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Abstract

We consider portfolios whose returns depend on at least three variables and
show the effect of the correlation structure on the probabilities of the extreme
outcomes of the portfolio return, using a multivariate binomial approxima-
tion. The portfolio risk is then managed by using derivatives. We illustrate
this risk management both with simple options, whose payoff depends upon
only one of the underlying variables, and with more complex instruments
whose payoffs (and values) depend upon the correlation structure.

The question of benchmarking portfolio performance is complicated by
the use of derivatives, especially complex derivatives, since these instruments
fundamentally alter the distribution of returns. We use the multivariate bino-
mial model to set performance benchmarks for multicurrency, international,
portfolios. Our model is illustrated using a simple example where a Ger-
man institution invests a proportion of its funds in German equities, and the
remainder in UK equities. Portfolio performance is measured in Deutsche
Marks and depends upon (1) the DAX index, (2) the FTSE index, and (3)
the Deutsche Mark-Sterling exchange rate.

The output of the model is a simulation of possible outcomes from the
portfolio hedging strategy. The difference in our methodology is that we are
able to retain the simplicity of the binomial distribution, used extensively in
the analysis of options, in a multivariate context. This is achieved by building
three (or more) binomial trees for the individual variables and capturing the
correlation structure with the use of varying conditional probabilities.
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1 Introduction

In this paper, we illustrate how advances in the modelling of multivariate
binomial processes can be used to facilitate the management of internation-
ally diversified portfolios. The increasing use of derivatives for hedging the
risks inherent in portfolios of equities has made the analysis and control of
asset allocation decisions more complex. The methods outlined in the pa-
per can be applied by professional portfolio managers to explain to clients
(at quarterly review meetings, for example) the alternative risk management
strategies that can be pursued and the possible returns from following those
strategies.

The basic idea is as follows. Suppose that a German mutual fund invests
a proportion of its initial resources in an indexed German portfolio of eq-
uities. It converts the remainder into Pounds Sterling and invests it in an
indexed UK portfolio. The performance of the UK investment depends, we
assume, on the FTSE index and the performance of the German investment
depends upon the DAX index. For convenience, we assume that the indices
are joint-lognormally distributed over some finite interval (up to the next
performance reporting date, for example). Since the fund is German, the
portfolio performance is to be reported in Deutsche Marks at the end of the
time interval. We assume that the £:DM exchange rate is also distributed
joint-lognormally with the two equity indices. This is an example of a clas-
sic asset allocation problem of the type faced by any investor who considers
diversification into overseas markets.

We now add the following hedging possibilities: the UK investment can
be hedged by buying put options on the FTSE index, and alternatively by
buying complex, Quante or multivariate-type put options on the FTSE de-
nominated in DM. The problem facing the fund manager is how to explain
and discuss with the client the possible effects of the alternative hedging
strategies and to establish benchmarks for portfolio performance. Given
either of the two option strategies, the diversified fund with options will un-
derperform simple non-option strategies, if markets remain static or rise, and
if the exchange rate does not move unfavourably. This under-performance
is due to the fact that “insurance premia” have to be paid to the writers of
the put options. Of course, if the FTSE goes down, either in Sterling or in
Deutsche Mark terms, then the respective option strategies will come into
play and the fund will tend to outperform the simple non-option hedging
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-

strategy.

The problem with the use of derivatives illustrated by the above example
is one of benchmarking. How does the fund manager’s client judge sub-
sequent performance, given that a diversification and hedging strategy has
been agreed upon? In some states of the world, the hedged portfolio would
be ezpected to outperform the simple strategy, and in others, it would be ez-
pected to underperform. If the option strategy is agreed upon with the client,
the professional manager cannot be applauded if the fund outperforms the
simple weighted-benchmark portfolio in the event of the FTSE declining, and
vice-versa, if the fund underperforms in rising markets. Hence, in general,
the benchmark for portfolio performance depends on the particular scenarios
(combinations of equity market performance and the exchange rate) that un-
fold. Thus, a state-by-state approach is required for benchmarking purposes.
This paper describes such an approach.’!

The key feature of the methodology described in this paper is parsimony.
We build binomial distributions (i.e. binomial trees) for each of the three
variables involved: for example, the DAX index, the FTSE index, and the
£:DM exchange rate. We then capture the effect of the correlation between
the variables by an appropriate choice of the conditional probabilities of the
various variables’ outcomes. The mathematical details of the methodology
are developed fully in a related paper by the same authors.? In Section 2
of the present paper, we outline this methodology using examples where the
number of binomial stages is small. In Section 3, we apply the methodology
to the international diversification example of asset allocation. In this case,
where the number of variables is restricted to three, and the number of
binomial stages (that is, the number of up and down movements in the

10ther methods of simulating the states using Monte-Carlo techniques are computa-
tionally very intensive and become virtually impossible beyond a few variables and possi-
ble outcomes, since the number of combinations explodes. Previous work by Bookstaber
(1981) and Bookstaber and Clarke (1983) describe the distributions of portfolios of options
using such a technique for the case where there is only one state variable.

2In Ho, Stapleton, and Subrahmanyam (1994), we describe how to fit a quite general
multi-period, multivariate binomial distribution as an approximation to a multivariate
lognormal diffusion process. The paper builds binomial distributions for the individual
variables, relying on previous work by Cox and Rubinstein (1985) and Jarrow and Rudd
(1983). The paper then modifies and extends to a multi-period world, the previous lattice
model of Boyle (1988), and is closely related to the methodologies discussed in Amin (1991)
and Nelson and Ramaswamy (1990).

»
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binomial process) is also restricted to three, the outcome of the model is a set
of (4 x 4 x 4) benchmark returns. These returns correspond, approximately,
to the inter-quartile range for the individual variables.?

The international asset allocation problem is an example of a generic
problem where optimal hedging for an asset holder involves a Quanto option
as opposed to simple options on individual prices. Other applications of our
general approach would include treasury and commodity risk management for
a corporation, the risk management of an equity ‘or fixed income derivatives
book (with several underlying assets whose returns are driven by a common
factor structure) etc. In all these cases, the decision maker needs to look at
three or more variables and analyse the “worst-case” scenarios, so that proper
hedging action can be taken. For example, consider the case of a Japanese oil
importer faced with the uncertainty of the oil price, denominated in dollars,
and the dollar-yen exchange rate. Here again, a relevant hedging instrument
could be a yen-denominated call option on the oil price, i.e. a Quanto call
option as opposed to a dollar-denominated call option on the oil price. The
state-by-state binomial approach used in Section 3 can be used to choose
between alternative hedging strategies using simple and Quanto options.

2 The Multivariate Binomial Distribution:
A Simplified Example

The Ho, Stapleton, and Subrahmanyam (1994) (HSS) technique takes as
inputs, the mean and volatility of a number of variables together with the
correlation matrix. It then builds binomial approximating distributions with
N up and down movements for each variable. For the case where V =1, an
example of the resulting joint distribution is shown in Figure 1.

[Insert Figure 1 Here]

In the international asset allocation problem, there are three variables
that are of interest: the level of the DAX index at a point of time in the

3The model is implemented using the “Visual Basic” programming tool in the Microsoft
Windows for Workgroups 3.11 operating system platform. This produces a cascade of
four (4 x 4) matrices to illustrate the output of the system. In principle, it is possible to
increase the number of binomial stages. However, this would be at the expense of both
computational speed and intuitive appeal.
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future, the level of the FTSE index and the £:DM exchange rate. In the case
where the binomial parameter N = 1, there are just two possible outcomes
for each of the variables and eight combinations of the variables. In general,
N + 1 outcomes are generated for each variable and (V +1)° combinations.

In Figure 1, q is the probability of an up-movement in the DAX index
and 1,42, . ..,qs are conditional probabilities. We fix ¢ = 0.5 and then let
¢1 to g be chosen so as to capture the correlations between the variables.
The methodology is based on the linear regression property of the normal
distribution. For example, to determine ¢y, let

z = In(DAX),
and y = In(FTSE),

then the regression
y=a+bzr+e¢ (1)

is linear. In HSS, we show that if ¢; is chosen so that*

_a+bz* - Nlnd,
"= "Ninw, —Ind,)’ @)

where u, and d, are the proportionate up and down movements respectively
in the DAX index and the FTSE index, and a and b are the constant and slope
term of the regression, then the specified correlation between the variables is
satisfied in the limit as N — o0.?

For small values of N, the method produces binomial distributions that
only approximate the variance and covariance characteristics of the variables.
However, unless the correlations are high (that is, above say 0.7) the accuracy
is acceptable even for small N (for example, for N = 3, as in the examples
shown in Sections 3 and 4).°

In Figure 2, we show the structure of model output in the case where
N = 1. First, since there are only N + 1 outcomes for each of the variables,
we can represent the output in the form of N + 1 matrices. Each of these is

4The formula for the general conditional probability, g;, is given in the Appendix A.

5Note that the up and down factors, u, and dy, are determined by equations (7) and
(8) in HSS (1994), given here in Appendix B.

6The variances and covariances of the approximating distribution converge rapidly to
those of the true distribution. This is demonstrated in the simulations for the cases where
N =10 and N = 20 for various correlations in HSS (1994), Table 2.
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an (N +1) x (N + 1) matrix showing the outcomes and their probabilities.
Note that the joint probabilities are the simple products of the conditional
probabilities.

(Insert Figure 2 Here]

The principal feature of our approach is the parsimonious nature of the
outcome space, which leads to a substantial improvement in computational
efficiency compared with other alternatives such as Amin (1991) or Amin
and Bodurtha (1994). This is because, in our case, the number of nodes
increases only linearly with the number of variables since the binomial trees
“recombine”. For example, in the other methods, with three state variables,
(N + 1)® nodes are generated for the third variable, whereas in our method
each variable has just (N+1) nodes. This can lead to a dramatic improvement
in computational speed when valuing complex options, for example.

3 An Illustration of the Method: Interna-
tional Asset Allocation

In order to illustrate the use of the joint binomial distributions in the context
of portfolio management, we consider the following asset allocation problem:

A German equity portfolio has a proportion « (taken as given) of its funds
invested in a DAX-indexed portfolio. The remainder is invested in a FTSE-
indexed portfolio of UK shares. The portfolio manager is due to report on
the performance of the investments in 3 months time (at time t). We will
adopt the following notation:

Rate of return on the DAX index, (DM, t).

Rate of return on the FTSE index, r(£,1).

The £:DM exchange rate (DM for £1) at time 0 and ¢, by EX(£:DM,0)
and EX(£:DM,t), respectively.

The rate of return on the overall, internationally diversified, portfolio in
this example is:

1+ r(£,1)
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In equation (3), the rate of return on the portfolio R(t) is measured in
DM. The return is computed on the assumption that (1 — «) of the portfolio
capital is converted from DM into £-Sterling at time 0 and invested in the
FTSE-indexed portfolio. This investment yields a stochastic rate of return,
r(£,t). The period t, £-Sterling value, of this proportion of the fund is then
reconverted into DM at the future stochastic exchange rate, EX(£:DM, ).
Note that this will normally represent only an accounting, i.e. a paper,
transaction at the end of the reporting period, rather than a series of actual
transactions.

The simulation of portfolio returns requires data inputs of the mean,
volatility, and the correlation of the three variables that affect the portfolio
return: in this case, the DAX, FTSE, and the £:DM exchange rate. We
will assume that the means of the two indices are given exogenously; in this
context, they can be regarded as subjective estimates that have been agreed
upon between the portfolio manager and the client. The mean of the ex-
change rate is assumed to equal the current forward rate in the market. On
the other hand, the input values of the volatilities and correlations of the
variables are estimated using past observations of the variables modified by
judgement about changed market conditions. It should be noted, in passing,
that an alternative to empirical estimation from historic data would be to
take implied volatilities from options on the stock indices and the exchange
rate. However, for the purpose of the current simulations we used historical
estimates based on daily data for the period September 1st, 1993 to Septem-
ber 30th, 1994. The varidus data input estimates are summarised in Table 1
on an annualised basis.

[Insert Table 1 Here]

In order to highlight the effects of correlation on the probability distri-
bution of portfolio returns, we first generate the simulation output assuming
that the three variables are uncorrelated. The annualised mean and the
annualised volatility of the DAX are 10% and 17% respectively. The cor-
responding estimates for the FTSE are 8% and 15%. The 90-day forward
£:DM exchange rate is taken as 2.45DM and its volatility is estimated as
7%. The spot exchange rate on the day the simulation is run is 2.46DM. The
future date for which the distribution of portfolio returns is required is 90
days hence. Hence, the data in Table 1 have to be converted into a 90-day
basis.
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To summarise, the mean and volatility input data are as follows:
The means of the three variables in 90 days are :

E[r(DM,t)] = 0.025,

E[r(£,t)] = 0.02,
E[EX(£DM,t)] = 2.45.

The volatilities (over 90 days) of the three variables are:

s(DM,¢) = 0.085,
o(£,t) = 0.075,
o(EX(£DM, 1)) = 0.035.

In this international diversification example, there are three relevant vari-
ables. We now also restrict the number of state outcomes by assuming N = 3.
Although, in principle, the simulations could be run for any size of N, we
choose the binomial parameter N = 3, because it leads to a manageable
set of four (4 x 4) matrices. The four outcomes for each individual variable
roughly correspond to the inter-quartile range values commonly employed in
portfolio management discussions. The model first generates binomial dis-
tributions for the three individual variables. For the case where N = 3,
the binomial distributions for each of the variables in three months time are

shown in Table 2.
[Insert Table 2 Here]

In Table 3, we illustrate the joint distribution of the three variables and
the distribution of the portfolio return, computed for each state using equa-
tion (3) and the values of the variables from Table 1. In Table 3, the node
number indicates the number of down movements in the binomial process for
each individual variable. Hence, the state (2,1,0), for example, is the state
where the first variable, the DAX, has two down movements, the second vari-
able, the FTSE, has one down movements, and the third variable, the £:DM
exchange rate, has zero down movements. The unhedged portfolio return in
this state is 1.02%, with a joint probability of 0.0176.

[Insert Table 3 Here]
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The portfolio rate of return has a maximum value of 19.25% at node
(0,0,0), when the DAX is up 18.2%, the FTSE is up 15.7%, the exchange
rate is 2.6005DM. At the other extreme, the portfolio has a minimum value
of —12.87% at node (3,3,3), when the DAX is down 11.7%, the FTSE index is
down 10.6%, and the exchange rate is 2.3055DM. Thus, the portfolio return
varies from a maximum of 19.25% to a minimum of —12.87%.

We now introduce the effect of correlation. The correlation matrix used is
the one estimated from historical data and reported in Table 1. Table 4 shows
the effect of the positive correlation on the joint probabilities. Table 4 reveals
the following points. For example, the probability of node (0,0,0) where the
DAX, FTSE, and the Exchange Rate are at their highest values is 0.01,
five times its value in the uncorrelated case. Secondly, the ‘disaster’ states,
where both the DAX and the FTSE are down have higher probabilities. This
increases the need for and the benefits of hedging. A summary of the effects
of correlation on the unhedged portfolio is given in Table 5.

[Insert Table 4 Here]

[Insert Table 5 Here]

Hedging Strategies in International Asset Allocation

The matrices of outcomes and joint probabilities produced by the HSS method-
ology can be used to show the possible effects of an asset allocation strategy
to the client of the portfolio manager. However, the real advantage of this
state-by-state, binomial approach, lies in its ability to show the possible ef-
fects of agreed hedging strategies. As an example, we now consider two
possible ways of insuring against a fall in the FTSE index.

For simplicity, we consider, in this simulation, only ways of hedging
against falls in the foreign index. We ignore possible hedging of the ex-
change rate, or of the domestic index. However, similar methods apply to
the analysis of these risks. We look at the effect of two alternative hedge
strategies.” These are:

7The methodology illustrated here can be used to value and hedge complex, multivariate
derivative instruments. However in that case, the distributions of the prices of the assets
have to be centred around (i.e. the means have to be set equal to) their respective forward
prices. In other words, we need to use the risk-neutral rather than the actual distributions.
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e Hedge 1: a put option on the FTSE index (which will be referred to as
option 1), and

e Hedge 2: a put option on the value of the DM value of the FTSE index
(which will be referred to as option 2).

The first hedge is a straightforward insurance contract against falls in
the FTSE. The second is a Quanto option which could be purchased on
the over-the-counter market.® Both the payoff and the option premium are
denominated in the domestic currency, but the payoff depends on the foreign
index. The payoff function for option 1 is:

B{max[K(£) — FTSE,0] — P(£)}, (4)

where K(£) is the strike price in Sterling, P(£) is the put option premium
in Sterling (quoted on a forward basis), and J is the proportion of the FTSE
portfolio insured. For option 2, the payoff function is:

B {max [K(DMS — FTSE (%:—8) ,o] - P(DM)} . (5)

where K(DM) is the strike price in Deutsche Marks, P(DM) is the put op-
tion premium in Deutsche Marks (quoted on a forward basis), and J is the
proportion of the FTSE portfolio insured.

The result of using Hedge 1 with 8 = 1, K(DM)= 1, and P(DM)= 3%
is shown in Table 6. Comparing the second percentage return with the first
in each cell of the matrices, we see the effect of this strategy. The problem
is highlighted in the states where the exchange rate rises. This produces a
loss in the DM value of the FTSE index, which is not protected by the put
option. Note that the cost of the put option is approximately 1% of the
portfolio return (on a forward basis) and that it pays off approximately 3%
when the FTSE goes down.

[Insert Table 6 Here]

8More complex derivatives can also be considered using this methodology where the
option payoff net of the price compounded to the expiration date is represented by the
function f[r(DM, t), r(£,t), EX(£:DM, t)]. These may be relevant if the client is extremely

concerned about particular states.
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The use of the simple put on the FTSE provides some down-side protec-
tion for the portfolio. For example, in the worst case scenario node (3,3,3) —
the DAX goes down, the FTSE goes down, and the £:DM exchange rate de-
clines — the unhedged portfolio return is —11.94%, whereas the hedged port-
folio return is —10.16%. Note also that the hedged return in the favourable
states is less than the unhedged return reflecting the cost of the put op-
tion. Thus, the maximum return in node (0,0,0), goes down from 18.12% to
17.33%.

Now, consider the effect of using a put option on the DM value of the
FTSE index: Hedge 2. ‘In this contract, the premium is paid in Deutsche
Marks and the payoff depends upon the exchange rate adjusted DM value of
the FTSE. We assume the following data for this Quanto option. First, the
put option is again at the money, i.e. K = 1. Second, the proportion, 3, is
equal to one; that is, the DM portfolio is fully hedged. Finally, we assume
that the cost of the option is again 3%.° The hedged returns using this
Quanto are shown in Table 7. In this case, the effective cost of the option is
0.75% of the portfolio return in the state with the best return, state (0,0,0).
At the same time, the effect of the hedge is to produce a floor for the portfolio
return at —8.64%.

[Insert Table 7 Here]

The Quanto put provides better down-side protection than the simple
put, since it takes into account the effect of the correlation between the
FTSE and the £:DM exchange rate. In the worst case scenario, the hedged
return is —8.64% for the Quanto put against —10.16% for the simple put.
On the up-side in the best state, node (0,0,0), the return is 17.37% which is
slightly better for the Quanto put compared to 17.33% for the simple put.

4 Correlation and the Design of Multivari-
ate Hedging Strategies

The effect of introducing positive correlation between the indices and the
exchange rate has been to increase the probability of the “disaster” states,

®In fact, this cost should be lower, given the correlation effect. However, for purposes
of comparison we ran the simulation with the same 3% price.



Correlation Risk, Derivatives, and Portfolio Performance 11

where all three variables have unfavourable outcomes. In fact, comparing the
joint probabilities in Table 3, for the uncorrelated case, with those in Table 4,
for the correlated case, we find that the probabilities of nodes (3,3,3), (3,3,2),
(3,3,1), (3,3,0) have all increased. These are the states where both the DAX
and the FTSE are at their lowest levels. However, the probability of states
(3,2,3) and (3,2,2), where the FTSE is at node 2 (slightly down) and the
exchange rate is low, have also increased significantly. In all these cases, the
unhedged portfolio loss exceeds 10%. In fact, as shown previously in Table 5,
the probability of a loss in excess of 10% has increased from 0.04 to 0.09 in
the correlated case.

We have already seen that the Quanto put concentrates its payoff in those
states where either the exchange rate or the FTSE is down. Comparing the
results in Tables 6 and 7, for the state where the DAX index is at its lowest
level (node 3), we find that the Quanto put has a significant payoff in all
the states mentioned above, putting a floor of —8.64% under the portfolio
return. It achieves this by earning a relatively large return in those states
(where the exchange rate is down) when it is really needed. In contrast, the
FTSE put option pays off when FTSE is down at node 3 and ignores the
adverse exchange rate movement.

The existence of positive correlation increases the demand for (and the
price) of Quanto options, because it increases the probability of exactly those
states where low returns can occur, in DM terms, and where this type of
derivative instrument pays off. In comparison, separate options on the FTSE
and on the £:DM exchange rate are relatively inefficient and therefore more
expensive hedge vehicles. However, the state-by-state analysis of portfolios,
which can be performed with the binomial approximation methodology il-
lustrated here, also allows the decision maker to design hedging instruments
and strategies which are most appropriate to the situation of the fund under
management. In our international diversification example above, it is appar-
ent that even more efficient multivariate payoff options would have payoffs
that were contingent also on the level of the DAX index. For example, in
Table 7, node 0 for the DAX, we find that the Quanto option pays off 3%
even when the unhedged portfolio return is +8.5%. A more efficient hedging
vehicle would be one that paid off only when the DAX was also at a low level.
Such an option should have a cost which is correspondingly less because of
its concentrated payoft.

A portfolio manager is concerned with reducing the probability of achiev-
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ing low returns, even at the cost of giving up some of the portfolio’s upside
potential in the high return states. However, it is important that the hedge
pays off in precisely those states where it is most needed and not in others.
Only in this way can the hedging policy be cost effective. The state-by-state
approach allows the manager to negotiate hedging vehicles in the over-the-
counter market which suit the particular needs of the fund.

5 Conclusions

The correlation between different asset groups is one of the most important
determinants of portfolie behaviour. If markets are uncorrelated, for exam-
ple, diversification may be a sufficient form of risk reduction behaviour. In
international asset allocation problems, the correlation between market in-
dices and the relevant exchange rates are the important parameters. The
existence of positive correlation between market indices, however, increases
the incentive for funds to hedge market movements with options and for-
wards/futures. Diversification is less beneficial given positive correlation,
and hedging with derivatives is essential if adverse combinations of index
outcomes are to be avoided. Hedging instruments to reduce the impact of
these adverse outcomes range from simple put options on individual market
indices to complex, multivariate options. The more complex instrument can
be used to counter the effects of the correlation between the market indices
and the exchange rates.

In this paper, we have illustrated a system for generating a parsimonious,
multivariate binomial distribution of three variables. The system by which we
generate the (4 x 4 x 4) matrices of the portfolio returns and the hedged port-
folio returns could be used in meetings between portfolio managers and their
clients. The projected outcomes in each state can be used as benchmarks
for discussion of subsequent portfolio performance. The important point is
that the performance behchmarks are non-linear in the underlying variables
if option positions are included. In portfolio analysis, the traditional mean-
variance analysis has to be replaced by a state-by-state approach, where the
non-linear effects can be taken into account. The state-by-state approach
also allows the decision-maker to design multivariate options which meet the
objective of protection against specified adverse outcomes.

As an alternative to our methodology, it is possible to generate portfolio
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return scenarios using Monte Carlo simulation. However, the Monte Carlo
method is relatively cumbersome and time consuming and even infeasible,
if the number of state-variables becomes large. The system described here,
based on the linear prop.erty of the lognormal distribution, provides a flex-
ible method for instantaneous analysis of portfolio strategies. A significant
advantage of our method is the small number of states used to reflect the
underlying lognormally distributed variables. It should be possible to em-
ploy the methodology to generate scenarios and test strategies, in real time,
at manager/client meetings. An alternative use of the methods described in
this paper is in the valuation and hedging of complex multivariate options.
We can turn around the focus of the analysis to value the payoffs from the
option. In this case, however, the distributions have to be “centered” around
the respective forward prices of the variables, so that we obtain “risk-neutral”
densities. For the valuation and hedging of such complex options, the im-
proved efficiency due to our method can represent a significant saving in
computational time.
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Appendix A: The Binomial Probability in the
case of a Multivariate Lognormal Stochastic
Process

The General Problem

The method used in the paper can be applied to construct a binomial tree as a
discrete-time approximation for any multivariate lognormal distribution. We
first consider the general problem of approximating variables with a given co-
variance structure. We then apply this general method to the problem in the
text. To see the specific details of the method consider the case of a trivari-
ate lognormal distribution of three variables X, Y, and Z, with the following

variance—covariance matrix (between the logarithms of the variables):'°

2
Oz Ozy Ozz

—_ 2
Q - Uy,:c Uy ay»z

2
az " 0-2 'Y Uz

For notational convenience we use lower case letters to denote natural
logarithms (that is, z = InX, y = InY, z = InZ). Since z, y, and z are
normally distributed, the multiple regression

z=qa,+ Bz + 7.y +E¢,

where )
ﬂ Uz,wo-y - Uy,zax,y
z 252 — g2 ’
o202 —oa2,
Oy 02 — Op O
'7 — Y,2- ¢ T,yv zT
z b]
2.2 _ 2
o202 — 0ol ,
and

o, = E(2) - B.E(z) — 1:E(y)
is linear, and the conditional expectation of z is
E(z|z,y) = oz + .z + 7.y (6)

10The method is readily generalised to the n—variable case. However, the notation is
complex.
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First, we construct separate binomial trees for the variable z, y, 2z, using
the method described in Ho, Stapleton and Subrahmanyam (1994). We then
choose the conditional probability of an up movement in z so that equa-
tion (6) is satisfied at each node. Given that z is a binomial process this
implies that

oz + B2 + 7295 = n:{q(2) lInu; + [1 - ¢(2)]Ind. }, (7)

where ¢(z) = q(z|z = z,,y = y;) is the probability of an up movement in
z given that = is at node r and y is at node s of their respective binomial
distributions. In equation (7), n, is the number of stages in the binomial
process of z and u, and d, are the up and down movements of z. Solving
equation (7) we find

( ) _ Oz + /Bzxr +7zys - nzlndz
02 = n:(Inu, — Ind,)

(8)
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Appendix B: The Proportionate Up and Down
Factors of the Multivariate Binomial Process

The up and down movements u; and d; of the multivariate binomial process
used in the paper are as follows:

WE(X;)/ X)W
. - (E(X)/Xo) | )
1 4 exp(20i-1,i\/(t; = tic1)/mi)
w = 2E(X:)/Xo)™ - di, (10)
where
i=1,2,...,m (11)
and - )
N,-=Zn1, l‘—:l,...,i. (12)
=1

In the above equations, X; is the price of the ¢th underlying asset, n; is
the number of binomial stages between any two date points ¢;_1 and ¢;, oi_1;
is the conditional volatility of the logarithmic asset return over the period
i — 1 to ¢, and oy, is the unconditional volatility.

The up and down movements, u; and d; are analogous to those in Cox,
Ross and Rubinstein (1979), in that they are chosen to match the true un-
conditional mean and conditional volatility.
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Figure 1
Binomial Distribution Outcomes
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Figure 1 illustrates the Ho, Stapleton and Subrahmanyam (1994) technique of building binomial approx-
imating distributions for the case of N = 1 up and down movements of three variables: the level of the
DAX index at a future date, the level of the FTSE index, and the £:DM exchange rate. In this case,
there are just two outcomes for each variable, yielding eight combinations of the three variables. Note
that, g is the probability of an up-movement in DAX, q; is the conditional probability of an up-movement
in the FTSE given that the DAX is up, g7 is the conditional probability of an up-movement in the FTSE
given that the DAX goes down, g3 is the conditional probability of an up-movement in the exchange rate
given that the DAX is up and the FTSE is up, ¢4 is the conditional probability of an up-movement in the
exchange rate given that the DAX is‘up and the FTSE is down, g5 is the conditional probability of an
up-movement in the exchange rate given that the DAX is down and the FTSE is up, g¢ is the conditional
probability of an up-movement in the exchange rate given that the DAX is down and the FTSE is down;

and u stands for the up-state, d for the down-state for all the variables.




Correlation Risk, Derivatives, and Portfolio Performance 19

Figure 2
Joint Probabilities in the System

Matrix A: DAX™

EX® EX“
FTSE® qgXq Xqs g x q % (1—q3)
FTSE? gx (1 —q1) X g4 g% (1—q1) x (1 - qa)

Matrix B: DAX¢

EX* EX?
FTSE® (1-¢) X g2 %5 (1-g) xg2x(1—¢s)
FISE?| (1—¢) x (1 —¢2) X s (1—¢) x (1 —g2) x (1 —ge)

Matrix A shows the joint probabilities of the DAX index being up, DAX*, and the
remaining FTSE and £:DM exchange rate variables up or down. Matrix B shows
the joint probabilities of the DAX index being down, DAX?, and the remaining
variables up or down.
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Table 1

Data Input for Portfolio Simulation®

Annualised Annualised Correlation Matrix?
Variable Mean Volatility? | DAX FTSE EX(£:DM)
DAX Index 10%° 17% 1 0.37 0.22
FTSE100 8%° 15% 0.37 1 0.08
EX(£:DM) | 2.46DM° % 0.22 0.08 1
Notes:

a. The time period for the simulation is ¢ = 90 days. The number of binomial

periods is N = 3.

b. The mean rates of return are subjective estimates, assumed to be given

exogenously.

c. The expected exchange rate is the forward rate, for 90 day delivery, on the

day of the simulation.

d. Volatilities and correlations were estimated using data from the on-line
DATASTREAM financial database, for the period September 1st, 1993 to
September 30th, 1994. The time-series of logarithms of the daily price rela-
tive is computed, and then the standard deviation and correlations estimated

from the data.
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Table 2
Summary Univariate Probability Distribution:
Uncorrelated Case

(1) (2) (3) (4) (5) (6)
Node DAX Pr(DAX) FTSE Pr(FTSE) EX(£:DM) Pr(EX(£:DM))
0 1.1822 0.1250 1.1572 0.1250 2.6005 0.1250
1 1.0724 0.3750 1.0619 0.3750 2.4982 0.3750
2 0.9728 0.3750 0.9744 0.3750 2.3999 0.3750
3 0.8824 0.1250 0.8941 0.1250 2.3055 0.1250

The distributions of the outcomes for the three variables, the DAX index, the
FTSE index and the £:DM exchange rate are based on the data inputs in Table 1.
Column 1 shows the price relative of the DAX index in each of four states. Column
3 shows the price relative of the FTSE index in each of four states. Column 5
shows the £:DM exchange rate in each of four states. Columns 2, 4, and 6 show
the probabilities of the states. Node r for each variable shows its outcome given r
down movements of the binomial process.
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Table 3
Distribution of Portfolio Returns: Uncorrelated Case

Node=0, DAX=1.1822
FISE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)
2.6005 19.25% 16.72% 14.41% 12.29%
0.0020 0.0059 0.0059  0.0020
2.4982 18.04% 15.62% 13.40% 11.36%
0.0059 0.0176 0.0176  0.0059
2.3999 16.89% 14.56% 12.43% 10.47%
0.0059 0.0176 0.0176  0.0059
2.3055 15.78% 13.54% 11.49% 9.61%
0.0020 0.0059 0.0059 0.0020

Node=1, DAX=1.0724
FTSE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)
2.6005 11.01% 8.49% 6.18%  4.06%
0.0059 0.0176 0.0176  0.0059
2.4982 9.81% 7.39% 5.16%  3.13%
0.0176  0.0527 0.0527 0.0176
2.3099 8.65% 6.33% 4.19% 2.23%
0.0176  0.0527 0.0527 0.0176
2.3055 7.54% 5.31% 3.26% 1.37%
0.0059 0.0176 0.0176 0.0059

The joint distribution of the outcomes of the three variables, the DAX index, the
FTSE index and the £:DM exchange rate are shown node-by-node. Each panel of
the table represents a different outcome of the DAX index. The outcomes of the
FTSE index are given at the top of each panel, while those for the £:DM exchange
rate are indicated on the left hand side column. In each matrix segment, row 1
is the value of the unhedged portfolio return computed using equation (3), row 2
shows the joint probability of the portfolio return occurring.
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Table 3 (Con’t)

Distribution of Portfolio Returns: Uncorrelated Case

Node=2, DAX=0.9728

FISE  1.1572 1.0619  0.9744  0.8941
EX(£:DM) °

2.6005  3.54%  1.02% —1.29% —3.41%
0.0059 0.0176  0.0176  0.0059

24982  2.34% -0.08% —2.31% —4.34%
0.0176  0.0527  0.0527  0.0176

2.3999  1.18% -1.14% —3.28% —5.24%
0.0176  0.0527  0.0527  0.0176

2.3055  0.07% -2.16% —421% —6.09%
0.0059 0.0176  0.0176  0.0059
Node=3, DAX=0.8824

FTSE  1.1572 1.0619  0.9744  0.8941

EX(£:DM)

2.6005 —3.24% —5.76% —8.07% —10.19%
0.0020 0.0059  0.0059  0.0020

924982 —4.44% -6.86% —9.08% —11.12%
0.0059 0.0176  0.0176  0.0059

2.3999 —5.59% -7.92% —10.05% -12.01%
0.0059 0.0176  0.0176  0.0059

2.3055 —6.70% —8.94% —10.99% -12.87%
0.0020 0.0059  0.0059  0.0020

The joint distribution of the outcomes of the three variables, the DAX index, the
FTSE index and the £:DM exchange rate are shown node-by-node. Each panel of
the table represents a different outcome of the DAX index. The outcomes of the
FTSE index are given at the top of each panel, while those for the £:DM exchange

rate are indicated on the left hand side column. In each matrix segment, row 1
is the value of the unhedged portfolio return computed using equation (3), row 2
shows the joint probability of the portfolio return occurring.
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Table 4
Joint Probabilities: The Effect of Correlation

Node=0, DAX=1.1673

FTSE  1.1572 1.0619 0.9744 0.8941
EX(£:DM)

2.6000  0.0100 0.0151 0.0067 0.0008
2.4980  0.0194 0.0308 0.0140 0.0016
2.4000  0.0122 0.0201 0.0091 0.0010
2.3059  0.0025 0.0041 0.0018 0.0002

Node=1, DAX=1.0683
FTSE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)
2.6000 0.0076 0.0225 0.0173 0.0036
2.4980° 0.0218 0.0622 0.0478 0.0097
2.4000 0.0190 0.0540 0.0412 0.0079
2.3059 0.0052 0.0147 0.0110 0.0019

Node=2, DAX=0.9777
FTSE  1.1572 1.0619 0.9744 0.8941
EX(£:DM)
2.6000  0.0019 0.0112 0.0149 0.0052
2.4980  0.0081 0.0419 0.0544 0.0190
2.4000  0.0099 0.0483 0.0625 0.0217
2.3059 " 0.0036 0.0175 0.0225 0.0075

Node=3, DAX=0.8948
FTSE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)
2.6000 0.0002 0.0019 0.0043 0.0025
2.4980 0.0010 0.0094 0.0206 0.0124
2.4000 0.0017 0.0144 0.0315 0.0198
2.3059 0.0009 0.0069 0.0154 0.0102

-

The joint distribution of the outcomes of the three variables, the DAX index, the FTSE index and the
£:DM exchange rate are shown node-by-node. Each panel of the table represents a different outcome of
the DAX index. The outcomes of the FTSE index are given at the top of each panel, while those for the
£:DM exchange rate are indicated on the left hand side column. The joint probabilities assume that the
correlation of the DAX and FTSE is 0.37, the FTSE and the £:DM exchange rate is 0.08, and that the
DAX and the £:DM exchange rate are correlated 0.22. All probabilities are generated using the method
of Ho, Stapleton and Subrahmanyam (1994).
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Table 5
Summary Statistics: Correlation versus Uncorrelated

Uncorrelated Correlated®
1st quartile® -2.3% -2.9%
2nd quartile +2.3% +1.9%
3rd quartile +7.8% +7.1%
Probability of —10%° 0.04 0.09

Notes:

a. The first quartile means that there is a 25% chance of the portfolio return
being less than —2.3%, for example.

b. The last line shows the probability of a return of less than —10%.

¢. The correlated case uses the correlation estimates reported in Table 1.
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Table 6
Distribution of Unhedged and Hedged Portfolio Returns Using a
Put Option on the FTSE Index: Correlated Case

Node=0, DAX=1.1673
FISE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)

2.6000 18.12% 15.60% 13.29% 11.17%
17.33% 14.81% 13.18% 13.18%
0.0100 0.0151 0.0067 0.0008

2.4980 16.92% 14.50% 12.28% 10.24%
16.16% 13.74% 12.17% 12.17%
0.0194 0.0308 0.0140 0.0016

2.4000 15.77% 13.45% 11.31% 9.35%
15.04% 12.71% 11.21% 11.21%
0.0122 0.0201 0.0091 0.0010

2.3050 14.67% 12.43% 10.38%  8.50%
13.96% 11.73% 10.28% 10.28%
0.0025 0.0041 0.0018  0.0002

Node=1, DAX=1.0683
FTSE 1.1572 1.0619 09744 08941
EX(£:DM)
2.6000 10.70% 8.18% 5.87%  3.75%
9.91% 7.39% 5.75%  5.75%
0.0076  0.0225 0.0173  0.0036
2.4980 9.50% 7.08%  4.86%  2.82%
8.74% 6.32% 4.75% 4.75%
0.0218 0.0622 0.0478 0.0097
2.4000 8.35%  6.02% 3.89% 1.93%
7.62%  5.29% 3.18%  3.718%
0.0190 0.0540 0.0412  0.0079
23059 7.24% 5.01% 2.95% 1.07%
6.54% 4.30% 2.85%  2.85%
0.0052 0.0147 0.0110  0.0019

.

The joint distribution of the outcomes of the three variables, the DAX index, the FTSE index and the
£:DM exchange rate are shown node-by-node. Each panel of the table represents a different outcome of
the DAX index. The outcomes of the FTSE index are given at the top of each panel, while those for the
£:DM exchange rate are indicated on the left hand side column. In each matrix segment, row 1 is the
value of the unhedged portfolio return computed using equation (3). Row 2 shows the hedged portfolio
return using a put option on the FTSE index. Row 3 shows the joint probability of the portfolio return

occurring. Node r for each variable shows its outcome given r down movements of the binomial process.
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Table 6 (Con’t)

Distribution of Unhedged and Hedged Portfolio Returns Using a
Put Option on the FTSE Index: Correlated Case

Node=2, DAX=0.9777

FTSE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)

2.6000 - 3.90% 1.38% -0.93% -3.05%

3.11% 0.59% —1.04% —1.04%

0.0019  0.0112 0.0149 0.0052

24980 2.70% 0.28% -1.94% -3.98%

1.94% -0.48% —2.05% -2.05%

0.0081  0.0419 0.0544 0.0190

2.4000 1.55% —-0.77% -291% -4.87T%

0.82% —1.51% -3.01% -3.01%

0.0099  0.0483 0.0625 0.0217

2.3059 0.45% -1.79% -3.84% -5.72%

-0.26% —-2.49% -3.94% -—3.94%

0.0036  0.0175 0.0225 0.0075
Node=3, DAX=0.8948

FTSE 1.1572 1.0619 0.9744 0.8941

EX(£:DM)

2.6000 -2.31% -4.83% -7.15% -9.27%

-3.11% -5.63% -7.26% -7.26%

0.0020  0.0019 0.0043 0.0025

2.4980 -3.51% -5.94% -8.16% -10.20%

©-4.28% -6.710% —-8.27% -8.27%

0.0010  0.0094 0.0206 0.0124

2.4000 —-4.67% -6.99% -9.13% —11.09%

-5.40% -7.72% -9.23% -9.23%

0.0017  0.0144 0.0315 0.0198

2.3059 -5.77% —8.01% —10.06% —11.94%

—-6.48% —-8.71% -10.16% -10.16%

0.0009  0.0069 0.0154 0.0102

The joint distribution of the outcomes of the three variables, the DAX index, the FTSE index and the

£:DM exchange rate are shown node-by-node. Each panel of the table represents a different outcome of

the DAX index. The outcomes of the FTSE index are given at the top of each panel, while those for the

£:DM exchange rate are indicated on the left hand side column. In each matrix segment, row 1 is the

value of the unhedged portfolio return computed using equation (3). Row 2 shows the hedged portfolio

return using a put option on the FTSE index. Row 3 shows the joint probability of the portfolio return

occurring. Node r for each variable shows its outcome given r down movements of the binomial process.
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-

Table 7
Hedging the FTSE with a DM Denominated Put (Quanto) Option:
Correlated Case

Node=0, DAX=1.1673
FTSE 1.1572 1.0619 0.9744 0.8941
EX(£:DM)

2.6000 18.12% 15.60% 13.29% 11.17%
17.37% 14.85% 12.54% 11.80%
0.0100 0.0151 0.0067 0.0008

24980 16.92% 14.50% 12.28% 10.24%
16.17% 13.75% 11.80% 11.80%
0.0194 0.0308 0.0140 0.0016

2.4000 15.77% 13.45% 11.31% 9.35%
15.02% 12.70% 11.80% 11.80%
0.0122 0.0201 0.0091 0.0010

2.3059 14.67% 12.43% 10.38% 8.50%

- 13.92% 11.80% 11.80% 11.80%
0.0025 0.0041 0.0018 0.0002

Node=1, DAX=1.0683

FTSE 1.1572 1.0619 0.9744 0.8941

EX(£:DM)

2.6000 10.70% 8.18% 5.87% 3.75%
9.95% 7.43% 5.12% 4.37%
0.0076 0.0225 0.0173 0.0036

2.4980 9.50% 7.08% 4.86% 2.82%
8.75% 6.33% 4.37% 4.37%
0.0218 0.0622 0.0478 0.0097

2.4000 8.35% 6.02% 3.89% 1.93%
7.60% 5.27% 4.3™% 4.37%
0.0190 0.0540 0.0412 0.0079

2.3059 7.24% 5.01% 2.95% 1.07%
6.49% 4.37% 43™% 4.37%
0.0052 0.0147 0.0110 0.0019

The joint distribution of the outcomes of the three variables, the DAX index, the FTSE index and the
£:DM exchange rate are shown node-by-node. Each panel of the table represents a different outcome of
the DAX index. The outcomes of the FTSE index are given at the top of each panel, while those for the
£:DM exchange rate are indicated on the left hand side column. In each matrix segment, row 1 is the
value of the unhedged portfolio return. Row 2 shows the effect of hedging with the DM denominated put

option (Quanto) on the FTSE index. Row 3 shows the joint probability of the portfolio return occurring.
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Table 7 (Con’t)

Hedging the FTSE with a DM Denominated Put (Quanto) Option:

Correlated Case

Node=2, DAX=0.9777

FTSE  1.1572 1.0619 0.9744 0.8941
EX(£:DM)

2.6000 - 3.90% 1.33% -0.93% -3.05%

3.15% 0.63% -1.68% —2.42%

0.0019 0.0112 0.0149 0.0052

2.4980 2.70% 0.28% —-1.94% -3.98%

1.95% —-0.47% -2.42% -2.42%

0.0081  0.0419 0.0544 0.0190

2.4000 1.55% -0.77% —2.91% —-4.87%

0.80% -1.52% -2.42% -2.42%

0.0099  0.0483 0.0625 0.0217

2.3059 0.45% -1.79% -3.84% -5.712%

-0.30% —2.42% —-2.42% -2.42%

0.0036  0.0175 0.0225 0.0075
Node=3, DAX=0.8948

FTSE 1.1572 1.0619 0.9744 0.8941

EX(£:DM)

26000 —2.31% -4.83% -7.15% -9.27%

-3.06% -5.58% —7.90% -8.64%

0.0002  0.0019 0.0043 0.0025

2.4980 -3.51% -5.94% —-8.16% —10.20%

*-4.26% -6.69% —8.64% —8.64%

0.0010  0.0094 0.0206 0.0124

2.4000 —-4.67% —6.99% -9.13% -11.09%

~-5.42% -7.714% —-8.64% ~8.64%

0.0017  0.0144 0.0315 0.0198

23059 -5.77% -8.01% -10.06% —11.94%

-6.52% —8.64% —8.64% —8.64%

0.0009 0.0069 0.0154 0.0102

The joint distribution of the outcomes of the three variables, the DAX index, the FTSE index and the

£:DM exchange rate are shown node-by-node. Each panel of the table represents a different outcome of

the DAX index. The outcomes of the FTSE index are given at the top of each panel, while those for the

£:DM exchange rate are indicated on the left hand side column. In each matrix segment, row 1 is the

value of the unhedged portfolio return. Row 2 shows the effect of hedging with the DM denominated put

option (Quanto) on the FTSE index. Row 3 shows the joint probability of the portfolio return occurring.



