a background risk with three possible outcomes, €g, €1, and €, such that
g =0, ¢ <0, and Q > 0. Define
¥y, = x+o0¢, 1=1,2
Yo = xZ.

and let p; denote the probability of the outcome, ¢;. For the special case of such a risk,

equation (6) can be written as

)

flaco)y = prle {=r"(y2) + V") — V" (y2) = V" (w1)]a(z, o)} (8)
since
2
E[s] = Z]),Z'Si =0
=0
so that

14 |51| = pP2£2

Now a(x.c) can be rewritten from (4) as

- B Ve + o) —1/”(QT+U()}
or.a) = {E[I/’(:17+(r()] Vz + o¢)

Vietae)
{ma(.z +(Tc)} (9)

1

Heuce. a(a.a) is the expected value of the coeflicient of absolute risk aversion. using the
risk-nentral probabilities given by the respective probabilities multiplied by the ratio of the
marginal utility to the expected marginal utility. Thus. @(x. ) is a convex combination of

the coefficients of absolute risk aversion at the different values of y. For the three-point



distribution being considered, @(z, o) is a convex combination of a(yo), a(y1), and a(y2).
Hence, as pg — 1, @(z,0) — a(yo). Since yo can take any value in the range [y1,12], f(z,0)
must have the required sign for every value of a(yp). where y1 < yo < yy. Thus, since
p1le1] > 0, this is true only if the condition in (7) holds. This is the same condition as

stated in Theorem 1b.

Sufficiency

See Appendix. O

Proof of Ic):

The inequality on the left hand side in theorem 1c) is equivalent to

Ar AV (+) /e
0 5te]

O =<0
Using the definition of the precautionary premium in v'(z — ¢(z,0)) = E[V/(z 4+ o¢)], the
term within square brackets in the inequality is equal to

E["(« + o¢)e]

E[v"(z + a¢)]
We need to show that this term increases [is constant] [decreases] in x if and only if the
coefficient of absolute prudence decreases [is constant] [decreases]. However. showing that

this term increases [is constant] [decreases] with the coeflicient of absolute prudence is the

sanie as showing that

E[V (a4 o¢)e]
El'x +o)]

increases [is constant] [decreases] in x if and ouly if the coefficient of absolute risk aversion

(10)

decreases [is constant] [increases].

To establish this latter statement consider an agent with no background risk, facing
the choice hetween a riskless and a risky asset, where the excess return on the risky asset
is equal to y 4+ £ . and g is the expected excess return of the risky asset over the riskless
rate. Then. if ¢ denotes the optimal dollar investment in the riskv asset. the optimality

condition Is

El(z+oa(pu+:))e) = —pEWV (= + o+ €))]



where z is the risk-free income (excluding the excess return).

Defining 2 = z 4+ op we have

E{V(z + o¢)e] _
E[V'(z 4 o¢)]

If the fraction in this equation were larger [smaller] than —pu, then the optimal dollar
investment in the risky asset would be higher [smaller] than ¢. Now, we know from Pratt
(1964), Theorem 7, that if the agent’s wealth increases, there will be a higher [constant]
[lower] optimal dollar investment in the risky asset if and only if the agent has decreasing
[constant] [increasing] risk aversion. Hence the term in (10) evaluated at the higher level of
a. for given o, is higher [constant] [lower] if and only if the agent has decreasing [constant]
[increasing] absolute risk aversion. O

Theorem la) argues that there is an equivalence between the risk aversion of the original
utility function and that of the derived utility function. Hence, every result in the literature
that is based on decreasing or constant absolute risk aversion also holds in the presence
of an independent background risk. The implication runs in both directions in the case of
constant or decreasing risk aversion. This is not true in the case of increasing risk aversion.

It is quite difficult to establish and interpret the necessary and sufficient condition under
which an increase in an independent, zero-mean, background risk will raise the risk aversion
of the derived utility function. This is because we have to cover all possible distributions
of . The condition mav be interpreted as a type of “smoothness™ condition on the first.
second and third derivatives of the utility function. Perhaps it is more easily understood

by analvzing the special case of small risks. In this case. we have

Corollary Ib.1: In the case of small risks, the condition in Theorem 1b becomes
da(rx.a) ) 00
— > |=]|<]0 _ =|[>10.V
e U RS S A
where 8(y) = v"(y) /1 (y).

Proof: Let gy —yy — 0. In this case, v (yo) =" (y1) — v""(y). Similarly v"'(y2)=v"(1n) —
" y). Hence. the condition in theorem 1b vields. in this case, v""(y) < [=][>]—a(y)"(y).
This is equivalent to 86/dy < [=][>]0,Vy. O

Iu Corollary 1b.1. we define an additional characteristic of the utility function 6(y) =

i
ﬁ as a combined prudence/risk aversion measure. This measure is defined by the prod-



uct of the coefficient of absolute prudence and the coefficient of absolute risk aversion. The
corollary says that derived risk aversion increases [stays constant] [decreases] with back-
ground risk if and only if #(y) decreases [stays constant] [increases] with increasing income.
Hence, it is. significant that neither decreasing prudence nor decreasing absolute risk aver-
sion is necessary for an increase in derived risk aversion. However, the combination of these
conditions is sufficient for the result to hold, since the requirement is that the product of
the two must be decreasing. The condition is thus weaker than standard risk aversion,
which requires that both absolute risk aversion and absolute prudence should be positive
and decreasing.

We now apply the necessary and sufficient condition in Theorem 1b to show that stan-
dard risk aversion is a sufficient condition for an increase in background risk to cause an

increase in the derived risk aversion [see also Kimball (1993)]. We state this as

Corollary 1b.2: Standard risk aversion is a sufficient, but not necessary. condition for de-

rived risk aversion to increase with an increase in background risk.

Proof: Standard risk aversion requires both positive, decreasing absolute risk aversion and
positive decreasing prudence. Further, «’(y) < 0 — n(y) > a(y). Also. standard risk

aversion requires v"'(y) > 0. It follows that the condition in Theorem 1b) for an increase

. . . . . C.
in the derived risk aversion can be written as”

III( /II(

vy — v ()
v (y2) ~ v"(y1)

< —a(yr)

or alternatively

| _ )
() ——LV((—Jy;)) > alyr)
b= 77t

Since n{y;) > a(yy ), a sufficient condition is that the term in the square bracket exceeds 1.
This. in turn. follows fromn decreasing absolute prudence. r’(y) < 0. Hence, standard risk
aversion is a sufficient condition.

To establish that standard risk aversion is not necessary, consider a case that is not

standard risk averse. Suppose. in particular. that v"'(y) < 0,"(y) < 0, that is, the utility

"Note that wherever v'”'(y) has the same sign for all y, the three-state condition in Theorem 1b (i.e. the

condition on y. yi. and y) can be replaced by a two-state condition (a condition on y; and y2}.



function exhibits increasing risk aversion and negative prudence.’® In this case, it follows
from Theorem 1b that da(z,c)/0c > 0,¥(x,0). O

The contribution of Theorem 1b is that it defines a set of utility functions (that is
broader than the class of standard risk averse functions) for which the agent becomes more
risk averse when faced with an independent, zero-mean background risk. It also shows that
weak proper risk aversion (Gollier and Pratt, (1993)) is not a sufficient condition in our
case. This is because we are concerned, in Theorem 1b, with the effect of an increase in
background risk and not just the effect of introducing background risk.!!

An implication of Theorem 1b is that an investor facing the choice between a riskless
asset and one risky asset buys less of the risky asset if an increase in background risk
increases his/her derived risk aversion. This follows from Pratt (1964, Theorem 7), where
it is shown that the investment in the risky asset is smaller, the higher is the coefficient
of absolute risk aversion. Similarly, the investment in the risky asset does not depend on
background risk, when the condition in Theorem 1b holds as an equality. This is true for
exponential and quadratic utility.

Theorem la), in conjunction with Theorem 1b) states the conditions under which the
derived absolute risk aversion rises with background risk, but declines as income rises.
The intuition is that, under these conditions, an increase in background risk is similar to a
decrease in marketable income and hence, derived risk aversion behaves in a similar manner
under both changes. This raises the question of substitution between these two effects. This
takes us to Theorem lc).

This part of the theorem considers the marginal rate of substitution (which is defined to
be positive) between changes in background risk and income 2 which leave derived marginal
utility unaffected. Theorem 1c) states that, given positive prudence, this marginal rate of

substitution decreases [stays constant] [increases] with marketable income if and only if

1% As an example, consider the utility function

_1- '

v(y) = —— |:A+-L] ,where v € (1,2),y < A(v— 1)
g el

This utility function exhibits increasing risk aversion and negative prudence. However, despite this, since

#(y) decreases with income even in this case, the derived risk aversion increases with background risk.

Yiollier and Pratt (1993) are concerned only with a comparison of the case where o > 0 with the case
where o = 0. Also. since they allow for background risks with negative expected values, they require

decreasing absolute risk aversion.

i1



absolute prudence is decreasing [stays constant] [increases] in total income, for all levels
of income. Hence, positive declining absolute prudence implies that the marginal rate
of substitution is lower, the higher is the income z. In other words. at higher levels of
marketable income, the agent is willing to accept a smaller increase in income to compensate

for a small increase in background risk to maintain the same level of derived marginal utility.

4 BACKGROUND RISK AND THE OPTIMAL SHAR-
ING RULE

After establishing the basic results on the behavior of an agent who faces background
risk, we can now characterize his/her optimal purchases of claims on marketable income.
We assume that the capital market is perfect and complete with respect to marketable
aggregate income, X. Specifically, the agent can buy claims on the marketable aggregate
income which produce an end-of-period payoff represented by the sharing rule 2 = g(X).

Thus. each agent in the economy solves the following maximization problem!?

max Ev(z 4 o¢)] (11)
r=g(X)

subject to

w = E{®(X )]

where w is the agent’s initial endowment and ®(X) is the market pricing function for state-
contingent claims on X', Note that the market pricing function gives the market price of a
state contingent claim divided by the probability of the state occurring. ®(X')is determined
in equilibrium and is taken as given by the agent. The first order condition for a maximum

Is

EV (x + og)|a] = A®(X) (12)

where E(-|7)is the conditional expectation given x. the pavoff. and A is a positive state
independent Lagrange multiplier reflecting the tightness of the budget constraint. Notice

that the derived marginal utility of the agent is proportional to the price (X ). If all

T . . . .
“We drop the subscript 7 for notational simphaty.



agents are risk averse, it follows immediately that (X ) < 0. To see this, if we differentiate

equation (12) with respect to X, we have

da _9g(X)_ A#(X)
0X = 0X  E['(z+ oe)lz]
Thus, dg(X)/0X has the same sign for each agent and is positive, since all the marketable

(13)

aggregate income has to be allocated, in equilibrium. Since dg(X)/0X > 0,A > 0 and
v" < 0, it follows immediately that ®/(X) < 0. This establishes our first result regarding the
optimal sharing rule for the individual agent in this economy. Agents buy state-contingent
claims that are increasing in the level of marketable aggregate income X. The sharing rule
has a positive slope as it does in the absence of background risk [see Rubinstein (1974)].
We now investigate the effect of changing background risk on the agent’s sharing rule

assuming that the market pricing function ®(X) is given.

Theorem 2 (Background Risk and The Optimal Sharing Rule).
Consider an agent with positive risk aversion. Then, if ®(X) is exogenous
a) 0*g(X)/0a0X < [=][>] 0, V(X.0) <= da(zx,0)/00 > [=][<] 0, V(z,0)
b) If Qa(x,a)/da >0, 3 X~, such that da(X )/de > [=][<] 0 for X < [=][>] X~
If dala.0)/do < 0, then the inequality signs for dg(X)/do are reversed.

Proof

a) Equation (12) can be written using the precautionary premiuimn. as
Ve — (e o)) = A@(X) (14)

where ©/(.) is the derived marginal utility of the agent. Differentiating the logarithm of
equation (14) with respect to X, and using equation (3), we find, since X is not dependent

on X.

—a(x,0)0g9(X)/0X = 0lnd(X)/0X

Now. differentiating again with respect to o. since ®(X') is exogenous. we have

dalr, o) dg(X) . ale.0)0%g(X)

do OX oxge 0

Theorem 2a follows immediately from the assumption that a(y), and hence also a(z.c). is

positive and dg(X)/0X > 0.



b) Suppose that da(z,0)/dc > 0. Then, from part a) of the theorem, an increase in
o results in a relatively large increase in the demand for claims in low states of X. Since
the purchase and sale of state-contingent claims must be self-financing, there must exist a
critical level X* such that dg(X)/dc is positive for X < X*, and negative for X > X*. A
similar argument can be used to establish the second part of Theorem 2b. O

Theorem 2 allows us to analyze the effect of a marginal increase in a zero-mean, inde-
pendent background risk, given that this increase has a negligible impact on the equilibrium
prices of state-contingent claims.!® In Theorem 1b, we established a necessary and sufficient
condition for da(z.0)/do > 0. Suppose now that this condition is fulfilled for a particular
agent. Theorem 2a) says that an increase in o will reduce the slope of this agent’s optimal
sharing rule. As can be seen from Theorem 2b), the agent reacts to an increase in o by
purchasing more claims in states of low marketable income, financing the purchase by sell-
ing some claims in states of high marketable income. Theorem 2 can also be interpreted by
comparing, within an equilibrium, the demand of agents, who differ only in the size of their
respective background risks. Theorem 2 suggests that agents with high background risk will
buy more state-contingent claimms on low states and fewer claims on high states. Comparing
agents with no background risk to those with positive background risk, the former will tend
to sell part of their claims on low states to the latter. Agents with high background risk
will buy “insurance” (i.e. claims on low states) from those with low background risk.

It is important to emphasize that our optimal sharing rule result does not require
standard risk aversion. although standard risk aversion clearly is a sufficient condition.
However. standard risk aversion perinits us to decompose the total effect of an increase in
background risk on the sharing rule into an income effect and a substitution effect, both of
which have the same sign. Totally differentiating the left hand side of equation (14) with

respect to @ vields

dv'(-y ov'(-) | 0g(X) ov'()
do do do dg(X)

It also follows from equation (14) that dv/'(-)/do = v'(-)d1n AJ/da. Hence, the effect of the

background risk on the sharing rule is given by

" Note that the conditions of Theorem 2 (derived from Theorem 1b} ) are weaker than those required for

standard nsk aversion.



dg(X) _ [0In A/Oalv'(-)  0V'(:)/0a
dc ~ 0v()]0g(X)  0v()]9g(X)

The effect of a change in the background risk on the sharing rule shown in equation (15)

(15)

is the sum of two factors. The first term is the income effect and the second term is the
substitution effect of the change in ¢. We now investigate the behavior of these two effects

as a function of the size of the background risk.

Corollary 2
Consider an agent with positive risk aversion and positive prudence. Suppose that the

scale of the agent’s background risk, o, increases. Then

a)
0 [3111/\/00]1/’(-)} da(y)
e —— T T 7 R O,V’
IX [ arjagx) | <0 oy <O
b)
9, av'(-)/do ] anly)
— 0 <0,V
(‘)X[ ov'(-)/0g(X) dy Y
) Supposc that ;‘r}:;(yy) < 0 and ag(;,) < 0, i.c. the agent is standard risk-averse. Then

0?9(X /000X < 0. Also, 3X* such that dg( X )/0c > [=][<]0 for X < [=][>]X~.

Proof

a) Corollary 2a) states that the income effect of an increase in background risk declines
in X if and only if a(y) is declining. To prove this note that the income effect can be written
as

1oA 1

Adoa(x, o)

If 9A/do > 0. the income effect is decreasing in x, and hence, in X, if and only if the
derived risk aversion is decreasing in income ie. da(z,c)/dr < 0. Using Theorem la).
this is the case if and only if da(y)/dy < 0. It remains to be shown that dA/0c > 0. To
establish this. note that the budget constraint requires dg{.X')/do to be positive in some
states and negative in others, with a state being defined by the level of aggregate marketable
income. From equation (15). dg(X)/do < 0. in some states at least. would require that

Ol A/do > 0. and hence. 9A/da > 0.



b) Corollary 2b) states that the substitution effect of an increase in background risk
declines in X, if and only if absolute prudence declines in y. Since dg(X)/0X is positive,
Corollary 2b) follows directly from Theorem 1c).

¢) If both absolute risk aversion and absolute prudence decline in income, y, it follows
immediately from Corollaries 2a) and 2b) that the total (income plus substitution) effect
of an increase in background risk declines in X. This establishes the first part of Corollary
2¢). Then, the second part of Corollary 2c) follows as it does in Theorem 2b). O

Corollary 2 allows us to analyze separately the income and the substitution effects of
a marginal increase in background risk, given that this increase has a negligible impact on
equilibrium prices. Corollary 2a) analyses the income effect of an increase in background
risk. This decreases with marketable aggregate income if and only if the agent’s absolute
risk aversion declines. Corollary 2b) then analyses the substitution effect. This decreases
with X if and only if the agent’s absolute prudence declines. Then, Corollary 2c) states that
standard risk aversion is a sufficient condition for the change in the demand for contingent
claims to be declining in X.

Kimball (1993, p.594) has shown that globally decreasing absolute prudence implies
globally decreasing absolute risk aversion and, hence, standard risk aversion. It follows,
then. that positive decreasing absolute prudence is the essential assumption for Corollary

2 1o hold.

5 PRICING EFFECTS OF CHANGES IN BACKGROUND
RISK

In the preceding section. sharing rules of agents have been investigated taking the prices
of contingent claims as given. Theorem 2 established that an agent demands more claims
in the states with low marketable aggregate income and less claims in the states with high
marketable aggregate income. if derived risk aversion increases. Suppose now that there is
an aggregate shock such that background risk increases the derived risk aversion for most
agents in the economy. This increase in background risk for most agents in the economy

can be measured by an index o. such that an increase in the index o signifies that the
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background risk for all agents increases or stays the same.'¥ Then, these agents wish to
buy more claims which pay off in the “low” states at the pre-shock prices. But, this excess
demand cannot be satisfied since the agents’ additional demand for marketable claims
must sum to zero for each and every state. Hence, the prices of all claims must change

”

to reflect the change in demand. Theorem 2 suggests that claims in “low” states will
become relatively more expensive compared to claims in “high” states. A somewhat weak
qualification is necessary, however, for this implication to go through. This qualification is a

restriction on the harmonic mean of the agents’ risk aversion. We now state the equilibrium

implication of an increase in background risk.

Theorem 3: (The Pricing Effect of a General Increase in Background Risk)

Consider a small rise in aggregate background risk indezed by o. Then

NP(X,)/ (X))
Jdo

0% ;1/ai(x;,0;)
do

< [=][>]0, VX.

> [=][<]0, VY[(s,t): Xs < X¢] =

Proof:

The first order condition for an optimal sharing rule of agent i is
vi(gil X) = vilg:(X ), 0)) = A@(X).

Taking logarithms of this equation and differentiating with respect to X, we have

dg:( X)
0X

dln ¢(X)

X vA

= —1/a/x;.0:)

Then, since the change in the portfolio demands have to equal to the change in the aggregate

marketable income., aggregation over all ageuts yvields the equilibriumn condition

dhl
1= Z 1/ a(x;. 0;).
Hence. =0 1n ®(X)/9X equals the harmonic mean of the agent’s derived risk aversion. An
increase in background risk affects both terms equally. Clearly, an increase in background
risk across many agents decreases dln ®(X)/0X if and only if it increases the harmonic

mean. Thus 9%1n (X )/ X da < 0.¥VX. means that the growth rate of ®(X,) is less than

"Strictly speaking. we could even allow for the background risk for a few agents to go down.

[—
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that of ®(X,) for every pair (s,t) with X, < X;. Since, 3*In ®(X)/0Xdo < [=][>] 0,VX
is true, if and only if 83, 1/ai(z;, 0:)/00 < [=][>] 0,VX. Hence, Theorem 3 follows. O

The intuition behind Theorem 3 is straightforward. If an increase in background risk
generates an excess demand in state s which is higher than that in state t, the price relative
®(X,)/®(X;) must change in order to make these excess demands disappear. Clearly, we
would expect the price relative to increase. But price changes can have various feedback
effects, for example, on the agents’ initial endowments. Moreover, the price change of one
state interacts with the price changes in other states. Therefore, these feedback effects need
to be constrained in order to get an unambiguous answer [Deaton and Muellbauer (1981)].

The necessary and sufficient condition established in Theorem 3 is that the harmonic
mean of the agents’ derived risk aversion is an increasing [constant] [decreasing] function of
background risk in every state. This condition is quite plausible since, without trade and
without endowment changes, an increase in an agent’s background risk changes his/her
derived risk aversion in a specified direction according to Theorem 1b). If this change
is similar for all agents, then the condition of Theorem 3 is satisfied. If all agents are
“reasonably” similar in terms of endowments, risk aversion and background risk, then trade
and endowment effects cannot overturn this. But, if agents are very different in terms of
endowments or background risk, it is possible that, after trade, the harmonic mean of the
derived risk aversions increases in some states. and decreases in others. This possibility is
ruled out by the condition that the harmonic mean changes in the same direction in every
state,

An interesting hmplication of Theorem 3 is that the reward for risk-bearing increases
with background risk if prices for claims in the “low™ states increase at a higher rate than
prices for claims in the “high” states. If the prices of all claims adjusted by the probability
of occurrence of the states were the same. then the pricing would be risk-neutral, so that the
reward for risk-bearing would be zero. With risk aversion, ®( X }is a decreasing function. If
these price differentials are reinforced by background risk, then the reward for risk-bearing

is Increased.
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6 CONCLUSIONS

In this paper, we have considered the effect of an increase in background risk on an agent’s
risk attitudes and on his/her optimal purchase of state-contingent claims on aggregate
income. This framework has several applications to problems in financial economics. The
common feature of all these applications is that there are some background risks that are
non-marketable, but the agent is able to manage his/her overall risk by buying and selling
marketable claims.

Consider first the case of the owner of a firm whose shares are not traded, but whose
profit is dependent on several economy-wide variables such as interest rates, foreign ex-
change rates and commodity prices which can be hedged against by using marketable claims.
In addition to these economy-wide risks, suppose the profit of the firm is also affected by
firm-specific factors which cannot be hedged. The question is how the entrepreneur will
hedge against the economy-wide risks, given the exposure to the background risks. If the
entrepreneur’s risk aversion is increased by background risk, his/her optimal response will
be to reduce exposure to the economy-wide, hedgeable factors.

As a second example, consider a firm which owns a portfolio of real options whose
value depends upon the level of an economy-wide factor and the volatility of that factor.
Suppose that the firm can hedge against the economy-wide factor, but is not able to hedge
the volatility. which is, therefore, a background risk. The response of the firm to an increase
in volatilitv will be, again, to reduce its exposure to the economy-wide factor.

As a third example, consider the behavior of the manager of a firm, whose compensation
is based on the profit of the firm relative to the profits of competing firms. The manager
can affect the risk of the firm’s own profits by buving claims which are negatively related
to these profits. However. here additional risk to his income is created by the profitability
of the competing firms. Assuming that this risk is non-hedgeable, it becomes a background
risk for the manager. The “normal” response predicted by our analysis here is that the
manager will favor hedging policies that reduce the risk of the firm’s profits.

We have analyzed the generic problem relating to decision-making by an agent facing
background risk by first considering the properties of the derived utility function. i.e. the
utility function modified by the presence of background risk. We characterized the derived

utility function of the agent in several ways. First, there is a similarity between the risk
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aversion exhibited by the original utility function and the risk aversion of the derived utility
function. Second, we derived a condition under which the effect of background risk on the
derived risk aversion of the agent could be predicted. Third, the agent’s marginal rate
of substitution between changes in background risk and total income which preserve the
level of derived marginal utility is determined by the change in the coefficient of absolute
prudence in relation to income.

We then used the above general results to characterize the “portfolio” decisions of the
agent who faces an increase in background risk and reacts by buying and selling claims on
marketable aggregate income. If an increase in background risk raises the agent’s derived
risk aversion. this would induce the agent to buy a type of insurance to optimize risk
bearing: the insurance involves the purchase of claims that pay off in “low” states of
marketable aggregate income financed by the sale of claims that pay off in the “high”
states. The amount of insurance purchased grows with the rise of the background risk.

When background risk increases for many agents, Lheﬁ prices of marketable claims
must adjust. Under a mild condition, we have shown that prices of claims in the “low”
states of marketable aggregate income increase relative to the prices of claims in the “high”
states. This price change raises the reward for risk-bearing. and motivates agents whose

background risk has not increased to take more risk in the market.
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Appendix

Theorem 1b: Proof of Sufficiency

We use a method similar to that used by Pratt and Zeckhauser (1987) and by Gollier
and Pratt (1993).
a) We first show

V) =" (y2) > aly) () - Y ()] Y Ly <y

= f(z,0) > 0, V(z,0) (16)

We need to show that f(z,c) > 0, for all non-degenerate probability distributions. Hence,
we need to prove that the minimum value of f(z,c) over all possible probability distri-
butions {p;}, with E(e) = 0, must be positive. In a manner similar to Gollier and Pratt
(1993), this can be formulated as a mathematical programming problem, where f(z,0) is
minimized, subject to the constraints that all p; are non-negative and sum to one, and
E(¢) = 0. Equivalently, this can be reformulated as a parametric linear program where the

non-linearity is eliminated by writing a as a parameter

1{11111)’ T.0) sz €; -1/“' (y:) = 1/”(3/1')("1}] (17)
7)

> pie; =0 (18)
Z])l‘: 1 (19)

the definitional constraint for the parameter a

(IZ])I/ y) = sz/ ¥s) (20)

aud the non-negativity constraints

pi=z0. Vi (21)

A sufficient condition for da/da > 0 is that f(r.o) as defined by (17) is positive for any

probability distribution {p,;} subject to F(s) =0 and the definition of @ given in (20).
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Since we are looking for a sufficient condition for f(z,0) > 0, we can relax the non-
negativity constraint for py in the above linear program. In case even this (infeasible)
resulting minimum is positive, then we know that the solution of the above linear program
is always positive. We drop the non-negativity constraint on pg, the probability of the zero

¢ state in the following manner. We define pd and py such that
Po =13 — Pg (22)
where both pf and p; are non-negative. These new variables replace po in the program.
The modified linear program has three variables in the basis since there are three con-
straints in the program. In the optimal solution, one basis variable is either pd or pg-

Hence, the optimal solution of the modified linear program is (pg, p1,p2) and and the ob-

jective function is
fr.o) = pra [="(y) = v (y)a) + paea [-" (92) — v (y2)a] (23)
Since preg + poey = 0. it follows that (23) can be rewritten as

Frlace)=pre (=" () = v (yn)a) = (=v""(y2) — V" (y2)a)] (24)
Hence
V() — v (y2) = [V (g2) = VM (yn)] @ > 0 (25)
is a sufficient condition for f* > 0, given a.
As shown in equation (9), @ is a convex combination of a(yg), a(y1) and a(yy). heuce

a € {aly)|y € [y1-vy2]}- Hence. a sufficient condition for (25) is that

) = v (y2) = aly) 7 (y2) = V(1)) > 0 (26)

for all {y; < y < y2} as given by the condition of the theorem.

b) By an analogous argument. it can be shown that

I//”(

yi) = ") < aly) [P"(ye) = Y ()] Y <y <

= flr.o) < 0 VY(r.o) (27)

¢) We now show directly that

"
/

V) = "y = aly) [V (g2 — V)] Y Sy <y

= f(r.o0) = 0 V(r.o) (28)



A sufficient condition for f(z,¢) = 0,V(z,0)is that ming, f(z,0) = maxg, flzx,o)=
0, subject to (18)-(20) and the nonnegativity condition for every p; except po. The minimum
and maximum involve three basis variables, one of which is either pg or p;. Therefore,
f*(z,0) is always determined by (24). Hence, the minimal and maximal value of f*(z,0)

are zero if the bracketed term in (24) is zero. This is the case if

V() = V" (y2) = aly) [V (32) = V(0 ). Yy <y <. (29)

As y; — 32, equation (29) becomes
—v"(y) = a(y(y) Yy (30)

The differential equation (30) is satisfied by a family of utility functions of which the

quadratic and exponential functions are the most familiar ones. O
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