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35. P.Cornell inv. 69 Revisited:

A Collection of Geometrical Problems

Alexander Jones

In his Exact Sciences in Antiquity Neugebauer published a photograph of the front side of P.Cornell
inv. 69 and referred in passing to one of its diagrams as an example of an instructional papyrus containing
mathematical texts similar to those transmitted in the Heronian corpus, but it was only in 2003 that
an edition and detailed study of the papyrus by Biilow-Jacobsen and Taisbak made this interesting text
accessible.' Despite the broken state of preservation (no complete line of the text survives), the editors
identified the kinds of problems being dealt with, namely determining the areas of rectilinear quadri-
laterals, substantially reconstructed the problem we will designate Problem 2 and its method of solution,
and pointed to a few other mathematical papyri containing comparable problems. They correctly observed
that the problems, despite their superficial “real-world” appearance, are really artificial exercises whose
solutions depend on the circumstance that their geometrical configurations are built out of perfect “Pytha-
gorean” right triangles with whole-number sides; practical surveying mathematics surely never required
the extraction of square roots. Building on their edition, Friberg succeeded in reconstructing the mathe-
matical contents of Problem 1, and drew attention to the especially close parallels between P.Cornell
inv. 69 and P.Ayer (= P.Chic. 3), situating these—and many other Greek and Demotic mathematical
papyri—as part of a tradition descending ultimately from Old Babylonian mathematics.” The present
reedition owes a great deal to both these publications.

Biilow-Jacobsen and Taisbak provided a technical description of the papyrus, from which I only
need repeat that the mathematical text is written along the fibers in a round, “unpretentious” second-
century hand, with frequent abbreviations, while the back preserves a fragmentary third-century document.
The fragment’s dimensions are approximately 13.5 cm (width) by 27.5 cm (height), including about 2.5 cm
upper margin, so that it is likely that close to the full height of the roll is preserved. The provenance of the
papyrus is unknown; it was probably one of the 138 papyri that Cornell purchased in 1921-1922.°

My reasons for thinking it worthwhile to offer a reedition of P.Cornell inv. 69 begin with an
abbreviation that recurs frequently in it, and that appears (in one of its clearer instances, ii 8) as follows:

e

' A. Biilow-Jacobsen and C. M. Taisbak, “P.Cornell inv. 69. Fragment of a Handbook in Geometry,” in A. Piltz et al.,
For Particular Reasons: Studies in Honour of Jerker Blomgvist (Lund 2003) 55-70 (referred to henceforth as ed. pr.).
0. Neugebauer, The Exact Sciences in Antiquity, 1°' ed. (Acta historica scientiarum naturalium et medicinalium 9)
(Copenhagen 1951, also Princeton 1952) 172 and plate 12; 2™ ed. (Copenhagen—Providence 1957) 179 and plate 12.
Pack?= MP? 2317 (not in Pack'); LDAB 7092. The papyrus is now part of the papyrus collection of the University of
Michigan, Ann Arbor. I wish to thank the Michigan papyrus collection, and specifically Arthur Verhoogt and Adam Hyatt,
for providing the excellent photographs of the papyrus and giving permission to publish them. I am also indebted to Héléne
Cuvigny and Rodney Ast for weeding out several errors in my transcription.

2 J. Friberg, Unexpected Links between Egyptian and Babylonian Mathematics (Singapore 2005) 226-233. E. J. Goodspeed,
“The Ayer Papyrus: A Mathematical Fragment,” AJP 19 (1898) 25-39 with unnumbered plate between 24 and 25, and
“The Ayer Papyrus,” American Mathematical Monthly 10 (1903) 133—-135 with unnumbered plate between 133 and 134.
The Ayer Papyrus is in the collection of the Field Museum, Chicago.

> W. Westermann and C. J. Kraemer, Jr., Greek Papyri in the Library of Cornell University New York 1926), iii; see also
http://www.library.cornell.edu/colldev/mideast/cdhist.htm.



160 Alexander Jones

The editors describe this as a “cursive B (x would also be possible) with a hook above,” and
comment that it “must be an abbreviation for Bdiov, a measuring rod of 6 cubits.” However, a very similar-
looking abbreviation

v

) 74

occurs in a first-century CE astronomical papyrus, P.Oxy.Astr. 4136, lines 6 and 18, in which its resolution
as katahefmeron is evident from a parallel instance in lines 15-16 where the word is spelled out.” This verb
has the technical sense in Greek mathematical texts of “the result of the subtraction is,” and it generally
follows a statement that some quantity is to be subtracted from another quantity. The same resolution
fits wherever the abbreviation appears in P.Cornell inv. 69, and wherever it occurs we may infer that
a subtraction has just been performed, even when the preceding text is lost—a significant help in recon-
structing the missing text and its procedures.

In fact a conjectural restoration of a large part of the lost text is possible, taking advantage of the
stylized, even formulaic language, mathematical logic, and the information in the extant text and diagrams.
The exercise yields a clearer understanding of the text’s mathematical procedures and conventions, as well
as helping to confirm some of the less secure readings of the papyrus.

Conventions

Lines are numbered continuously in each column, with a single line number assigned to a diagram or to
the space where a lost diagram is presumed.5 Interlinear insertions are assigned the number of the preced-
ing line followed by the letter “a.” The diagrams have been modelled on tracings of the originals, with no
attempt to make the lengths of the lines proportionate to their dimensions according to the text. Restored
lines or portions of lines are represented by broken lines.

The translation attempts to represent the terminology as literally as is practicable. The expressions
for arithmetical operations and results are as follows:

translation meaning
nolel make multiply
nopdPole apply to divide into
npdooaye bring add
ExPode cast out subtract
KatoAglneTon there is left behind the difference is
TAgLPd side square root

4 A. Jones, Astronomical Papyri from Oxyrhynchus (Memoirs of the American Philosophical Society 233), 2 vols. in 1
(Philadelphia 1999) (= P.Oxy.Astr.), 2.14.
> It was not possible to retain the line numbering of ed. pr.
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Text and Translation

col. 1

9a

12

16

18a

20

24

[F5]

e EEEEEEEEEsEEEsEEEE ..,
Yo .

N .
oo *
e Y

[}\,_8] ~.~~.~~ "':

[8]
[®g 3T motficat. moiel Ta A T &v T vo(tiot) ¢ £otd-] (yivetar) apvs. kol To K
[td &v tan Bo(peion) &¢° Eatd: (yiveton) v. amd opvs: ko(tareimetar) yvs. EkBlake ta & ta év T
[GTnA(dTNL) GO TOV ps TdV &v TdL A(Bi) ka(todeinetar) up. mapdPalie gig yvs: (yivetor) m.
[tpdoaye taig pup- (yivetor) E. 10 (fluiov), A, 6 drnA(idg) éoti ToD TT]pog vo(tiot) tprydvov.
[t i 4mo TV A katadeinetar) 1B, 0 ArnA(1dTng) £oti Tod Tpdg Po(peiwt) Tprydvov.] dg Sel gOpely
[tv dpbnv Bdowv. moiet Ta AS Ta &v Tt vo(timt) £ £altd- [(yivetan) alpv[s.] k[oi] Ta A
[ta &v tdt annA(1dTny) T0d TPOg vo(timt) Tprydvov €¢° €atd- (yivetar)] 2. and apvs:
ko(tokelneton) ovs.
[mhevpd, 15, i 0pON Bdotic Eotiv. Opoimg Ta k T]a év TdL [dmmA(iwtnt) tod] MPo(peion) &¢°
gotd- (ytverar) v.”
[“kol to 1B T &v Td1 dmA(1dTnt) Tod”]
[mpOg Po(peiov) Tpryddvov €@’ Eotd- (yivetar) pud. 4mod v k(atoleinetar) ovs. Thgvpd,] 1S,
i 6pOn Pdoig
[éotiv. Jopevav vo() tpryw()

) ~
115 O1s, apovp() &5
)

] 70 &(uPadov), v. TocadT(ag)
Jvar Tén dpovprop(@dr)

] yévnrton diho oy[f]-

1. apo(dpac) yas. 10 Hrnddu(yna)

] vac.

1 vo() tptywvoy

“tetpdlywvoy Exov oxfiue 7

TeTp]dywvoy Exov
1. Bo() &xopev()
] .. (yiveton) €mt 10 adt0
] dpovpd(v) TAS
]

Amo TAV GLV-

] vac.
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1. .70 dagop()
] tiva ta tunp(ota);
vu e [

28 Il

col. ii
Tpanelog[1dng
N 1.1 1.1

emem[ ] a atf
4 dapdpov [apov]piopds tifg

oynpoatog [1]o vrddyp[a]

n
s vy
)

¢ 8¢l motfioat. ol Ta 1€ T &v TdL vo(tion) £’ [Eutd- (yivetot) oke. Kol Ta. 1y]
8 10 &v T Po(peiwr) 8¢ £atd- (yivetor) p&D. dmd oke: ko(Todeimeton) [vs. Ta & Ta &v]
T M(BY) 7o 1 TOV £V TOL ATnA(ldTL)- KoTaAeineton) 8. nlapdPode €ig vs-]
(yivetan) 13. mpdoaye taig & (yiveror) m. 10 (ipuov) [0, 6 M(y) o1t T0d TpOg vo(timt)]

oQpayetdo(q). amo 18- ka(takeinetan) €, 6 AnnA(1dTNG) oti [T0D Tpdg Pop(eimt) cEpayeldo(c).]

12 ®G deT €0pelV TV dpOnv Pdowv. [molel Ta 1€ Ta &V TdL]
vo(tion) £’ £atd. (yiverar) oxe. xoi o 0 Ta &v [td M(Bi) tod mpdg vo(timn) tprycdhvou]
£ €atd- (ylvetar) ma. nd oke: ko(toAeinetor) pud. [TA(svpa) 1B, i Opon Pdoic Eotiv.]
Opoiwg kol ta 1y 0 &v Tt Bo(pelon) [8]@ [Eatd: (yivetar) pED. kol Ta € Ta]

16 &v T A (widnt) tod 1pog Po(peiwr) tprydviov 8¢ atd- (yiveton) Ke. amd pED-]
ka(tadeineton) pusd. TA(gvpd), 1B, 1 Optn Pdoig otiv. [
avapétpnoig OAng thg oppoye[id0c. T0 cuVauPdTEPOV]
@V 300 Tprydvov tdv npdg v[o(timt) kol tpog Bo(peiwt), d, and TdV]

20 [p]vs: ka(todeinetar) of. Tocadtag dpovpag Exelt
__ dpdpor apo(vpdv) md: katodeineTan) f | [

. Cuéfodog [
€

[ogpayi]g Exovonte _ eovv, . [
€
24 i) 1 OpOnN Pdoig, Tiva Ta TURpA[TA

] Sapdpov dpovpiopds T [
oxnu]otog 10 VoS pa.
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Y 1€
— -3
r _ .
€ € Q o!
Y /
- ®
T d
28 [o¢ 8l motfica]t. wo[{]g[t] Ta 1€ Ta &v TdL [Arn[M(dTny) £¢° Eatd: (yiveton) oke. Kol Ta € TO &V Td]

[Bo(peiwn) &9’ £a]td- (yiveton) ke. [c]dvOec: (yiverar) o[v]. Op[o]img ka[i Td 1& Ta &v Tdt vo(tion)]
[89’ éatd: (yivetar)] oke. Kol 10 € T0. &V T M(PL) €@ [Eatd: (yivetan) Ke. chvOec: (yivetar) ov.]
1.. .nepog[ ] 1R o]
32 1. .[.1700 mpdg Bo(peiw) [t]prycdv[ov
1. ®G Sl eupeliv v OpONV Bdotv. ]
[molel Ta 1e &v T]@1 vo(tion) & €otd- (yivetor) oke. [kal o 1 Ta &v]
[tdt 10D mpdg amn(tdTnt) [T]prydvou €@’ gatd: (yivetar) p[pd. 4mod oke:]

36 [ka(todeineTar) ma. TA(gvpd), 0, 1§ OpOM Pdo]i dottv. [
] 7pdc vo(tio) tpltyov
1.0
1.0
40 1.0

col.i 2 et passim, 1. £avtd, opvskor pap. 11 tpy® 12 apovP 13 tocaw® 14 apovpict 16 ap®  HmodY
1. Onddetypa 21 gxopey 22 apovp® 25 Srapop”

col.ii 5 dmodryp[a l. omdderypo 10 L 11 oepayed® 1. oppayidog (bis) 11 oppayidog 21 ap® 26 Hrodiyua
1. dmddetypo

col. i

[46]

.:---------------------'

4]

[How one should do it. Make the 34 on the south by itself;] there results 1156. And the 20

[on the north by itself; there results 400. From 1156; there is left behind 756. Cas]t out the 4 on the
4 [east from the 46 on the west; there is left behind 42. Appl]y to 756; there results 18.

[Bring it to the 42; there results 60. Half, 30, which is the east of the] triangle to the south.

[The 18 from the 30; there is left behind 12, which is the east of the triangle to the north.]

How one should find

[the upright base. Make the 34 on the south by itse]lf; [there results 1]15[6.] A[nd] the 30

8 [on the east of the triangle to the south by itself; there results] 900. From 115[6]; there is left
behind 256.
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9a

12

16

18a

20

24

28

col. 11

Alexander Jones

[Side, 16, which is the upright base. Similarly the 20] on the [east of the] “north by itself;
there results 400.”

[>And the 12 on the east of the”]

[triangle to the north by itself; there results 144. From 400; there is left behind 256. Side,] 16
southerly triangle

16 16, 64 arouras

]
] the area, 400. So many

] ... the determination of arouras
] there should arise another shape
1736 arouras. The diagram

] vac.

] southerly triangle

] having [quadra]ngular shape”
] having [quadr]angular

]...north ...

] ... there results, by itself

] 336 arouras

] from the ..

] vac.

.. different
What are the segments?

trapezoid [
L

L
A different(?) determination of arouras. [
[The] example of the shape:

8

13
15

4
How one should do it. Make the 15 on the south by [itself; there results 225. And the 13]

on the north by itself; there results 169. From 225; there is left behind [56. The 4 on]
the west from the 8 on the east; there is left behind 4. A[pply to 56;]
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24

28

32

36

40
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there results 14. Bring it to the 4; there results 18. Half, [9, which is the west of the] plot
[to the south.]
From 14; there is left behind 5, which is the east of [the plot to the north.]
How one should find the upright base. [Make the 15 on the]
south by itself. There results 225. And the 9 on [the west of the triangle to the south]
by itself; there results 81. From 225; there is left behind 144. [Side, 12, which is the upright base.]
Similarly the 13 on the north by [itself; there results 169. And the 5]
on the east of the triangle to the north [by itself; there results 25. From 169;]
there is left behind 144. Side, 12, which is the upright base. ... [
Surveying of the entire plot. [The sum]
of the two triangles to the s[outh and to the north, 84, from the]
[1]56; there is left behind 72. So many arouras does it have. [
... by(?) difference 84 arouras. There is left behind 12 ... [
7(th?) method [
15
[Plo]t having 15 5 5.0

] What is the upright base? What are the segment[s?
] A different(?) determination of arouras. ... [
The example of the [sha]pe:

3 15

[How one should do] it. Make the 15 on the e[ast by itself; there results 225. And the 5 on the]
[north by itse]lf; there results 25. Add; there results 2[50]. Similarly also [the 15 on the south]
by itself; there results 225. And the 5 on the west by [itself; there results 25. Add; there results 250.]
1.1
] of the triangle to the north [
] ... How one should fi[nd the upright base.]
Make the 15 on] the south by itself; there results 225. A[nd the 12 on]
[the ...] of the triangle [to the] east by itself; there results 1[44. From 225;]
[there is left behind 81. Side, 9, which is the upright bajse. ... [
] tr[iangle] to the south [

1.1
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Abbreviations (see also apparatus)
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Commentary and Notes

col. 1 1-16: Problem 1

The problem concerns a trapezoidal field, i.e. a quadrilateral having one pair of opposite sides parallel,
such that the two remaining sides are unequal and the internal angles that they make with the longer
of the parallel sides are both acute; Heron calls such a figure tpoméliov 6&vydviov (Metrica 1.12). Linear
dimensions are expressed throughout the papyrus as numbers without units, but since areas are explicitly
stated to be arouras calculated on the assumption that 1 aroura equals 1 square linear unit, the linear units
must implicitly be schoenia. The four sides of the field, though not orthogonal, are nominally designated
by the cardinal directions. In the present instance, the east and west sides, respectively 4 and 46 schoenia,
must be presumed to be parallel, while the north and south sides, respectively 20 and 34 schoenia, form
acute interior angles with the longer of the parallel sides, so that they converge with 4 tending to the south-
east and d'to the northeast. The diagram in the papyrus, which followed the (lost) statement of the problem
and precedes the method of solution, is broken away except for the numeral 20, which however suffices
to show that it was oriented such that north was to the right. The restoration offered here, with west at the
top, assumes that the diagram showed the field as seen from above, like a map; but see the introductions
to Problems 2 and 3 below.

The object of Problem 1 is to find the area of the field, but this is accomplished in stages. The
method can be set out in more general terms as follows.

a (west)

g
(upright base)

e (east of ¢ £ (east of
south triangle) (east) north triangle)

Fig. 1. Geometrical configuration of Problem 1

We imagine the completed rectangle consisting of the trapezoidal field and two neighboring right trian-
gular plots on the north and south. The first step is to calculate the east sides of these triangles (e and 7,
which together with the trapezoid’s east side, ¢, make up the east side of the rectangle. These may be
found as:
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@ %)

(a—c)+
(a=¢)
(1) e= :
(a0 (@ -7)
N CEr N Cil))
@) r= 2 (a—c)

This algorithm works because, by the Pythagorean Theorem,’
@ F-b=E+)-(£+g)

__f

=(e+e~1)

=(a—-c)e-1)
and we have the identities

(e+.f)+(e-f)

4 =
“4) e >

(e+f)—(e-1)
2

©) f=

Second, we find g, the “upright base,” by applying the Pythagorean Theorem to either of the right triangles:

6 g=NE -& =t -F

Now, to find the area of the trapezoid, one can proceed in either of two ways. One can calculate the areas
of the two right triangles and subtract them from the area of the complete rectangle:

ge gj

(7 A=ga- (2 5

or, taking advantage of the fact that the trapezoid can be decomposed into two right triangles equal to
the neighboring ones flanking a smaller rectangle (shaded in the figure above),

8 Friberg prefers to designate the relation of the sides of a right triangle the “Diagonal Rule,” a more historically accurate if
less recognizable name, since it was known already in Old Babylonian mathematics and outside of the “Euclidean” tradition
of Greek geometry it is primarily an algorithm, not a proved theorem, applied to the diagonals of rectangles at least as often
as to right triangles.
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ge gf
8 A= +[—+—j
(8) gc > 5

Despite the broken condition of this part of the text (lines 11-16) it is evident that the text gave both
methods, first adding the combined area of the triangles (336 arouras) to the area of the small rectangle
(64 arouras), and then subtracting the 336 arouras from the area of the complete rectangle (736 arouras),
each time obtaining 400 arouras as the area of the trapezoid.

It is interesting to compare Heron’s handling of this kind of quadrilateral in Metrica 1.12. In
accordance with his normal approach in the Metrica, Heron first provides a geometrical “analysis™ of
the problem in which each step towards the solution is given a geometrical interpretation and justification,
which he follows with a “synthesis” consisting of just the arithmetical operations on the given data, in
the manner that one encounters in the mathematical papyri. Heron’s algorithm for finding the area of the
tpoaméliov d&vydviov begins with the calculation of (2 — ¢) and, from this, the "kd0etoc" g. The procedure
for calculating gis not stated explicitly, but one is referred back to Metrica 1.5 for an algorithm that reflects
a different line of reasoning from the one underlying the algorithm of P.Cornell inv. 69 and P.Ayer.
Finally, Heron obtains the area of the figure as

a+c
o a5

which is of course much more direct though less intuitively obvious than the procedure of the papyri.

1 Although the numeral in the diagram representing the length of the field’s north side is almost
completely preserved, none of the corresponding line can be seen above or below it; this side must
have been drawn as nearly vertical, or the numeral was written well to the right of it.

2-3  d=34,b=20,d =1156,b° =400, d" - b* = 756.

2 (ylvetan): represented here and throughout by a simple vertical stroke, a much less common abbre-

viation in mathematical and astronomical papyri than the crossed gamma symbol. Resolved in
ed. pr. as (ylvovta), but the singular is often attested in such contexts.
The elevated horizontal stroke intended to mark ,apvs as a numeral is sloppily extended over
the following letters. In general, the numerals in the papyrus are typically marked by a sinuous
or straight horizontal stroke either over or above and to the right of the last letter, but the stroke
sometimes begins earlier or is entirely omitted.

34 a=46,c=4,a—c=42,(d - b*)l(a— o) =18.

5 (a— o) +18=060, e=60/2 = 30.

6 An independent computation of £ would parallel the computation of e: (a— ¢) — 18 = 24,
f=24/2 = 12. Instead the text uses the fact that 18 = (e — f), so that /= e— 18 =12.
®G BT gVPELV: WG 8¢ v ,apvs ed. pr.

7-9 d* = 1156 (repeated from line 2), & =900, g* = d* — ¢* =256, g= 16.

8 ovs: no horizontal stroke over the numerals as reported in ed. pr.

9-9a  The scribe accidentally skipped from one &év T@t to the next. The words drnA(1dTnt) Tod, which
prematurely follow the first &v t@1 in line 9, have been circled, and the first words of the correct
continuation are written in the intercolumnium to the right, in a hand of different appearance though
£ovta is spelled €ata as in the main text. The remainder of the skipped text was presumably
inserted interlinearly.

9a-10 5% =400 (cf. line 3), £ = 144, g* = b* — £+ =256, g= 16.

10 opOn Bdotc: T have not found this exact expression for the altitude of the figure in other mathemati-
cal texts. The counterpart expression in P.Ayer is kd0gtoc.
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11 The statement of the areas of the two right triangles and their sum ought to have been in this line.
The calculation would have been:
south triangle = (eg)/2 = 240 arouras,
north triangle = (£2)/2 = 96 arouras,
sum of triangles = 336 arouras.
Perhaps one should restore [cuvay]opévov, “added together,” but the syntax appears awkward.

12 This is part of the second method of computing the area of the field (8). The four sides of the small
rectangle with sides ¢ and g are indicated by writing them in a cruciform arrangement around
what seems to be a small square, a notation I have not seen in other papyri. Cf. ii 23. cg = 64;
thus the area of this rectangle is 64 arouras.

13 &(uPadov): Bd(ia) ed. pr., i.e. reading the abbreviation interpreted here as katodeinerar. If correct,
this would make the area 400 arouras the result of a subtraction, as in the first method of compu-
tation (7), whereas line 12 is evidently using the second method. The symbol appears to me to be
an epsilon, not a kappa, with a superscribed stroke.

Hence the operation in this line was probably:
area of field = 336 arouras + 64 arouras = 400 arouras.

16 736 arouras is ag, the area of the complete rectangle composed of the field and its two neighboring
triangles. The area of the field was likely restated in a lost short line immediately following, as
the result of subtracting the areas of the triangles from 736:

area of field = 736 arouras — 336 arouras = 400 arouras.
col.117-27

The remainder of column i is too broken to make much sense of. After a space that presumably accom-
modated a lost diagram, lines 18-23 apparently discuss a configuration similar to that of Problem 1,
if it is not in fact the same configuration, since an area of 336 arouras is mentioned. Then there is a smaller
space, perhaps corresponding to a section break rather than a diagram, and three lines of text (25-27) that
are too fragmentary to interpret.

18a—19 The restoration [tetp]dywvov of ed. pr. in 19 (“quadrangle/quadrangular,” or more specifically,

22

23
26
27

“square”) seems quite plausible, though it is not clear just what is going on in the lines following
the presumed diagram in 17. The interlinear text appears to duplicate this text, perhaps restoring
a passage accidentally omitted through eyeskip. The intention of the elevated horizontal stroke at
the end of 18a is not clear.

336 arouras was the area of the two right triangles in Problem 1. The present set of lines pre-
sumably referred to a different diagram, but the geometrical configuration must have been similar
to that of Problem 1 for this area to arise again.

A paragraphos appears below this line.

Cf. ii 24. tpAuora might mean geometrically defined subdivisions of a field.

Ed. pr. reads Jvi mept | for this line, but the stroke or strokes read there as n form an inverted U
high above the line, more likely the top of a numeral letter (o or 6?) and the descending curved
superstroke used elsewhere as a mark of a numeral or abbreviation.
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col. ii 1-21: Problem 2

This is similar to problem 1, except that one of the oblique sides of the field makes an obtuse interior angle
with the longer of the two parallel sides; Heron (Metrica 1.13) calls this figure tpoméliov dupivydviov.
The drawing is again oriented with north to the right, but it is curiously mirror-reversed in the vertical
dimension so that east is at the top, in the direction counterclockwise from north, as if the field was seen
from below. A generalized (and conventionally oriented) version of the diagram is as follows:

€ (west of south triangle) C (west)

LR LR R R Y

g (upright base)

a (cas) £ (east of
north triangle)

Fig. 2. Geometrical configuration of Problem 2

The procedure for finding the field’s area is practically identical to that of Problem 1; with the diagram
labelled as above, (3) through (7) remain valid, except that the last step of (3) is different:

(Ba)y d-b=E+2)-(+2)

_P_f
=(e+)(e~1)
=(e+f)a-c)

and thus while the algorithm (1) works with this configuration, the counterpart of (2) is:

(dz _p

—(a-c) 5
__(a—o) _(@-v)
@) f= 2 "~ (a-c¢) -

c

The alternative final derivation of the field’s area (8) is no longer applicable without adjustment. The field
cannot be decomposed into two right triangles equal to the two neighboring triangles p/us a small rectangle,
but the field’s area can be calculated as the sum of the areas of the two triangles minus the area of a small
rectangle:

1

(10) A=[%+g7j—g(e—a)
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It is unclear whether the text employed this second method. Before using it, one has to know that no parts
of the parallel sides of the field face directly opposite each other, which, if not a given fact at the outset,
becomes evident when e is found to be greater than a.

Heron’s treatment of this figure in Metrica 1.13 follows the same lines as for the tpoaméliov

d&vydviov in 1.12.

1

21

The line is written in ekthesis, probably indicating the beginning of the statement of a new problem.
Sapdpov dpovpiopdc (cf. also ii 21 and 25): the sense of Stapdpov/diapdpmt and how it connects
with dpovpiopdg is unclear.
oxnuatog Vddyp[a] ed. pr., but the gap in the papyrus here is much too wide for the trace left of
v to belong to the final letter of oynuatog. Ynddiypo presumably refers to the actual diagram, and
oyxnpa to the configuration that it portrays.
Well to the right of the bottom of the diagram (roughly on a level with the 1€), and close to the edge
of the papyrus, is a vertical stroke, about the height of an iota. It is not clear whether this was text,
and if so, whether it was related to the diagram.
The line is written in ekthesis.
d=15,b=13,d =225, 5 =169, d" — b = 56.
a=8,c=4,a—c=4,(d* - Bl(a- o) = 14.
n: 1y ed. pr.
14+ (a—0)=18,e=18/2=9, f=14—(a—¢)=5.
70 (fiptov): 00 10 (fuiov) ed. pr., but I can see no trace of ov or indeed space for it.
d* =225 (repeated from line 7), & =81, g° = d* — & = 144, g=12.
b* =169 (repeated from 7-8), £ =25, g2 = b — £ =144, g=12.
The calculations of the areas of the triangles and the complete rectangle are not given explicitly:
south triangle = (eg)/2 = 54 arouras,
north triangle = (£2)/2 = 30 arouras,
sum of triangles = 84 arouras;
area of complete rectangle = (a + fjg= 156 arouras. Hence
area of field = 156 arouras — 84 arouras = 72 arouras.
] Swapdpov dpovpiopod v [ ed. pr. The figure 84 arouras, which is the sum of the areas of the
two right neighboring right triangles, is stated in the genitive case, and then 12, evidently arouras,
is given as the result of a subtraction. Thus it seems that the area of the field, 72 arouras, has been
subtracted from the area of the two triangles. According to (9) this yields the area of the small
shaded rectangle in the diagram above, but it is not clear why one would want to find the area of
the small rectangle from the field’s area rather than the other way around.

col. ii 22-40: Problem 3

This diagram for this problem shows a kite-shaped quadrilateral having two pairs of equal adjacent sides
and two right angles; moreover, the quadrilateral is decomposed into two right-angled triangles and a rect-
angle. A generalized version of the configuration is as follows, with 2= band c= d:
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Fig. 3. Geometrical configuration of Problem 3

Determining the area of a quadrilateral is trivial if it is given that two opposite angles are right (whether or
not it also has pairs of equal adjacent sides as in the present problem), since the figure can be decomposed
into two right-angled triangles by its diagonal 4, and the combined area of these triangles is obviously equal
to a rectangle with sides a and d, i.e. ad. Despite the poor state of preservation of the text, we can see
that the treatment of the figure was considerably more complicated, involving finding its “upright base,”
i.e. g, which is the maximum dimension of the field perpendicular to side 4, and probably also the areas
of the triangular and rectangular subdivisions that are delineated in the diagram.

It therefore seems likely that the problem only asserted that one of the angles (say the one at the
northeast corner) was right. The first step in solving this more general problem would be to determine
whether the opposite angle is right, by checking whether & + ¢ = & + d*, in which case the area is simply
the sum of the areas of the two right triangles composing the quadrilateral. If the two sums of squares
turn out not to be equal, one would have to employ a more complicated algorithm, such as the one Heron
presents in Metrica 1.14. Problem 3 of the papyrus thus was probably followed by a problem dealing with
a similar figure but with dimensions such that the angle opposite the given right angle was not right.

The “upright base” g is apparently found in lines ii 33—36 by means of the Pythagorean Theorem
as the square root of the difference between the squares of b and £ so that by this point fand e have been
determined.” How this was done is not clear. In lines ii 28-30, the Pythagorean Theorem has been applied
to find the square of the diagonal /4 (as the sum of 2> and ¢ as well as of 4° and ¢*). One possible recon-
struction of the intervening stages is that the other diagonal ; was then found by some relation such as

(1) I J =4a¢c

which follows from Ptolemy’s Theorem since a quadrilateral with two opposite right angles must be cyclic.
Then a procedure similar to that used in Problems 1 and 2 can be used to find eand £

(& -7)

. . 4

_ a
(12) =7t

" Heron, Metrica 1.15, also gives an algorithm for finding this length (which he again calls kd6etoc), but his procedure was
certainly not the same as the one of the papyrus since his final result is obtained as the sum of two component line segments.
The diagram for Metrica 1.15 (Seragiiensis GI 1, f. 75v) has the same lines dividing the quadrilateral into two right triangles
and a rectangle as the diagram of our papyrus, though their function is to determine certain points and line segments involved
in deriving the kd0etog, not to partition the quadrilateral into constituent areas.
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f=—ra
2

If this approach was used, it must have been expressed very compendiously so as to fit in two text lines.

22

23
28-29

29-30
33-36

The horizontal stroke may be a paragraphos marking the beginning of the new problem. Before
the { is a large speck of ink, perhaps just an accidental block. If this line is a heading, as it appears
to be, it suggests an attempt at a systematic structure for the manuscript as a whole. A further
indication that there existed a conventional order for presenting the various quadrilaterals is that
in Heron’s Metrica the quadrilateral with one right angle but no parallel sides is treated in 1.14,
immediately after the two kinds of tpanéCio corresponding to Problems 1 and 2 in the papyrus.

Cf. 1 12. Here there is no small square surrounded by the numerals.

a* =225, d* = 25, hence A* = 250. This is not a perfect square, and presumably whatever
operations followed did not require taking its square root.

b = 225, = 25, hence again W =250.

b* =225 (repeated from line 29), £ = 144, hence g° = 81, g=09.

Institute for the Study of the Ancient World, New York University
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